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CHAPTER I

Introduction

1.1 Waring’s Problem

Perhaps the most famous result in additive number theory is that every positive
integer can be written as the sum of four squares. First stated explicitly in 1621, the
theorem survived a claimed proof by Fermat (who died before disclosing it) and the
best efforts of Euler before succumbing to a proof by Lagrange in 1770. Many proofs
of this result are known today, a representative sampling of which can be found in
25], [43], and [44].

In 1770, shortly before Lagrange announced his theorem, Edward Waring had
come forth with a more sweeping conjecture. Let g(k) denote the smallest integer s,
if one exists, such that every positive integer n can be represented in the form

n=a¥+. . a2k (1.1)

with z; € N U {0}. Waring stated without proof that g(2) =4, ¢(3) =9, g(4) = 19,
“and so on,” thus implicitly claiming the existence of g(k) for all k. Of course,
Lagrange’s Theorem establishes the claim that g(2) = 4, since integers congruent to
7 modulo 8 cannot be represented as sums of 3 or fewer squares.

In 1909, Hilbert [28] finally demonstrated the existence of g(k), using Lagrange’s
Theorem as the base of a difficult induction relying on complicated polynomial iden-
tities. Because of its inductive nature, Hilbert’s argument does not yield any re-
spectable upper bound for g(k). On the other hand, a lower bound showing that
g(k) is necessarily quite large is easily obtained by considering the integer

o[]-

Since n < 3%, any representation of n in the form (1.1) must involve only kth powers

of 1 and 2. Clearly, the minimal number of terms in such a representation is obtained



by taking [(2)*] — 1 powers of 2 and 2 — 1 powers of 1, whence

)]

Around the time of Hilbert’s proof, Wieferich [60] and Kempner [34] were able
to show that g(3) = 9, and it was immediately observed by Landau [35] that only

g(k) > 2% +

finitely many integers actually require 9 cubes; all others can be represented by 8 or
fewer. In fact, Dickson [21] showed in 1939 that 23 and 239 are the only integers
that cannot be represented as sums of 8 cubes. In 1943, Linnik [37] took these
observations one step further by showing that there are only finitely many integers
that cannot be represented as the sum of 7 cubes.

These observations suggest that the enormous size of g(k) results from peculiar
difficulties of representing certain small integers. Thus we define a new function G(k)
to be the smallest integer s such that every sufficiently large positive integer n can
be represented in the form (1.1). While the exact value of g(k) is now known for
every k, the problem of determining G (k) turns out to be considerably more difficult.
Aside from Lagrange’s result that G(2) = 4, the only value known at present is due
to Davenport [16], who showed in 1939 that G(4) = 16. In particular, our knowledge
about sums of cubes is still embarrassingly weak. On combining Linnik’s Theorem

with an elementary counting argument, one obtains the bounds
4<G@3)<T,

which remain the best available today, although it is widely conjectured that the

lower bound represents the true state of affairs.

1.2 The Hardy-Littlewood Method

In the early 1920’s, Hardy and Littlewood [24] devised an analytic approach,
known as the circle method, which allows one to derive upper bounds for G(k).

Before describing the method, we briefly introduce some of the notation that
will be used throughout. Landau’s notation f(t) = O(g(t)) means that there exists
a positive constant C' such that |f(t)] < Clg(t)| for all values of t. We will often
find it more convenient, however, to write the same statement using Vinogradov’s
notation, f(t) < g(t). If f(t) < g(t) and f(t) > g(t), then we write f(t) =< g(t).
Finally, we write f(t) = o(g(t)) when f(t)/g(t) — 0 as t — oo and f(t) ~ g(t) when
f(t)/g(t) = 1 ast — .

Returning now to Waring’s problem, we write P = [nl/ *], and let

Rop(n) =card{x € [I,P]*NZ* :n=ab + .- -+ 2"}



If we further let e(z) = €*™# and define the exponential sum

fla) =Y elas®) (13)

1<z<P

then on noting the orthogonality relations

/1e(am)da: L itm=0, (1.4)
0 0 if meZ\{0},

one sees immediately that

Ro(n) = /O f(a)*e(—an) da. (1.5)

The strategy for evaluating this integral is to dissect the unit interval into major
and minor “arcs,” with the major arcs consisting of points that are well-approximated
by a rational number with small denominator. We should remark that the term
“arcs” persists as a result of Hardy and Littlewood’s original approach to the prob-
lem, in which they used Cauchy’s integral formula to represent R; j(n) as the integral
over a circle in the complex plane. The above set-up reflects a later simplification
due to Vinogradov [57].

