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A GENERALIZATION OF VINOGRADOV’S MEAN VALUE
THEOREM

SCOTT T. PARSELL

ABSTRACT

We obtain new upper bounds for the number of integral solutions of a complete system of sym-
metric equations, which may be viewed as a multi-dimensional version of the system considered
in Vinogradov’s mean value theorem. We then use these bounds to obtain Weyl-type estimates
for an associated exponential sum in several variables. Finally, we apply the Hardy-Littlewood
method to obtain asymptotic formulas for the number of solutions of the Vinogradov-type system
and also of a related system connected to the problem of finding linear spaces on hypersurfaces.

1. Introduction

To motivate the topic of this paper, we consider the problem of demonstrating
that there exist many rational linear spaces of a given dimension lying on the
hypersurface defined by

i+ teb =0 (1.1)

General results concerning the existence of such spaces are available from work of
Brauer [4] and Birch [3], and estimates for the density of rational lines on (1.1) have
been considered in recent work of the author (see [6] and [7]). A linear space of
projective dimension d — 1 is determined by choosing linearly independent vectors
X1,...,Xq € Z°. Moreover, the space

‘C(Xl,"';xd):{t1x1+"'+tdxd:tla"'vtde(@}

is contained in the hypersurface defined by (1.1) if and only if x3, ..., x4 satisfy the
system of equations

leﬂlﬁ"'ﬁﬁJF"'JFCsxils"'wifs: (iy+ - +iqg=k). (1.2)
This is easily seen by substituting into (1.1) and using the multinomial theorem to
collect the coefficients of ¢1' - - - ¢, for each d-tuple (i1, ...,iq) satisfying i +- - -+iqg =
k. We shall frequently abbreviate a monomial of the shape z' - - - ' by x!. In order

to count solutions of the system (1.2) via the Hardy-Littlewood method, one needs
upper bounds for the number of solutions of the auxiliary symmetric system

K+ xi=ylro 1yl G tig=k) (1.3)

lying in a given box. Our strategy for obtaining such estimates is similar to that
encountered in the application of Vinogradov’s mean value theorem to Waring’s
problem. Specifically, we consider the augmented system

A4 =yl byl A <i+ g <E), (1.4)
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where the number of equations here is

- (k;'d) Y (1.5)

Note that the classical version of Vinogradov’s mean value theorem (see for example
[10]) is concerned with the system (1.4) in the case d = 1. In this case, the sharpest
available results are due to Wooley [12]. The presence of the equations of lower
degree facilitates the application of a p-adic iteration method, in which repeated
use of the binomial theorem makes it essential to consider such equations together
with those of degree k.

In order to count solutions of (1.4), we need to analyze the exponential sum

flay=FflesP)= > el Y axd'], (1.6)

x€[1,P]d  \1<|i|<k

where we have written e(y) = e*™™ and |i| = i1 + - - - +i4. Here and throughout, we
suppose that P is sufficiently large in terms of s, k, and d. Furthermore, we take
d to be fixed and suppose that k is sufficiently large in terms of d. Let J, k. a(P)
denote the number of solutions of the system (1.4) with X,,, y.m € [1, P]YNZ%. Then
by orthogonality we have

Joa(P) = | |f(e) de (1.7

where T” denotes the r-dimensional unit cube. Before considering upper bounds for
Js.k,a(P), it is useful to derive an elementary lower bound. Let J;  4(P;h) denote
the number of solutions of the system
S
S, —yi)=h (1< <k)
m=1

with X,,,ym € [1, P]* N Z¢, and observe that

Jona(P;h) :J F(@)[e(—a - h) dex < T, pa(P). (1.8)

r

Thus, by summing over all values of h for which J;; 4(P;h) is nonzero, we find
that

Js k.a(P) > Pk, (1.9)

where

K:él(l“L‘ll_l) (1.10)

is the sum of the degrees of the equations in (1.4). By considering diagonal solu-
tions, one also obtains the lower bound Js 1, 4(P) > P, but the expression in (1.9)
dominates whenever s > K/d. Moreover, an informal probabilistic argument sug-
gests that P25 K represents the true order of magnitude. Thus we aim to establish
estimates of the shape

Jop.d(P) < PPd=K+as (1.11)
where Ay = A,k g4 is small whenever s is sufficiently large in terms of k and d.

Whenever an estimate of the form (1.11) holds, we say that A, is an admissible
exponent for (s, k,d). Our main theorem is the following.
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THEOREM 1.1. Suppose that k is sufficiently large in terms of d, and write

so = k(% logk — loglog k). (1.12)
Then the estimate (1.11) holds with
_ rke2—2s/rk if 1 <s< sg,
* | r(logk)2e33(s—s0)/2rk if g > 5.

Somewhat more refined (and complicated) conclusions are given in Theorems
4.2 and 4.5 below, but the simplified version given above is sufficient for most
applications. We also note that Arkhipov, Chubarikov, and Karatsuba [1] have
obtained results of this type for related systems in which our condition 1 < |i| < k
is weakened to i € [0, k]?. While estimates for J; . 4(P) can be derived from their
results, it is clear that admissible exponents decaying roughly like rke=5/"* are the
best that could be extracted from their methods. The superior decay achieved in
Theorem 1.1 results from a repeated efficient differencing approach first devised by
Wooley [12].

Standard methods exist for translating mean value estimates such as those given
in Theorem 1.1 into Weyl-type estimates for the exponential sum f(«), and we
state one such theorem below. When a is a vector in Z", we find it useful to write

(Q7 a) for ng(q7 Ay, ... 7an)'

THEOREM 1.2.  Suppose that k is sufficiently large in terms of d and that | f(at)| >
Pi=ote for some € > 0, where o~ > %rk logrk. Then there exist integers a; and
q, with (g,a) = 1, satisfying

1<q<P* and |qo5— ag| < Pl (L < il < k).

Some amount of technical effort is required to prove this, and in §5 we need to
establish some auxiliary results of this type (see Theorems 5.1 and 5.2), which may
be of interest in their own right for certain applications. A slightly sharper form
of Theorem 1.2 is actually given in Theorem 5.5, but the former suffices for our
purposes. For smaller k, one may be able to obtain results of this nature by a Weyl
differencing argument (see [6] for the case k = 3 and d = 2).

By applying Theorems 1.1 and 1.2 within the Hardy-Littlewood method, one can
show that A; = 0 is admissible in (1.11) when s is sufficiently large in terms of k
and d. Furthermore, the method yields an asymptotic formula for J, 5 4(P).

THEOREM 1.3. Suppose that k is sufficiently large in terms of d, and write
sy =rk(3logr + 3 logk + loglogk + 2d + 4). (1.13)
There are positive constants C = C(s,k,d) and § = 6(k,d) such that, whenever

s > s1, one has
Jok,a(P) = (C+ O(pfé))stde.

When d = 1, the lower bound on s can be improved somewhat. Specifically, the
coefficient 2/3 in the logr term can be replaced by 1/2 (see Wooley [15], Theorem
3), so that s; ~ k?log k. The reason for this, roughly speaking, is that the number
of linearly independent monomials x! with |i| < k — j differs from r by essentially
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jk%1. The resulting loss of congruence data in the j-fold repeated differencing
algorithm (measured by the sum of the degrees of the equations that must be
ignored) therefore behaves roughly like jk% in general. When d = 1, however, the
loss is only about j2, since each equation that is removed has degree at most j.
Typically one takes j to be a power of log k, so it turns out that an unusually large
amount of information is retained in the d = 1 case as compared to the situation
when d > 2.

We now indicate how to use estimates of the type (1.11) to obtain bounds for
the number of solutions of (1.3), which are relevant to counting linear spaces on
hypersurfaces. If we let I, i q(P) denote the number of solutions of the system (1.3)
with X, ym € [1, P]9 N Z4, then one has

I k.a(P) = ZJs,k,d(P;h),
h

where the summation is over all vectors h € Z" with h; = 0 when |i| = k. The
number of choices of h for which Jg s 4(P;h) # 0 is O(PE~L), where we have
written
k+d-1
L:k< +k ) (1.14)

for the sum of the degrees of the equations in (1.3). We therefore see from (1.8)
that the estimate (1.11) yields

I pa(P) < Jopa(P)PE-L « p2sd=Ltas (1.15)

Moreover, by imitating the argument leading to (1.9), one finds that Iy q(P) >
P2sd=L 55 in each case A, measures the difference between the exponent in our
attainable bound and the best possible exponent. It is conceivable that a more
sophisticated strategy along the lines of Ford [5] could be applied to relate I, j 4(P)
to Js k.a(P), but we do not pursue this here.

Estimates of the shape (1.15) enable one to establish an asymptotic formula for
the number of solutions of the system (1.2) lying in a given box, provided that s
is sufficiently large in terms of k and d and that certain local solubility conditions
are satisfied. Let N q4(P) denote the number of solutions of the system (1.2) with
Zim € [—P, P]NZ. The proof of the following theorem follows essentially the same
pattern as the proof of Theorem 1.3.

THEOREM 1.4. Suppose that k is sufficiently large in terms of d and that s >
2s1, where s1 is as in (1.13). Further suppose that the system (1.2) has a non-
singular real solution and a non-singular p-adic solution for every prime p. Then
there are positive constants C = C(s,k,d;c) and v = v(k,d) such that

Ny ga(P) = (C+O(P7V))P¥~L,

In particular, this establishes the existence of many rational linear spaces of
projective dimension d—1 on the hypersurface (1.1), provided that s > 2s; and that
the appropriate local solubility conditions are met. Roughly speaking, the theorem
counts linear spaces up to a given height, weighted according to the number of
integral bases.

We sketch a proof of Theorem 1.4 towards the end of the paper, but our main
focus here is on the estimates of Theorems 1.1-1.3 for J, i 4(P) and the associated
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exponential sum f(a). In a future paper, we plan to investigate estimates for the
number of solutions of (1.2) in greater detail. In particular, if one only desires
an asymptotic lower bound for the number of solutions, then one can restrict to
solutions in R-smooth numbers, where R is a small power of P. In this case, the
system (1.3) can be considered directly by a variant of the Vaughan-Wooley iterative
method, and as a result the number of variables needed is reduced by roughly a
factor of k, just as in the situation of Waring’s problem. Thus, while something
on the order of k%t!logk variables is required to prove the asymptotic formula,
one should be able to establish asymptotic lower bounds with only on the order
of k%log k variables. This latter expectation has already been established by the
author [7] in the case d = 2 with a leading coefficient of 14/3. For smaller k, one
can perform more precise analyses along the lines of [6] to obtain explicit numerical
bounds on the number of variables required.

2. Preliminary observations

Fundamental to our iterative method is an estimate for the number of non-
singular solutions to an associated system of congruences. In order to retain ad-
equate control over the singular solutions, however, we are forced to work with
systems somewhat smaller than (1.4). We find it convenient to place the indices i
in lexicographic order, so that one writes i < j if and only if there exists [ with
0 <!l < dsuch that iy = j1,...,4 = j; and 4;4+1 < jj+1. We introduce the notation

rj:(k_2+d)—1 (2.1)

for the number of equations in (1.4) with i > j;, where we have written j; for the
vector (4,0,...,0). Observe that r; is also the number of distinct monomials x'
with 1 < |i| < k — j. We further write

K; = zk:z<lj+d1> (2.2)

I=j+1 [=J

for the sum of the degrees of the equations in (1.4) with i > j;. In particular, we
recall from (1.10) that Ky = K. Before proceeding, we find it useful to record a
closed formula for Kj.

LEMMA 2.1. For 0<j <k, one has

dktj(k—j+d)
T\ d g

Proof. We first establish the formula for j = 0. We have
k k
l+d—-1 l+d—-1 l+d l+d—-1
K= l = d = d —
M) =) () - ()

with the convention that (:;L) = 0 when m < 0. This latter sum telescopes to give

k+d k+d dk (k+d
Kd(k—1>d(d+1)d+1< d > (23)



6 SCOTT T. PARSELL

as required. To handle K, we first re-index the sum (2.2) to get

gy l+d—1
K; ;(Pr]’)( l ) = K[k = 4] + jrlk — jl,
where K[k — j] and r[k — j] denote the parameters K and r with k replaced by
k — j. Thus by applying (1.5) and (2.3) we obtain

)1

and the lemma now follows easily. O

Next, we let B, ;(f; u) denote the number of solutions x modulo p” of the system
fi(x) =u;  (mod plih) (i>j1)

for which the rank of the Jacobian matrix (0f;/0x;) modulo p is r;.

LEMMA 2.2. Let r; and K; be as in (2.1) and (2.2), and let p be a prime. If
each fi is a polynomial in t variables with integer coefficients and t > r;, then one
has

card B, ;(f;u) < p" =i,

where the implicit constant depends at most on the degrees of the fj.

Proof. We start by choosing integers a; = u; (mod p‘”) with 1 < a; < p* for
each i with i > j;. It follows from the main theorem of Wooley [14] that the number
of non-singular solutions of the system of congruences

fix)=a; (modp*)  (i-j1)

is O(pk(t_’“f)) for each choice of a. Now the number of choices for a is p“, where

w=3"(k— i) = kr, - K,

i>j1
and thus card B, ;(f;u) < pkri—Ki CpRt=rs) = =K n

The following result, based on the binomial theorem, enables our p-adic iteration
by transforming a system in which certain variables are classified according to
residue class modulo p to one in which a power of p divides both sides of each
equation in the system. This facilitates the introduction of a strong congruence
condition on the remaining variables, and it is here that we require the presence of
the equations of lower degree in (1.4). The method cannot be applied directly to
the system (1.3) that one wants to consider for the application to linear spaces on
hypersurfaces.

In what follows, when x, a, and i are d-dimensional vectors and p is a scalar,
we adopt the notation (px + a)! = (pzy + a1)™ --- (prg + aq)’@. We also let W¥;(z)
denote any function of d variables and let 7y, ..., 7, denote any real numbers.

LEMMA 2.3.  Ewvery solution (z,w,x,y) of the system

S

D ma(Wilzn) = Ui(wa)) = > (pxm +a)' = (pym +a)) (L<[i|<k) (24)

m=1
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is a solution of the system
inn@i(Zn)— "Z WoYw) o (<[ <k),  (25)
where "
Z Z( ) : ( )(—a)i‘l‘lfl(z). (2.6)

11=0 1qg=0

Conwersely, every solution of (2.5) is a solution of (2.4).

Proof. Suppose that (x,y,z,w) satisfies (2.4). By the binomial theorem, we

have
i

oy =3 () o+ )0

1=0
where we adopt the convention that 0° = 1. Thus the right-hand side of (2.5) can
be expressed as

) (e et

ll 0 1qg=0

= Z N (Pi(zn) — i(wy)),
n=1

on substituting (2.4) and recalling (2.6). Conversely, suppose that (x,y,z, w) satis-
fies (2.5). Then on applying the binomial theorem, we find that the right-hand side
of (2.4) is given by

S

Si=> ﬁi (?)(mm] ﬂi ( ) (pym;)'ay ™

m=1 \j=11=0

5. Z (1) () St — o

11=0 la=

On substituting (2.6) and interchanging the order of summation, we obtain

S = Z Z( 1)~ il = ‘]@ (1] Znn Zn) (Wn))

where

It now suffices to note that

v ()0)-( ); <Z_l) () j_;‘ ()
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which equals (—1)7 if i = j and is zero otherwise. Therefore O(i,j) = (=1)llif j =i
and O(i,j) = 0 otherwise, whence the only contribution to the expression for .Sj
comes from the terms with j =1i. O

Next we need to say something about the types of system we will be working
with in our applications. The following definition covers the systems we need to
study.

DEFINITION 2.4.  We say that the system of polynomials (¥) is of type (4, P, A)
if the following conditions are satisfied.

(1) The system consists of polynomials U; € Z[z1, . .., 2z4), indexed by the vectors
i satisfying 1 < |i| < k.

(2) The polynomial V; has degree |i| — j when |i| > j and is identically zero
otherwise.

(3) The coefficient of each term of degree |i| — j in U; is bounded in modulus by
AP,

(4) For each i with i > (4,0,...,0), the polynomial V; contains a term of degree
li| — 7 that does not appear explicitly in any of the Wy with |i'| = |i| and i’ >~ i.

Condition (4) may be viewed as a sort of linear independence requirement and
will be important in estimating the number of singular solutions of our systems
of congruences. We also mention that if the system (®) is of type (j, P, A), then
the system (@) defined by (2.6) is also of type (j, P, A), since the terms of highest
degree in ¥; and ®; are identical.

3. The efficient differencing apparatus

Fix k and d, let 6 be a parameter with 0 < § < 1/k, and suppose that (¥) is a
system of type (j, P, A). Further, write j; = (4,0,...,0). Then all the coefficients
of the terms of highest degree in each of the polynomials

ov;
821

are bounded in absolute value by kAP*, so the number of prime divisors p of a given
non-zero coefficient with p > P? is bounded in terms of k, A, and 6. Furthermore,
the total number of coefficients under consideration is bounded in terms of k£ and
d, so the total number of prime divisors of all these coeflicients is bounded by a
constant ¢ = c(k,d, A,0). We let P(0) denote the set consisting of the smallest
¢ + [1/6] primes exceeding PY. Clearly, if P is sufficiently large, then the Prime
Number Theorem ensures that P? < p < 2P? for all p € P(6).