Since there are roughly n*/* total choices for the variables 1, . . ., =, a probabilis-
tic argument suggests that one may expect to have R, (n) < n*/*~1 and in fact this
turns out to be the correct order of magnitude provided that s is sufficiently large
in terms of k. Roughly speaking, one shows that a contribution of this size arises
from the integral over the major arcs and that the integral over the minor arcs is
negligible by comparison as n — oo.

To be more specific, let § be a small positive number, and define the major arcs
by

M = U M(q,a),
0<a<q<P?
(a,9)=1

where
M(q,a) = {a € [0,1] : |a —a/q| < P*7*},

and write m = [0, 1] \ 9 for the minor arcs. Then one hopes to show that

/ fla)’e(—an)da > psF
m



where the implicit constant may depend on s and k. Hence, if one can also show
that

[ 1f@lda=o(P) (16)

then it will follow that Rsx(n) > 0 when n is sufficiently large.

When « is not close to a rational number with small denominator, one expects
that the terms in the sum (1.3) will behave somewhat randomly and hence that
enough cancellation will occur to establish (1.6). In 1916, Weyl [59] was able to show
that for any € > 0 one has

sup | f(a)| < PYRTE

acm

and in 1938 Hua [31] established the mean value estimate

1
/ |f(0z)|25da<<P28_k+a,
0

for s > 28! by interpreting the integral as the number of solutions of the equation

N TR Ry 7 (1.7)

with z;,y; € [1,P] N Z. Combining these two results, one finds that (1.6) holds
whenever s > 2% 4 1, and this completes the analysis of the minor arcs.

On M(q,a), one has o = a/q + B, where |3| < P°~*, so one hopes to relate f(c)
to f(a/q). By sorting the sum (1.3) into arithmetic progressions modulo ¢, we have

Fla) = Z () ppce

Since (3 is small, the function e(3z*) is not oscillating rapidly, so we are able to
replace the inner sum by an integral with relatively small error. Hence one obtains

the approximation

fla) ~ q7'S(q,a)v(3),

where

and



After some analysis, this leads to the factorization

[ sareamda ~ 3 Y @ St@ael-onfe) [ o(pye-om s
- 5 :

~ Gs,k (n) Js,k (n) )
where

Jsp(n) = /_OO v(B)’e(—pn)ds

[e.e]

is known as the singular integral and

S.un) =3 3 (q7'5(q,a)) e(~an/q)

¢=1 1<a<q
(a,9)=1

is the singular series. The singular integral captures information about the density
of real solutions to (1.1), and in fact it follows from Fourier’s Integral Theorem (see
for example Davenport [18]) that
PO AR gk

[(s/k)
The positivity of the singular series depends on the p-adic solubility of (1.1), which

J&k (n) ~

one establishes by a combination of analytic and Hensel’s Lemma-type arguments.
Thus when s > 2¥ + 1, we obtain the asymptotic formula

Ry(n) ~ 687k(n)%nsm1’
and it follows that G(k) < 2% + 1.

The above result, combined with numerical work on smaller values of n, has led
to the determination of g(k) for all values of k. The precise formula is somewhat
complicated to state, but the lower bound (1.2) is is fact attained for all but at most
finitely many values of k.

Refinements of the above methods have led to substantial improvements in the
ensuing bounds for G(k). In particular, Vinogradov’s Mean Value Theorem (see for
example [55]) allows one to obtain estimates of nearly the same strength as Hua’s
with s much smaller than 2¥. Moreover, these estimates can be transformed, via
the large sieve inequality or similar methods, to yield improved versions of Weyl’s
inequality. Within this framework of ideas, Vinogradov [58] established the bound

G(k) < 2klogk(1+o(1))

in 1959, but no further improvements of any significance were made over the next
30 years.



1.3 Smooth Numbers and the Iterative Methods

A major breakthrough in the analysis of Waring’s problem occurred in 1989 with
the work of Vaughan [53]. His contribution was to exploit properties of “smooth”
numbers, ¢.e. numbers without large prime factors, to set up an iterative method for
estimating the number of solutions of the auxiliary equation (1.7), which arises in
the treatment of the minor arcs. Let R be a small power of P, and write

A(P,R) ={n € [1,P|NZ: pn, p prime = p < R} (1.8)
for the set of R-smooth numbers up to P. It is shown, for example in [55], that
card(A(P, R)) > P, (1.9)

and hence one may restrict attention to representations of n as sums of kth powers
of smooth numbers without serious loss. Moreover, the smooth numbers possess
convenient factoring properties, which, roughly speaking, allow one to introduce a
congruence condition on some of the variables in (1.7). Thus we define the exponen-

tial sum

fla; PR) = Z e(azx™)

z€A(P,R)

and observe that the mean value
1
Ss(P,R) = / |f(a; P, R)\sta
0

counts the number of solutions of (1.7) with z;,y; € A(P, R) and hence in particular
is bounded above by the number of solutions of the equation

D R A T ey (1.10)

with 1 < z,w < P and z;,y; € A(P, R). Notice that if z € A(P, R) then for any
M > x there is a divisor of z lying between M and M R. By applying this observation
to the x; and y; and then using Holder’s inequality to uniformize the choice of divisor,
one is able to relate the number of solutions of (1.10) to the number of solutions of

P+ k) =0t g+ 0k (1.11)
with

1<z,w<P, wu,v€ AP R), and P’<q<P’R,



where 6 is a parameter satisfying § < 1/k. The congruence condition implicit in
(1.11) now allows one to classify solutions according to the common residue class of
2% and w* modulo ¢*, and then by applying Cauchy’s inequality to the underlying
exponential sums, one reduces to the consideration of solutions in which z = w
(mod ¢*). Hence one may write w = z+hq"® and thus set up a differencing procedure
which is “efficient” in the sense that the parameter h is bounded by P'~*% instead
of P. It is now easy to obtain estimates for Si(P, R) from estimates for S;_1(P, R)
by fixing z, ¢, and h, and considering the underlying mean values. Thus we have an
iterative procedure for estimating S(P, R), and this leads to an improved analysis
of the minor arcs.

Wooley [62] has refined Vaughan’s method to allow one to repeat the differencing
process, only fixing z, ¢, and h trivially after several (perhaps as many as k — 1)
efficient differences have been taken. With this refinement, Wooley was able to halve
Vinogradov’s bound for G(k), showing in [62] that

G(k) < k(logk +loglog k + O(1)). (1.12)

We remark that a simple counting argument shows that G(k) > k + 1, and it is
expected that this lower bound represents the true state of affairs for most values of
k. In certain cases, however, local solubility obstructions may require that G(k) be

somewhat larger. Define I'(k) to be the least integer s such that for every n and ¢

—
s —

the congruence a% + - -+ + n (mod ¢) has a solution with (z1,q) = 1.

Conjecture. One has G(k) = max(k + 1,T'(k)).

Unfortunately, the technology leading to (1.12) offers little hope of proving such
a statement, as the circle method cannot possibly succeed in its present form when
s < 2k. In fact, the calculation of I'(k) is a difficult problem in its own right. It is
known that I'(k) < 4k and that this upper bound is attained whenever k is a power
of 2, but it is an open question to determine whether liminf I'(k) > 3.

Vaughan and Wooley [56] have introduced iterative schemes that lead to re-
spectable bounds for G(k) for small k£ > 5, but even these do not approach what is
conjectured. For example, the inequalities

6<G(B)<17, 9<G(6) <24, 8<G(7)<33, and 32<G(8) < 42

are the best currently available.
An exposition of the main ideas underlying the use of smooth numbers in additive
number theory can be found in Vaughan [54].



1.4 Additive Equations and Inequalities

The Hardy-Littlewood method may also be applied to show that the additive

equation

x4+ et =0 (1.13)
has non-trivial integer solutions when the ¢; are nonzero integers (not all of the same
sign when k is even) and s is sufficiently large in terms of k. By (1.4), the number
of solutions of (1.13) with zy,...,zs € [1, P] N Z is given by

Nsp(P) = /0 (H f(cm)) da,

where f(«) is asin (1.3), and one finds via Holder’s inequality and changes of variable
that essentially all of the technology discussed for Waring’s problem applies. The only
serious difficulty lies in satisfying the p-adic solubility condition and hence proving
that the singular series is bounded away from zero. When k = p — 1 for some prime
p, one must in fact take s > k% 4 1, for it is easily seen that the equation

@42 p T ) P (T 2T =0

has (p — 1)? variables and no non-trivial p-adic solution. It is a classical result of
Meyer [40] that 5 = 2% 4+ 1 variables suffice when k = 2, and Baker [6] showed in
1989 that 7 variables suffice when & = 3. In contrast to the situation for Waring’s
problem, Baker’s result is easily seen to be best possible by considering the equation

o)+ 225 4+ T(ws + 223) +49(x3 + 223) = 0

over Q7. Meyer’s result is also seen to be best possible by considering an equation
of similar form in 4 variables.