For simplicity, we often write Js(P) for Js  ¢(P). Our goal in this section is to
develop an iterative method for bounding J,(P) as s increases, and it is convenient
to increase s to s +r, where r is as in (1.5), at each stage of the iteration. Thus we
let K4(P,Q;¥) denote the number of solutions of the system

(z) (i-ji, 1<1<d)

T s

Do (Wi(ze) = Wi(wa)) = Y (X, —yh)  (I<[i[<k) (3.1)

n=1 m=1

with 1 <z, wy < P and 1 < 2, you < Q. We also write Jac(W¥;z, w) for the
r; X 2rd Jacobian matrix formed with the polynomials on the left-hand side for
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which i > j;. Further, we let Ls(P, @, 6, p; ¥) denote the number of solutions of the
system

D (Wi(zn) = Wi(w,)) = p' Y (uh, —vh) (1< <k) (32)

n=1 m=1
with z and w as above, with 1 < 1, v < QP ™Y, and with z,; = w,; (mod p*).
Finally, we write

Ls(P,Q,0; %) = max Ly(P,Q,0,p;¥).
pEP(0)

We are now ready to state our fundamental lemma. In what follows, we find it

convenient to write
7+d
- -1
QJ < d )

to denote the number of equations in (1.4) of total degree at most j.

LEMMA 3.1. Suppose that s > 2q; — 1, that P% < Q < P, and that (¥) is a
system of type (j, P, A) for some constant A = A(k,d). Then there is a system (@)
of type (4, P, A), given by (2.6), such that

Ky(P,Q; ®) < prra=0=00+D) j () 4 posdrekid) L (P Q,0; ®),

where
w(k’,j, d) = krd — KJ —gj-

Proof.  First of all, let S; denote the number of solutions of (3.1) for which the
rank modulo p of Jac(¥;z,w) is less than r; for all primes p € P(6). Consider
a choice of z and w counted by S;. By construction, there exist distinct primes
P1,-..,0r € P(0), where t = [1/6], none of which divides any coefficient of a term
of maximal degree in any of the polynomials 0¥;/9z;. Let p denote any one of the
primes p1,...,p;. If the rank modulo p of Jac(¥;z, w) is less than r;, then there
exists a non-trivial linear relation over I, among the rows of this matrix. That is,
there exist ¢; € Fp,, not all zero, such that

0V
Z ci—(z) =0 (mod p) (3.3)
— 0z
1>]J1
for z = z1,...,2+,w1,...,w, and [ = 1,...,d. The number of choices for the

coefficients ¢; is O(p™~1), since one of them may be normalized to 1. Now let T
denote the largest value of |i| for which the corresponding ¢; is non-zero, and let i
denote the smallest index (in the lexicographic ordering defined above) for which
li| = I and ¢; is non-zero modulo p. By condition (4) of Definition 2.4, there is an
I with 1 <[ < d such that 9¥;/9z; contains a term of degree I — j — 1 that is not
present in any 0W¥;/0z with |j| = I and j > i, and this term is nonzero modulo p by
the definition of pq, ..., p:. Thus, by considering terms of degree I — j — 1, it follows
from the maximality of I that the polynomial on the left-hand side of (3.3) is not
identically zero in I, [z]. Hence each z,, and w,, satisfies a non-trivial polynomial in
d variables over the field F,, so the argument of the proof of Lemma 2 of Wooley
[13] shows that the number of choices for z and w modulo p is O(p?" (=) for each
fixed choice of the ¢;. Thus, by the Chinese Remainder Theorem, the total number
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of possibilities for z and w modulo p; ---p; is < (py - -~ p¢)?"¥ "1, For each such
choice, there are trivially at most (P/(p; - - - p;))?"¢ choices for z and w, so it follows
from (1.8) that

Sy < PP (py - p) TTTNL(Q) < PAAENES0 1 (). (3.4)

Now let S5 be the number of solutions for which the rank modulo p of Jac(¥;z, w)

is r; for some prime p € P(#); here p may of course depend on z and w. Then one
has

Sy < Y Ss(p),
peP(9)

where S3(p) is the number of solutions of (3.1) with Jac(¥;z, w) having rank r;
modulo p. Write

Glagm) = Z e Z aisi(zim) |,

z€[1,P]rd 1<]i[<k
where
si(zm) = mVi(z1) + - + 0. Vi(z),

and let G(o; 7) denote the same sum, but restricted to those z for which the r; xrd
matrix Jac(¥;z) has rank r; modulo p. After rearranging variables, one finds that

S < 3 | GlamGy(-aim)|f@: Q) da.
ne{x1} T
so by applying the Cauchy-Schwarz inequality we get
1/2

si) < (] 6@l da)m (| Gl da)

for some m € {£1}". It is easy to see that G(a;n) may be expressed as a product
of r exponential sums, each in d variables. It follows by taking complex conjugates
that |G(a;m)| = |G(e;1)| and hence that the integral in the first factor above is
equal to K (P, Q;¥). Suppose that So > S7. Then on noting that |P(6)| < 1, we
find that
K;(P,Q;¥) =51+ 52 < max Sy(p;m), (3.5)
pEP(0)
ne{x1}"
where S4(p;n) denotes the number of solutions of the system
Do m(Wi(zn) = ¥i(wa)) = Y (xh, —vh)  (L<[il<k) (3.6)
n=1 m=1
with both Jac(¥;z) and Jac(¥;w) having rank r; modulo p.
Since (W) is of type (j, P, A), we have

YK, -y =0 (1<i| <)),

m=1

so we can classify the solutions counted by S4(p) according to the common residue
classes of x! + -+ +x! and y! + - + yi modulo p. Thus we write B,(w) for the
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set of solutions modulo p of the system of congruences

S
Y X, =w (modp)  (1<Ii| <)
m=1
The main theorem of Wooley [14] shows that the number of non-singular solutions
counted by B,(w) is O(p*?~%). Moreover, since p € P(f), the argument used in
connection with the estimation of S; above shows that the number of singular
solutions is O(p% ~1+5(@=1)) We therefore deduce that

card B, (w) < p*=4, (3.7)

provided that s > 2g; — 1. We now introduce the exponential sum

fp(O‘;}’) = Z € Z aixi
x€[1,Q]4 1<]i|<k
x=y (mod p)

and note that
Sip) = | [GylasmP 32 [Uyfasw)P dax
T we(l,p]%
where
Ulesw) = > fylasm)- f(asu,).
(u1,...,us)EBy (W)
It follows from Cauchy’s inequality and (3.7) that
Uy (c; w)|* < card B, (w) Z |fo(asur) -+ fo(asug))?

ueB,(w)

S
<p T YT N sy

ueB, (w) i=1
and another application of (3.7) therefore yields

Sa(p;m) < p**¥~% max Ss(a,p;n), (3.8)
ac[1,p]?

where
Ss(apim) = | [GylasmPlfy(aa)]® dov

Next we observe that Ss(a, p;n) is the number of solutions of the system

S

D m(Ti(zn) = Wi(wn)) = Y ((pxm +a) = (pym +a)) (1< [i| <k)

m=1

with —a;/p < T, Y < (Q —a;)/p and with Jac(¥;z) and Jac(¥;w) both having
rank 7; modulo p. By Lemma 2.3, we see that this is also equal to the number of
solutions of the system

D n(®ilzn) = Bi(wy)) =pl Y (xh, —yh) (U< i <R),

n=1 m=1

where ®;(z) is given by (2.6). Moreover, one sees easily by applying elementary row
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operations that Jac(¥;z) and Jac(®;z) have the same rank. Let us write ap for
the r-dimensional vector whose component indexed by i is a;plil, and put

ti(z;m) = m®i(z1) + - - - + 1, Pi(z,).

Then we have

Ss(a,p;m) < J |H,(c)? f(ap; QP~%)*| da, (3.9)
']1‘7‘
where
Hy(esm) = e| > ati(zm) |,
2 1<[i|<k
and where the sum is over all z1,...,z, € [1, P]? for which Jac(®;z) has rank r;

modulo p. Now let B (u; ®;1) denote the set of solutions z modulo p” to the system
of congruences

ti(z;m) = u;  (mod pll) (i>j1)
with Jac(®;z) of rank r; modulo p. Put

Hy(zzm) = Y, e aiti(x; 1)

and
Lam) =Y | Y  Hlazn),
u |z€B;(w;®;n)

where the summation is over u with 1 < u; < plil for each i > j;. By Cauchy’s
inequality, we have

I(osm) <> card By(w;®m) Y [Hy(oszm)|?,
u z€B} (u;®;m)

and Lemma 2.2 tells us that
card By (u; ®;m) < phrd=Ki,
Thus from (3.8) and (3.9) we finally obtain

Sulpim) < #4701l f(ap: QP da

< pPrttetad N J |Hy (e 2;m)* f(ap; QP~°)*| de,

ze[L,ph]ra 7T

and the lemma now follows from (3.4) and (3.5) on noting that |Hp(a;z;m)| =
|Hp(o; 2;1)| and considering the underlying diophantine equations. O

We now develop a differencing lemma that allows us to repeat the procedure
embedded in the above result.

LEMMA 3.2. Suppose that P < Q < P, write H = P'7 and let (®) be a
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system of type (j, P, A). Then there exist h € [-H, H|* N (Z\ {0})? and p € P()
such that

L.(P.Q.6;®) < PEI1-W@- Dk 1 (QP0) L {1 (K, (P,QP™%; 1).J.(QP )",

where we have

Ti(z) =p (@i(z + hp*) - Bi(z) (1 <[i| <k).

Proof. Fix a prime p € P(0). We have Ls(P,Q,0,p; ®) = Uy + Uy, where Uy
denotes the number of solutions of (3.2), with ¥ replaced by ®, for which z,; = wy;
for some n and [, and where U; is the number of solutions with z,; # w,, for all n
and [.

First of all, suppose that Uy > U;. In view of the congruence conditions on z and
w, we have

UO < P2d—1—(d—1)k0 Lr gp(ay—llf(ap;QP—O)'Qs da,
where

gp(a) = Z Z e Z ai<I>i(x)
z€[1,pk]d | xe[1,P)? 1<li<k
x=z (mod p*)

It now follows from Holder’s inequality that Uy is bounded above by
1/r

1-1/r
P ([ g @y ifeperia) (] 15epr)Paa)
'JI‘T‘ T
so on considering the underlying diophantine equations we see that
Ly(P.Q,0,p; ®) < PRATI-@DRIT(QP~7). (3.10)
Now suppose instead that U; > Uy. Then we can write
Wt =zt + hp® (1 <n<r, 1<1<d),

where the h,; are integers satisfying 1 < |h,;| < H. We therefore see that U; is
bounded above by the number of solutions of the system

S

> Yi(znshpip) = > (ul, —vi) (1< <k)
n=1

m=1

with z, € [1, P]¢, with h,, as above, and with u,,,v,, € [1, QP~]%. Now write

W,(o;h) = Z e Z a;Yi(z;h;p) | . (3.11)

z€[1,P]d 1<|i|<k

Then we have
Uy gj (pr(a;m) |f(e; QP~)* dax,
™ \'%

where the summation is over hq, ..., hqg with 1 < || < H. Furthermore, by Holder’s
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inequality, one has

(Z W,(a; h)) < HU DN "W, (a; h)[".
h h

Thus, by applying the Cauchy-Schwarz inequalities, we deduce that U; is bounded
above by

1/2

1/2
(H”“?"‘”*C’J ZIWp(a;h)zrf(a;QP‘9)23|d0> (J f(a;QP‘G)IZSda> :
™ 5 "

and the integral in the first factor is bounded by H?K,(P,QP~%; ), where T; =
Y;i(z; h;p) for some h. The lemma now follows on recalling (3.10) and taking the
maximum over primes p € P (). U

In order to use Lemmas 3.1 and 3.2, we must describe the polynomials ¥; to which
we want to apply these results and then verify that they satisfy the conditions of
the lemmas. To this end, we first define the difference operator A; recursively by

A1(f(z);h) = f(z+h) — f(2)
and
Ajia(f(z)ihe, .o hy) = Ag(A;(F(z);ha, - hy)shygg),
and we adopt the convention that Ag(f(z)) = f(z). Next we define U; ; recursively
by taking ¥; ¢(z) = z' and setting
Vi j+1(z;h;p) = pjiillAl(q’i(Z; Wj(z;hy, .. hyipy,..opy)ihyaph ),

where the polynomials ®;(z; ¥) are defined by (2.6) and where we have written ¥;
for the set of all ¥; ; with 1 < |i| < k. Since the terms of highest degree in U; ;(z)
and ®;(z; ¥;) are identical, we have

U; j(zh;p) = (p1---py) A (2 haph, .. hyp¥) + E(z:hsp), (3.12)

where E(z;h; p) has total degree strictly less than |i| — j in the variables z1, ..., z4.
We typically think of h and p as fixed and regard ¥;; as a polynomial in z.
When h = (hy,...,h;) is a j-tuple of d-dimensional vectors, we find it useful to
let h* denote the corresponding d-tuple of j-dimensional vectors formed by taking
the transpose of the underlying matrix, so that h = (hy,...,hj). We start by
relating our vector difference operator to the more familiar scalar one. When A =
{i1,-.yim} and B = {j1,...,7:} with AN B =0, we write

Dy(f(2); 05 A; B) = A(f(z + hiy 4+ 4 R, )i hyys -5 By,

where A; is the one-dimensional version of the difference operator defined above.

LEMMA 3.3. One has

d
Aj(z'hy, ... hj) = > [[ D (zhi AU U A A,

Aiu--UAg={1,...,5} =1
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Proof. We proceed by induction on j. First of all, we have
Ao(z') = 21 - 2l =[] Do(2)'; 05 0).
1=

Now suppose that the result holds with j replaced by j — 1. Then by the induction
hypothesis and the linearity of Ay, we have
Aj(zhy, . hy) = Ar(A; (25 hy, . hy )i hy)

d
= > <H (20 + hji) —
J—1r N

Alu...u_Ad:{l’m i

HE&

where
fl(Z) = D‘A”(Zil;h?;Al U--- UA171;A1).

Note that, for any complex numbers a; and b;, one has

Hal Hbl Zal—bl)Hamem
=1

m>1 m<l

‘We therefore find that
d

d
[1AG+h) =TT Aiz) =D Dl (3 by € Ay U {5}) Yi(zs b,

=1 =1 =1

S

where we have written C;_1 for A; U---U A;_1, and where

h) = ] Dia. iz b Cros U5} Am) [ Dian (i hi: Crors Ap).

m>1 m<l

It follows that

d d
Aj(zi;hl,...,hj)zz Z HD‘BL‘(ZZL;h;;BlU-“UBl,l;Bl),

=1 61|_|-~~|_|6d:{1 ..... ]} =1
and this gives the result. |
We are now in a position to analyze the polynomials ¥; ; defined above.
LEMMA 3.4. Fiz j with 0 < j < k, and suppose that hy,... h; € 7% and
P1,...,pj € Z have the property that 0 < |hupk| < cP whenever 1 < n < j
and 1 <1 < d. Then the polynomials ¥; ; form a system of type (j, P, A), where
A= (k)L

Proof. 1t is easy to show (see for example Vaughan [9], Exercise 2.1) that the
leading term of Dy(z*; h; A; B) is

(1)

and it therefore follows from (3.12) and Lemma 3.3 that the terms of highest degree
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in ¥ ;(z; h;p), which we denote by Gj ;(z), are given by

d
—i 11 .A1 id—Ad
(plp]) || Z (H(Zl—|Al | H hTﬂpn) ‘ |Zd ‘ ‘
J}

AU UAg={1,....j nEA,
Conditions (1), (2), and (3) of Definition 2.4 follow immediately. To check condition

(4), we fix i with i > j; (so in particular i; > 5) and consider the term 2} 7722 ... 21
arising from the choice Ay = {1,...,j} in the expression for G; ;(z) above. Suppose
now that there is some i’ w1th [i'] = |i| such that ¥y ;(z) (and hence Gy ;(z))
contains the term z{' ™7 z% ... 2% If i/ =), then this term must again arise from
the choice A1 = {1,...,7}, and it follows that i’ = i. Otherwise, we must have
i) < i1, which implies that i’ < i. O

Note that in our applications we can take ¢ = 2* in the above lemma, since
the prime p used at each stage satisfies P? < p < 2P? for some § < 1/k, and the
corresponding values of hy, ..., hy are bounded in modulus by H = P'~*, Starting
with j = 0, we apply Lemma 3.1 to the system (¥) = (¥;) and then apply Lemma
3.2 with (®) = (®,), where ®; = ®(¥;) is given by (2.6). This puts us in position
to apply Lemma 3.1 again Wlth (¥) replaced by the system (Y) = (¥;41) and
hence to repeat the process.