If the integers ¢; in (1.13) are replaced by arbitrary real numbers )\;, then one
should not expect to find integers z, ...,z such that A\jz§ +-- -+ Az = 0, but one
can instead ask whether the inequality

T D W A (1.14)

has non-trivial integer solutions for arbitrarily small €. In 1946, Davenport and
Heilbronn [20] showed that (1.14) has infinitely many integral solutions for any € > 0
when k£ = 2 and s > 5, provided that A\q, ..., A, are not all of the same sign. Moreover,
their proof easily generalizes to show that s = 2% + 1 variables suffice for general £,
again provided that the \; are not all of the same sign when k is even. Davenport



and Heilbronn established their result by developing an appropriate version of the
circle method. While the analytic set-up is now less obvious, the analysis actually
turns out to be much easier, owing to the absence of p-adic solubility considerations.
We first observe that it suffices to establish the result for € = 1, since one may then
replace \; by \;/e. Furthermore, we may assume by relabeling variables that A; /Ay
is irrational, since we may appeal to the theory of additive equations if all the \; are

in rational ratio. One proceeds by choosing a suitable “kernel” function, for example

K(a) = (Sinm)27 (1.15)

yye;

whose Fourier transform has properties useful for detecting solutions of (1.14). With
the above choice, it is a simple exercise in the calculus of residues to show that

K(t) = /OO K(a)e(at) do = max(0,1 — [t]),

from which it follows that

Osx(P) = /_OO (H f()‘ia)> K(a)da

is a lower bound for the number of integral solutions of (1.14) with x € [1, P]*. Hence
it suffices to show that 6, ,(P) — oo along some infinite sequence of P, the sequence
here being determined by the denominators of the convergents to the continued
fraction for A;/A2. One now dissects the real line into a single major arc near zero,
two minor arcs covering an intermediate range on each side of the major arc, and two
large “trivial arcs.” The analysis of the minor and trivial arcs requires the use of a
mean value estimate such as Hua’s Lemma, and the minor arcs additionally require
some version of Weyl’s inequality. The analysis of the major arc is relatively easy,
as one has to deal with a singular integral but no singular series.

There has been considerable interest in quadratic and cubic inequalities in recent
years. Most notably, Margulis [39] resolved a conjecture of Oppenheim by proving
that any indefinite quadratic form (not necessarily diagonal) in at least 3 variables,
takes arbitrarily small values at integer points, provided that not all its coefficients
are in rational ratio. This is easily seen to be best possible, since such a statement
in two variables would assert that certain algebraic numbers possess rational ap-
proximations of higher quality than allowed by Liouville’s Theorem (see for example
[25]). Recently, Baker, Briidern, and Wooley [7] showed that 7 variables suffice to
solve (1.14) in the cubic case, and they in fact obtained a quantitative version of this
result in which ¢ is replaced by an explicit function of x. It is still possible, however,
that as few as 3 variables suffice in the cubic case, and perhaps even for larger k.
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A problem of related interest is the so-called “fractional parts” problem, in which
we consider inequalities modulo 1. Write ||z|| for the distance from z to the nearest
integer. Then, as a simple example, one tries to establish that for N > Ny(e, k)

min_||an®|| < N=TT®),
1<n<N

with 7(k) as large as possible. The best result on this particular problem is due to
Wooley [65], who was able to take 7(k)~! ~ klog k. Here one does not use the circle
method directly, but exponential sum estimates are still the key ingredient in the
analysis. When a has major arc-type rational approximations, then the statement
is generally easy to prove. Otherwise, one can use some version of Weyl’s inequality
in combination with a version of the Erdos-Turdn inequality (see for example [5],
[42]) to bound the discrepancy between the actual and expected distribution of the
sequence an® modulo 1.