4. Mean value theorems

By using only first differences, one obtains the following simple result, which
is useful for generating some preliminary admissible exponents. When A; is an
admissible exponent, we sometimes refer to the quantity Ay = 2sd — K + A as a
permissible exponent.

THEOREM 4.1. If A, is an admissible exponent satisfying As < (k—1)(r + 1),
then the exponent Agy,. = Ag(1 — 1/k) is also admissible.

Proof. By Lemma 3.1, we have

K. (P, P; %) < PPra=(=00+h) g (p) 4 poGsdthrd=KIL, (P, P,6; &),

and the argument of the proof of Lemma 3.2 gives

ZWah

for some p € P(0), where W, (a; h) is as in (3.11) and where the summation is over
h € [-H, H]?. Taking § = 1/k gives H = 1, so after making a trivial estimate we
find that

L, (Ppa @0) <<P(2d 1—(d—1)k6) TJ Pl 9 J (a;P1_0)|2sda

Ly(P, P,6; ) < P J,(P'~"),
whence
KS(P,P; ‘I’o) < P27'd—(1—0)(7'+1)JS(P) + P?'d+0(25d+k7'd—K)JS(PI—G).

Suppose that the exponent A\ = 2sd — K + A is permissible, where one has
A; < (k—=1)(r +1). Then we have

Joir(P) < Ky(P, P; ®y) < PM 4 P2,
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where
A =2s+r)d-K+A,—-(1-6)(r+1)
and
Ao =rd+02sd+krd—K)+ (1 —0) s =2(s+r)d — K+ A1 —0).

The inequality Ag < (k—1)(r + 1) shows that A; < Ag, and the exponent Agy, =
(1 —1/k)A; is therefore admissible. O

We can obtain somewhat stronger results via repeated differencing. The following
theorem, while not in a form convenient for direct application, provides our sharpest
admissible exponents for large values of s and k. In stating our theorem, we shall
find it convenient to introduce the notation

Qy=K-K;—qy, (4.1)

which we loosely view as a measurement of the loss of potential congruence infor-
mation suffered at the Jth difference.

THEOREM 4.2. Let u be a positive integer with u > r, suppose that A, <
(k—=1)(r+1) is an admissible exponent, and let j be an integer with 1 < j < k.
For each positive integer |, we write s = u + lr and define the numbers ¢(j,s,J),
s, and As recursively as follows. Given a value of As_,., we set ¢(j,s,j) = 1/k
and evaluate ¢(j,s,J — 1) successively for J = j,...,2 by setting

x/ - o 1 1 QJfl _Asfr .
(4,8, J —1) = % + (2 + 2k:r> (4, 8,J), (4.2)

and
¢(j7 S, J— 1) = mln{l/ka ¢*(]7 S, J - 1)}
Finally, we set

s = i 8,1
in, 67, 5,1)

and

Ag =05 (1—6,)+r(kds —1). (4.3)

Then Ay is an admissible exponent for s = u + lr for all positive integers .
Proof. Let us initially fix s > u 4+ r, and suppose that \; is a permissible
exponent. In view of the hypothesis on A, we may clearly suppose that Ay = \s —
2sd+ K < (k—1)(r+1). Take j to be the least integer for which ¢(j, s+r,1) = 054,

and write ¢; = ¢(j,s +r,J) for J = j,...,1. Also note that the minimality of j
ensures that ¢; < 1/k whenever J < j. We adopt the notation

M;=P%,  Hy=PM7* Qi =P(M---M)"" (1<i<j),
with the convention that Qg = P. We first show inductively that
Ly(P,Qy, dy41; ®y) < PRI DRr QR | (4.4)
for each J =j —1,...,0. First of all, Lemma 3.2 gives
Ls(P,Qj—1, 055 ®; 1) < PEITIWDRI T (Q)) + HI(K (P, Qy; %) J5(Q;))"*.
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Since ¢; = 1/k, we have H; = 1, so a trivial estimate yields
Ly(P,Qj-1,0;;®;_1) < Per;s,
and (4.4) follows in the case J = j — 1. Now suppose that (4.4) holds for J. Then
by Lemmas 3.1 and 3.2 we have
Lo(P,Qy 1,05 ® ;1) < PRII@=Dk6DT 1 (Q ) + HY Q) (Ty + Tu) Y2,

where

_ p2rd—r—134r+1 _ p2rd—r 3 y2sd+w(k,J,d)—r(d—1)k—Xs
T, =P M5t and Ty = Pyt .

A simple calculation reveals that T < T, provided that an exponent Ay satisfying
A; < (k=1)(r+1) 4+ Qy is admissible, and this latter inequality follows from our
earlier remarks, since it is clear from (4.1) that € ; > 0. Thus we find that

Lo(P,Qu-1,05;®5-1) < Q) (PM + P™),
where
Ay =(2d=1—(d=1Dkes)r

and

Ay =dr(l —k¢y) +dr — g + (b‘;ﬂ (2sd 4+ w(k, J,d) —r(d — 1)k — As).

It follows with a little computation from (4.1), (4.2), and our initial remarks that
in fact A; = Ay, and we therefore obtain (4.4) with J replaced by J — 1. We now
apply (4.4) with J = 0 to conclude that

Ly(P, P, ¢1; @) < Pd=1=(d=Dkén)r+(1=¢1)A.
Thus Lemma 3.1 gives
Joir(P) < K4 (P, P; W) < P 4 PM,
where
Az =2rd — (1 —¢1)(r+1)+ X,
and
Ay =d1(2sd+ krd— K)+ (2d—1— (d — 1)k¢1)r + (1 — ¢1)As.
Since Ay < (k—1)(r+1), we find after a short computation that Az < A4, whence
the exponent
Astr = $1(2sd+krd — K)+ (2d — 1 — (d — D)kg1)r + (1 — ¢1)As
=2(s+7r)d— K+ Ay(1—¢1) +r(k¢y — 1)

is permissible. The theorem follows by induction on recalling that ¢1 = 054,.. [

We now need to gain some understanding of the size of the admissible exponents
provided by Theorem 4.2, and this is achieved by a fairly standard argument (see for
example [7], [11], [12], and [16] for similar analyses). The following lemma provides
the starting point by relating these exponents to the roots of a transcendental
equation.

LEMMA 4.3. Suppose that s > 2r and that As_, is an admissible exponent
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satisfying r(logk)? < As_, < (k= 1)(r +1). Write 85—, = As_,./(rk), and define
ds to be the unique (positive) solution of the equation

2 2
55 + IOg 55 = 53—7’ + IOg 55—7" - -+

k k(logk)3/2 (45)

Then the exponent Ay = rkds is admissible.

Proof. We apply Theorem 4.2 with j = [(logk)'/?]. Then on writing 6, =
#(4,s,1), we find that the exponent

Ay =Ag_ (1 =05)+7r(kBs — 1) =rkds—r — r + 1kOs(1 — §5_,) (4.6)

is admissible. For 0 < J < j, we see from (4.1) and Lemma 2.1 that

dk [(k+d k—j+d 12
< = — <
s () - (0] e

for k sufficiently large. Thus on writing ¢; for ¢(j, s, J), we deduce from (4.2) that
1 1 .
py-1 < % + 5(1 — ) (2<J <)), (4.7)
where
Ay —r(logk)t/?
kr

the last inequality following from the hypothesis A,_, > r(logk)?. Using a down-
ward induction via (4.7), one easily verifies that

_§ Jj—J
¢J§k(11—|—5’)<1+5/(12 ) > (1<J <)),

so in particular we have

§ = > 8s_p(1— (logk)=3/?), (4.8)

146213
b=y < —
NS LAt
since 0 < ¢’ < 1. Let us temporarily introduce the notation L = (log k)_3/2. Since

(14 ax)/(1+z) is a decreasing function of z whenever o < 1, we deduce from (4.8)
and (4.9) that

(4.9)

140 ,(1—-L)2'"7  1+6,,.2""9+L) 1+20, L
0s < < < )
’ k(14 6s—(1 = L)) k(14 0s—p) k(1 +6s—p)

provided that k is large enough so that j > 1 + log,(log k:)?’/ 2. It now follows with
a little computation from (4.6) that

Ay 2—w
— < _ 1_7
rk — % T( k(l+5sr)>’

where w = 2(1 — §,_,) L. Since log(1l — z) < —z for 0 < z < 1, we obtain

B B s (27w ) e 2w
e k(1 +05_,) 80 T R (1 + 0s_y)
2

2
< (szr 1 6577’ R T 1N3/90
= srtlog kT k(ogh)? 2
on inserting the bound w < 2L. Now § 4 log § is an increasing function of ¢, so if d,
is defined by (4.5), it must be the case that A,/(rk) < ds, and it follows that rkd
is an admissible exponent. |
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LEMMA 4.4. Ifk > d+1, then the exponent Ayr = 1(k — 2) is admissible.

Proof. First of all, the exponent A, = K is trivially admissible, and it follows
easily from Lemma 2.1 that K < (k —1)(r + 1) whenever k > d + 1. Thus we may
apply Theorem 4.1 successively to deduce that the exponent Ay, = K(1 — %)3 is
admissible, and one has

Ay <rk(1— 2P <rk—3r(1— 1) <r(k—2)

whenever k > 3, which establishes the lemma. [

On combining Lemma 4.4 with Theorem 4.1, we can produce admissible expo-
nents A, satisfying A, < rke=%/"%. We are now in a position to state the stronger
mean value estimates arising from repeated differencing in a form convenient for
application.

THEOREM 4.5. Suppose that k is sufficiently large in terms of d, define so and
s1 as in (1.12) and (1.13), and write L = (logk)?. Then the exponents A, defined

by
{rkeQQs/’”k if 1 <s< sq,
A, =

e2+2/kp T, (1 —-3(1- i))(sfso)/r if s <s<s3

2k 2L

are admissible.

Proof. We define d5 to be the unique positive solution of the equation
2(s —4r) 2(s —4r)

rk rk(log k)3/2°
We show inductively that the exponent A, = rkds is admissible whenever 4r <

s < sg. First of all, suppose that 4r < s < 5r. Then by Lemma 4.4 we know that
A* = r(k — 2) is admissible, and furthermore

0s +logds =1 —

(4.10)

A A 2
E+10gﬁ<1*%<59+10g6g,

since 0 < s — 4r < r. It follows that A%/(rk) < s, and hence A, = rkd, is
admissible. Now suppose that 5r < s < sg and that the exponent A,;_,. = rkd,_,
is admissible. Then we have

2(50 — 47")
rk
Since ds—, < 1, we deduce that §s_, > (logk)?/k, and thus

AL =min{A;_,, (k—1)(r+1)}

Os—r +1logds_r >1— > 1—logk + 2loglog k.

satisfies the hypotheses of Lemma 4.3. We therefore conclude that the exponent
A" = rkv, is admissible, where v, is the positive root of the equation

2 2
s +logys =6 logd,  — =4 —F—
PY + Og,‘y S—T’+ Og S—1T k + k(logk)S/Q
and where ¢._, = Al_, /(rk) < 5_,. On applying (4.10) with s replaced by s — r,
we find that v5 + logys < ds + logds, and hence v5 < d5. Thus Ay = rkds is
admissible.
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To complete the proof of the theorem, we first note that the result holds trivially
for 1 < s < d4r, since K < rk. For 4r < s < s, we see from (4.10) that

2s

logds <2 — —,

0805 = rk
provided that k is sufficiently large. Finally, if s > sg, we take ¢ to be the integer
with s —7 <t < sg and t = s (mod 7). Then we know that A, = rke?~2/7% is an

admissible exponent, and we have
e*r(logk)? < A, < 272/ Fr(logk)?. (4.11)

We now apply Theorem 4.2 with j = 2 and s replaced by ¢ 4+ r. In the notation of
that theorem, we have ¢(2,t + r,2) = 1/k, and thus
(1 QlAt>1 1 Q= A

1
2t = —+ (=
o2+ 1) =gp+ {3 2hr

It therefore follows from (4.3) that the exponent

3 At—Ql Ql
A, =0 [1— — —
t+r t( + ) %

ko k 2k2r

—_— 4.12

2k 2k2r (4.12)
is admissible. A simple calculation reveals that Oy = (d—1)r(1+0O(1/k)), and thus
(4.11) gives Q; < dL~'A,; for k sufficiently large. Hence on iterating (4.12), we find

that the exponent
3 d (s—t)/r
A=Ay [1——[1—-—
s < 2k ( 2L>)

is admissible, and the theorem follows on substituting (4.11) and recalling that
t S S0- ]

To deduce Theorem 1.1, we note that

for k > 6, and thus

3 d\\"
- — - — < _3/2. d/L.
(1 2k (1 2L>> = ¢

Theorem 1.1 now follows immediately from Theorem 4.5 when s < s1. For s > s,
it follows from Theorem 1.3 that we may take Ay = 0, so Theorem 1.1 holds in that
case as well (but is of little value). The remainder of the paper is largely devoted
to the proof of Theorem 1.3, which uses Theorem 1.1 only with s < s;.

5. Weyl-type estimates

In this section, we aim to deduce Theorem 1.2 from the bounds provided by
Theorem 1.1. Our strategy combines ideas of Vaughan and Baker and actually
leads to a result (Theorem 5.5) containing somewhat more information than given
by Theorem 1.2. We first use the large sieve as in Vaughan [9] to get a preliminary
estimate in terms of a rational approximation to some oj. We then use this result
within a similar argument devised by Baker to control the least common multiple
of the denominators of the various rational approximations. This strategy gives
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information only about the «; with [j| > 2, so the remaining ingredient is an
analogue of Baker’s final coefficient lemma. Our preliminary estimate is as follows.

THEOREM 5.1. Fiz j with 2 < |j| < k, and let ¢ > 1 and a be relatively prime
integers satisfying |qa; — a| < q~1. Further, let s be any positive integer, and let
A = Ag j—1,4 denote an admissible exponent for (s,k —1,d). Then one has

|f(e)] < PUPA(qP~ Bl 4 P71 4 ¢ 1))V/25 1og P.

Proof. We follow the argument of the proof of Vaughan [9], Theorem 5.2. We
start by performing a Weyl shift with respect to the variable x;. Consider a set
M C[1, P]NZ with [M]| = M. Then, for any m € M, one has

S o T atw—mpap s

z1€[14+m,P+m] 1<i|<k
Z2,..,xa€[1,P]

fle)

1 P+m
= J Z e Z ai(ry —m)rak .. s 2] Z e(—yp)dp.
O 2,e[1,2P] 1<|i|<k y=1+m
Iz,...,l‘de[l,P]
Summing over all m € M, we find that
Misteol < [ 3 lotm, o) minCE 13) .
meM
where
glm,B)= > e ai(wr —m)af ol + a1
z1€[1,2P] 1<[i|<k
122,...,1,16[1713]
It follows that
|fle)| < M~ sup Z lg(m, B)| | log P,
pelo me./\/l
and an application of Hélder’s inequality yields
[f(@)* < M~ (log P)** Y |g(m, B)** (5.1)

meM
for some 3 € [0, 1]. We now aim to express |g(m, 3)|?® in a form to which a version
of the large sieve can be applied. By the binomial theorem, we have

3! z J1,.0 i
E ai(zy —m)ak - g o4 E ( > —m)"~ 31331 xRy

1<|i|<k 1<)i|<k  51=0
We first split off the terms on the right for which j; + i + -+ + 44 € {0,k}. Then
on writing j = (Jj1,%2,...,%4) and interchanging the order of summation in the

remaining terms, one finds that

Z ai(zy —m)rak - xd —Zalx —l—Zazo m)" + Z ~(m)x3,

1<[i[<k lil=k 1<[jl<k—1
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where

k—(jat-+ja) , .
wlm) = > (;)ai,jz,...,jd(—m)i_h- (5.2)
i=j1
Write
I'={y(m):me M} CRY,
where ¢ = (*7}7%) — 1, and
e T %
1<]jI<k—1

where N = [1,271sPHl] N Z. We also write Nj = |\j].
Suppose that for every =,y € M with 2 # y one has ||yj(z) — ~;(y)|| > 65 for
some j with 1 < |j| <k — 1. We then have

2
D latm, B <y 1D a(m)e(y-n)| (5.3)
meM ~€T IneN
where
U . .
am)= Y el > ai(xi+-+x) B+ +3a) |,
X1y Xs |i‘=k
and where 3" denotes the summation over xy, ..., x, € [1,2P]x[1, P]?~! satisfying
the system
)= (1< <k-1).
Notice also that one has
Z la(n)* < Jgk—1,4(2P). (5.4)

neN

Then by a ¢-dimensional version of the large sieve inequality (see for example
Vaughan [9], Lemma 5.3), one deduces from (5.3) and (5.4) that

D lgm, B> < [T @5+67" | Jor-1.42P). (5.5)

mem 1<j|<k—1

It therefore remains to analyze the spacing of the ~;(m) defined by (5.2) as m
runs through a suitably chosen set M. For this, we need to make use of rational
approximations, so let us fix j as in the statement of the theorem with 2 < |j| < k.
Without loss of generality, we may suppose that j; > 1, and we temporarily adopt
the notation J = jo + -+ 4+ jg. We also fix z,y € M with & # y. When 0 < j <
k—1—J, we write v;(m) = 7j j,,....;.(m) and define