The above methods may be further generalized to investigate systems of equations
and inequalities. Let Fi,..., F; be diagonal forms of degree k£ with real coefficients
in s variables, and let € be a positive real number. The solubility of the system of

inequalities
|Fi(x)] <e, ... ,|F(x)]<e (1.16)

in integers xq,...,xs has been considered by a number of authors over the last
quarter-century, starting with the work of Cook [15] and Pitman [48] on the case
t = 2. More recently, Briiddern and Cook [14] have shown that the above system is
soluble provided that s is sufficiently large in terms of £ and ¢ and that the forms
Fy, ..., F; satisfy certain additional conditions.

What has not yet been considered is the possibility of allowing the forms F}, ..., F}
to have different degrees. However, the recent work of Wooley [61], [72] on the
corresponding problem for equations has made the study of such systems a feasible
prospect. Our first result takes an initial step in that direction by studying the
analogue of the system considered in [61] and [72]. Let Aq,...,As and 1, ..., us be
real numbers such that for each i at least one of \; or y; is nonzero. We define the

forms
F(x) = M2i+-+\2°
Gx) = af+--+ ps
and consider the solubility of the system of inequalities

[F ()] < (max |]) ="

1.17
|G(x)| < (max |z;]) " (1.17)
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in rational integers xi,...,xs. In Chapter 2 we establish the following result by
employing a two-dimensional version of the Davenport-Heilbronn method described
above.

Theorem 1. Let s > 13, and let Ay, ..., As and iy, ..., js be real numbers such that
for some i and j the ratios \;/\; and p;/p; are algebraic and irrational. Then the
simultaneous inequalities (1.17) have infinitely many solutions in rational integers
provided that

(x) has at least s — 4 variables explicit,

(a
(

F
b) G(x) has at least s — 5 variables explicit,

(c) the system F(x) = G(x) =0 has a non-singular real solution, and

)
)
)
(d) one has o1 + 09 < 1.

If ©4(P) denotes the number of solutions of (1.17) with x € [1, P]*NZ?, then our
analysis in Chapter 2 will in fact show that ©4(P) > P*5791792 as P — oo. We
also note that condition (c) implies that the quadratic form G is indefinite, which is
plainly a necessary requirement for solubility.

A significant question raised by Theorem 1 is whether the requirement that our
forms have some pair of coefficients in algebraic ratio can be shown to be necessary.
One suspects that such a condition is not needed, but its removal provides a clear
obstruction to the method. When either F' or G has a large number of zero coeffi-
cients, however, we can exploit results for a single inequality to obtain results that do
not require the existence of algebraic irrational coefficient ratios. This is discussed
more fully in Chapter 2.

Finally, we remark that the iterative methods developed in Wooley [69] poten-
tially allow one to investigate pairs of inequalities of arbitrary degrees, say k and
n, possibly showing solubility in roughly 2klog k variables if k& > n. However, the
mean values of the exponential sums relevant for attacking such a problem have not
yet been considered in detail, and obtaining sharp estimates for them is likely to
be a formidable task. In principle, one can even consider more general systems of ¢
diagonal inequalities having degrees ki, ..., k; using the methods of [69] along with
the Diophantine approximation results of [5], but this is deferred to later work.

1.5 Multiple Exponential Sums

In contrast to the highly-developed theory of exponential sums in a single vari-
able, multiple exponential sums are not well-understood, and consequently relatively
little is known about the Diophantine problems that demand their use. Arkhipov,
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Karatsuba, and Chubarikov [3] have provided estimates for fairly general d-fold sums,
but most of these estimates are not explicit enough to be useful in applications. As
a first step toward obtaining sharper general estimates, we concentrate most of our
analysis on double sums of the form

fla; P,R) = Z e(apr® + aya™ty + -+ apyh),
z,ye A(P,R)

where R is a small power of P. Write T" for the r-dimensional torus. We are

particularly interested in estimating the mean value

S.(P.R) = / (o P, R)[Pda,
Tk+1

which, by orthogonality, counts the number of solutions of the auxiliary system

S

> (bl - =0 (0<i<k) (1.18)
m=1
with

This is done in Chapter 3 by building the apparatus of efficient differencing for
polynomials of two variables, so that an iterative method like that of Wooley [69]
can be implemented. Thus we are able to derive estimates of the form

SS(P’ R) < P4S—k(k/‘+1)+As+E’ (120)

where Ay — 0 as k — oo. To consider the strength of such an estimate, let J (h)

denote the number of solutions of the system

s

S (@b, —aE ) =h (0<i<k)

m=1

with (1.19). Then one has
Js(h) :/ |f(c; P, R)|*e(—a-h)da < S,(P, R).
Tk+1

On the other hand, upon recalling (1.9) one sees that

P* < Y Ju(h) < PFEIS (P R),
h

|hi|<sP*
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and thus
Ss(P, R) > P% 4 P4S—k(1c+1)7

the first term arising from the diagonal solutions of (1.18). Hence the estimate (1.20)
becomes nearly best possible as A; — 0.
The following theorem provides a bound of the shape (1.20) by means of single

efficient differencing.