7 = (k= ) (@) = 7;(y))

k—J
=<k—J>!Z(}?)«—x)h-f—<—y>h-f>ah,j2 ..... =S Guan,
h=1

h=y ™
where ap; = 0if h < 7,

e
htl \ j J—

ahj =

J<h<k-1-J),
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and

Br = ah+1’j2w-,jd(h‘ + 1)(9 - 33)
Thus, by applying the argument leading to inequality (5.33) of Vaughan [9], with
k replaced by k — J, we may conclude that

k—1-J

(k= DN @jgogalz =)l < D (@) = ()P
h=j—1

for all j with 1 < j < k — J. In particular, on returning to our original notation, it
follows that

(k) a5z = )l < [lm (@) — my)|[P" 77+ (5.6)

for some h = (hy,ja,...,jq) with 1 < |j| =1 < hy +ja+ -+ ja < k— 1. Here our
assumption that j; > 1 ensures that h; > 0. Now suppose that a € Z and ¢ € N
are coprime integers with |qa; —a| < ¢~!, and write N = min(P, q). Fix z € [1, N].
If y € [1, N] satisfies

(k) ag(ar — )l < P,
then by the triangle inequality one has
()*a(e —y)/all < P14 (k1)< Ng 2.

Hence the number of choices for the residue class modulo ¢ of (k!)¥y is at most
2qP' il £ 2(kY*Ng=' + 1, so the number of possibilities for y € [1, N] is at most

R=((k)"Ng~" +1)(2qP" "1+ 2(k1)"Ng ™" +1).

It follows that there exists a set M C [1, NJNZ with M| = M > N/(R+1) with the
property that for any x,y € M with x # y one has ||(k!)*a;(z—y)|| > P'~Hl. In this
case, (5.6) implies that ||yn(z) — yn(y)|| > P~ /P! for some h with 1 < |h| < k — 1.
Thus we can take §; = PNl in (5.5) and combine this with (5.1) to obtain

|f(@)]* < M~ Y(log P)*PE~LJ, . _1.4(2P) < P*4T2 M~ (log P)%,
where K and L are as in (1.10) and (1.14). Finally, we note that
M '« R/N <« N YqP' Bl 4y Ng7' +1) < P 7Bl 4 P71 g7,
from which the theorem now follows. O
We now use Theorem 5.1 to show that, when |f ()| is large, each coefficient «;
with 2 < |j| < k has a good rational approximation such that the least common

multiple of the denominators is relatively small. The following theorem is modeled
on Theorem 4.3 of Baker [2].

THEOREM 5.2. Let s be a positive integer, and let A = Agy,_14 be an ad-
missible exponent for (s,k — 1,d). Further suppose that |f(a)| > A, where Q =
PA(PYA=Y)2 satisfies Q < P72 for some € > 0. Then there exist integers aj
and natural numbers g, with (¢, a;) = 1, such that

gjaj — aj] < QPRI (2 < |j| <k).

Moreover, the least common multiple qo of the numbers g satisfies go < Q(log P)%s.
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Proof.  For each j with 2 < |j| < k, we may apply Dirichlet’s Theorem to obtain
coprime integers ¢; and a; with
1<qg; < Q- 'PHl=¢  and lgjoy — a;| < QP ll+e, (5.7)
Then by Theorem 5.1, we have
A% < [ f(a))® < P2sd+A(qu7\j| L pt Jrqj—l)(logp)zs
for each such j. Thus we have
Q '(logP) > < P W4+ P 47t < QTP 4 g,
and it follows that
g < Q(log P)** < P'~=. (5.8)
Now fix an integer = € [1, P], and suppose there is an integer y € [1, P] such that
(k) ag(z —y)l| < PHL (2 < Jj| < k).
Then by (5.7), (5.8), and the triangle inequality, one has
(kD a5z — y) /g5l < PPHI 4 (k) ' QPTIITe < g7t

and it follows that g; divides (k!)*a;(z —y) for each j. Since (gj, a;) = 1, we deduce
that g divides (k!)*(z — ), and hence there are at most R = (k!)*Pg;* + 1
possible choices for y. Thus there is a set of integers M C [1, P] such that |M| =
M > P/(R + 1) with the property that, whenever x,y € M with © # y, one has
[[(k)*a;(x—y)|| > P*H for some j with 2 < |j| < k. Now recall the numbers ~;(m)
defined by (5.2). We may apply the relation (5.6) to deduce that, whenever z,y € M
with 2 # v, there exists h with 1 < |h| < k — 1 such that ||yn(z) —yn(y)|| > P~IPI.
Therefore, by repeating the argument leading to (5.5) in the proof of Theorem 5.1,
we may conclude that

A% < | f(a)** < M~ (log P)? p2sd+&
and thus
A% < (go "+ P 1)(log P)*QA* < gy ' (log P)**QA* 4 A* P,
whence qq < Q(log P)?*, as required. O

Theorem 5.2 gives us all the information we need to handle the minor arcs for the
problem of obtaining an asymptotic formula for N j 4(P), since the system (1.2)
contains only equations of degree k. In order to obtain the asymptotic formula for
Js.k,d(P), however, we need information about rational approximations to the the «;
with [j| = 1 when |f(a)| is large, which is not provided by Theorem 5.2. In order to
obtain such information, we establish a “final coefficient lemma” analogous to that
of Baker [2], Lemma 4.6, and this requires us to input some major arc information.
We define

Saa= 3 elat X wxd]. @ =] el ¥ ot|an
x€[1,q) 1<[il<k 0P \1<jij<k
and

V(e q,a) = ¢ *S(q,a)v(a — a/q).

The following simple lemma suffices for our purposes.
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LEMMA 5.3. Omne has

fl@) = V(asga) < P [ g+ Y Jgas — a;| P
1<[i|<k

Proof. We may clearly suppose that ¢ < P, since otherwise the result is trivial.
For each i with 1 < |i| < k, we write 5i = a; — a;/q. Sorting into arithmetic
progressions modulo ¢, we obtain

flay= > elad > art|>d el > flgi+r)],

refl g 1<[i[<k i \u<lil<k

where the second summation is over all j satisfying 0 < j; < (P—ry)/qfor 1 <1 <d.
By making the change of variables v = gz + r, we find that

W =a'| e X stz an

v \1<lil<k
where
Ar={zeR?: —r/qg <z < (P —r)/q}.
It follows that

fla) = V(e q,a) = Z elqt Z asrt ZJ H(zj,r)dz+ O (P/9)* )|,

ref1,q)¢ 1<[i|<k E

where

H(zjr)=e| Y, Bilgi+r) | —e| Y. Bilgz+r)

1<[i[<k 1<[i[<k
and
U = [j1,51 + 1] x - X [ja, ja + 1].

An application of the mean value theorem with respect to the variable z; shows
that, for z € Uj, one has

H(zjr) < Y |Bilain(gz +r)" 7 (gza+ra) < g Y |GIPH,
1<[iI<k 1<[iI<k

and the theorem now follows by making trivial estimates. |

We note that a van der Corput analysis along the lines of Baker [2], Lemma
4.4, may be applied to give a better error term for small values of ¢, provided that
|G| < (2rkq)~'P'=1l for each i. Such improvements do not strengthen our final
conclusions, however, and we actually find Lemma 5.3 to be more convenient for
our purposes.

Before stating our final coefficient lemma, we mention two important estimates.
First of all, by Lemma I1.2 of [1], one has

—1/k
v(ﬂ)<<Pd<1—|— > |5ipil> : (5.9)

1<i| <k
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Secondly, it follows from Lemma II.8 of [1] that, whenever (¢,a) = 1, one has

S(g,a) < ¢ 1/k+e (5.10)

for every € > 0. These bounds will be used frequently throughout the remainder of

our analysis. We are now ready to state the final coefficient lemma.

LEMMA 5.4.  Suppose that |f(a)| > A > P¥=9F¢ for some € > 0, where 0~ % >
d+ 1. Further, write X = P*=(@+07 qnd Y = (P?A=1)*+e | and suppose that there
exist integers vy and w with

1<w< X and |woy—v| < XPH (2<|j| <k).
Then there exist integers a; and q, with (g,a) = 1, such that
1<q<Y and |qoy—a5 <YP7H  (1<jl <k).
Proof. By Dirichlet’s Theorem on simultaneous approximation, we can find an
integer ¢t with 1 <t < P°? and integers a; such that |[twa; — a;] < P~ for each j

with [j| = 1. Now put ¢ = tw, and write a; = tv; when 2 < |j| < k. Then we have
q << P~ and

laay — a5] = thwag — o5 < P77,

Furthermore, we may divide out common factors to ensure that (¢,a) = 1 while
preserving the latter two inequalities. Thus by Lemma 5.3 we have

PTote < A< |f(e)| = [V(asg,a)| + O(P7),
and it follows that A < |V (e; ¢, a)|. Thus by (5.9) and (5.10), we have
\-1/k
A<<qTPd<q+ Z lgoy —aj|P|J) )
1<jI<k
where 7 = £/(2k?) < 1/(2k). It follows that

q+ Z lga; — a;| Pl < (" PPA™Y)F <« ¢/2(PlATE,
1<)jl<k

In particular, this shows that ¢ < (PYA~1)?* and hence that
g+ Y lgoy— a5 PH < (PEATHE

1<ljI<k

as required. |
We are now in a position to state the main theorem of this section.

THEOREM 5.5.  Suppose that |f(a)| > A > P=7F¢ for some ¢ > 0, where
o=t > 2rk(logk + § logr + 2loglog k + 3d + 6),

and write Y = (PYA=1)**e. Then there are integers a; and q, with (g,a) = 1,
satisfying

1<q<Y and |go5—q5| <YPH (1<|j| <k).
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Proof. First of all, by applying Theorem 1.1 with
s = [rk(ilogk + Zlogr + loglogk + 2)],

we find that A = (log k) ~! is an admissible exponent for (s, k, d). Moreover, for fixed
s and d, the admissible exponent given by Theorem 1.1 is an increasing function
of k, so it follows that A is also admissible for (s,k — 1,d). A simple calculation
reveals that

o(ds+d+1)<1—-2A
whenever k is sufficiently large, and thus
(PIA~1)ts  plso—2e o x p=2A-2¢
where X = P'=(@+17 Then by Theorem 5.2, we find that there is an integer go
satisfying
1< qo < PA(PIA™H?(log P)® <« X1/?
and
llaoas| < qollgses|| < P*2(PTA™1)* (log P)** P~H*e « X P hl

for all j with 2 < |j| < k. Here the integers ¢; are as in the statement of Theorem
5.2. We may therefore apply Lemma 5.4 to complete the proof. |

Theorem 1.2 now follows as an easy corollary. Theorem 5.5 is slightly more in-
formative, however, particularly in the situation where |f(a)| > P?, which arises
in the current method for studying diophantine inequalities. In such applications,
the fact that ¢ is bounded by a constant is critical.

6. The asymptotic formulas

In this section we prove Theorem 1.3 by applying the Hardy-Littlewood method.
Essentially the same argument may be applied to deduce Theorem 1.4, and we
provide only a sketch of the latter proof.

First recall that

Js k,a(P) :J |f()[*da.

"

We let
M(q,a) = {a e T :|ga; —a;| < P27 1 < Ji| <k} (6.1)

and define the set of major arcs 9 to be the union of all M(g,a) with 0 < a; <
q < PY? and (q,a) = 1. Further, let m = T" \ 9 denote the minor arcs.

THEOREM 6.1. Let s1 be as in (1.13), and suppose that s > s1. Then there
exists § = d(k,d) > 0 such that

J |f(a)|2sda < PQSd_K_(;.
m

Proof. Write s =t + u, where t and u are parameters at our disposal. We have

| trt@da < sw r@)P | 17(@)P de

r
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By applying Theorem 1.1, we find that A, = (logk)~! is an admissible exponent
when

u = [rk(logr + §logk + loglogk + 2)]. (6.2)
Now suppose that |f(a)| > P?=7F¢ where 0= = Srk(d + 1)logk > Srklogrk.
Then we have ko < 1/2, so Theorem 1.2 implies that ac € 9t. Thus we have

sup |f(ey)] < P77

acm

for every € > 0. It follows that

J |f(a)|25da < P25d—K—2ta+Au+s
m

and by taking ¢ > grk(d + 1) we find that 2tc > A,,. The proof is now completed
by choosing ¢ sufficiently small in terms of k£ and d. |

We now write V(a) = V(e;¢,a) when a € M(g,a) C M and define V(a) = 0
otherwise. It follows immediately from (6.1) and Lemma 5.3 that
fla) = V(a) < P12 (6.3)
whenever a € M. Moreover, one has
meas(M) « PUTV/2K
and thus

| 1f@Pe  W@)P doc < P2 | V(@) Rdat PR (6a)
m m

where v = s — %(7‘ + 1). We are now in a position to handle the major arcs.
THEOREM 6.2. Whenever s > 2k(r 4+ 1) + 1, one has
J |f(a)|23da _ jGP2Sd_K + O(j:)Qsd—K—é)7
m

for some 6 = §(k,d) > 0, where

JzJR L o o B A A =) | dvdB
™ 015

1<i|<k
and

6=> (g,a)]%.

g=lag(l,q]"
(g.2)=

a)=1

Proof. We have

2sd _ d 25 2Sd,
J, Verda= 33T st | @)

q<P1/2 a€[l,q]"
(g,2)=1

where
B(q) = H [_q—1P1/2—|i\’q—1P1/2—|i\].
1<]i|<k
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After two changes of variable, we find that

j w(B)[2*dB = P*K 7 (g, P),
B(q)

where
J(q,P):J J el Y B+ - b | dvdB
"(q) J[0,1]%¢ 1<|i|<k
and B'(q) = [—¢q~ P2, 1 PY?]". Applying (5.9) with P = 1 and using the in-
equality
L+ B+ +168:)" = A+ Bu]) - (L +16,])
gives
T-TaP) <[ s P
q—1P1/2

Combining this with (5.10), we obtain

j V(o) Pda = P#K S S |g745(g,a) (g, P)

q<P1/2 ag[l,q]"
(g,2)=1

_ p2sd—K J Z Z |q_d5(q,a)|23+E(P) 7
g<P1l/2a€[l,q]"
(g,2)=1
where
E(P) < pl/2=s/rk Z qr—23/k—1+28/rk+s o
q<Pi/2

for some o > 0, since s > $k(r + 1). In view of (5.10), this lower bound for s also

ensures that
Y I iSga)* =6+0(P77)

q<P1/2 ag[l,q]"
(g,2)=1

for some 7 > 0, and we therefore have
|, Wieaa = g(& -+ 0P~ p2ei-, (65)

where we have set § = min(c, 7). Moreover, since s — 1 > 2k(r + 1), we see that
(6.5) also holds with s replaced by s — 1. The theorem now follows on recalling
(6.4), since (5.9) implies that J < 1. O

The proof of Theorem 1.3 is now completed by combining Theorems 6.1 and 6.2
and noting that, in view of (1.9), one has J& > 0.

If one is prepared to suppose the existence of non-singular real and p-adic so-
lutions to the system (1.2), then the methods illustrated above can be used to
establish an asymptotic formula for Ny 4(P) whenever s > 2s1, as claimed in the
statement of Theorem 1.4. We provide only a brief sketch of the argument. First of
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all, one has

NowaP) = | TL#e | de (6.6)

where we have written ¢ = (k"'g_l

fila) = Z e Z cjox’
xe[-P,P]¢  \lil=k

We define (g, a) as in (6.1), except that the condition 1 < |i| < k is replaced by
i = k, and we again take 90 to be the union of the M(g, a) with 0 < a; < ¢ < P/?
and (¢,a) = 1. Next we write s = ¢ + 2u, where ¢ > $rk(d+ 1) and u is as in (6.2).
After applying Holder’s inequality and making a change of variable, we may apply
(1.15) to conclude as in the proof of Theorem 6.1 that the minor arc contribution
to the integral (6.6) is of order at most P*¥~L~" for some v > 0.

Furthermore, by repeating the argument of the proof of Theorem 6.2, one finds
that

) for the number of equations in (1.2), and where

J Hf](a) Clcx:jlglpsde_’_O(Psdeﬂ,)7
m j=1

for some v > 0, where

Ji :J J e Zﬂi(017i1+~-+cs'yi) dv dp
R¢ J[—1,1)s4

li|=k

and

o0 S
6, = Z Z H (q_dS(q,cja)) .
=1 ag[1,q)* 7=1
(g,2)=1

To show that J; > 0, one does some analysis in a neighborhood of the non-singular
real solution as in the argument of [8], Lemma 7.4, for example. To show that
&, > 0, one makes use of the non-singular p-adic solutions within a Hensel’s lemma-
type argument (see for instance [7], Lemmas 9.6-9.9).
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