Theorem 2. Let k > 2 be a positive integer, and put r = [w} Further, write

2
1\
_ 1.2 _
s1 =k (1 Zk) +r,

and let s be a positive integer with s > sy. Then for any € > 0 there exists n =
n(s, k,e) such that whenever R < P" the estimate (1.20) holds with

1 (s—s1)/r
A;=k(k+1)([1—-=— .
(k + )( %)

Note for example that if s > 2k%log k then we have A, ~ k2e~%/* < 1. Whenever
Ag has the property that, for every € > 0, there exists n = 7(s, k, €) such that (1.20)
holds whenever R < P, we say that A, is an admissible exponent.

We remark for comparison that Arkhipov, Karatsuba, and Chubarikov [3] have
obtained estimates for the number of solutions of the “complete” system

S

> (@l — i) =0 (0<i,j<k)

m=1

with
1< Ty Yy Ty U < P (1 <m < ),

which lead, via a standard argument, to admissible exponents for (1.18) behaving

=s/2K* 50 that one must take s > 6k3 log k in most applications.

roughly like k3¢
In Chapter 3, we obtain the following sharper result as a consequence of repeated

efficient differencing, yielding admissible exponents that decay in most cases roughly
like k2e~3s/2k,

Theorem 3. Write r = [k—;l] , and put

so = k(k+1) and  s; = 3rk(log(4rk) — 2loglog k).
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Further, define

Arfe?—3(s—s0)/4rk when 1 < s < sy,

e'(log k)* (1 — Q—Ik)(s_sl)/r , when s > s;.

Then there exists a constant K such that the exponent A, is admissible whenever
k> K.

For smaller k, one often needs other methods to obtain reasonable admissible
exponents, and this is illustrated for k£ = 3 in Chapter 5.

As was the case with Vinogradov’s Mean Value Theorem, our mean value esti-
mates may be transformed into Weyl estimates by using the large sieve inequality.
Such estimates will be important to the analysis of the minor arcs in subsequent
applications of the Hardy-Littlewood method. For example, we have

Theorem 4. Define m to be the set of o € R¥ such that whenever a; € Z and
q € N satisfy (ag,...,ar,q) = 1 and |qa; — a;] < PY*7FRF (0 < i < k) one has
q > PY2RM. Then given ¢ > 0, there exists 1 = n(e, k) such that whenever
R < P" one has

sup |f(a, P, R)‘ < P2*U1(k)+s’

acm

where
or(k)™" ~ 2k logk as k — oo.

A slightly more general version of this theorem will be proved in Chapter 4, but
the above version suffices for most of our applications.

1.6 Applications to Diophantine Problems

Estimates of the type given in Theorem 4 have immediate applications to the
problem of obtaining localized bounds for the fractional parts of polynomials in two

variables. In particular, we have

Theorem 5. Given a € R and ¢ > 0, there exists Ny = Ny(e, k) such that

whenever N > Ny one has

min HCY()mk —+ Ozlmk—ln 4.+ aknkH < Ns_p(k)7
1<mmn<N

where

p(k)™ ~ Uk logk as k— oo
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It is worth noting that when oy = 0 or o) = 0 a superior result is obtained
by specializing one of the variables and applying Wooley [63], Corollary 1.3, to the
resulting polynomial in a single variable. Hence in this case one could take

p(k)™' ~ 4k*logk

in Theorem 5, and so our results are only of interest when both oy and «; are
nonzero. A more precise expression for p(k) will be given in Chapter 4.

Next we consider a generalization of Waring’s problem posed by Arkhipov and
Karatsuba [2]. As Waring’s problem considers representations of a single integer as
a sum of terms of the shape z*, the simplest form of degree k in a single variable, a

natural generalization is to consider simultaneous representations of the shape

Dyl b iy =y (0< < k), (121)

k k-1

since 2%, ¥y, ..., y* are the simplest forms of degree k in two variables. By the

binomial theorem, we see that this is equivalent to representing the polynomial

k
k .
p(t) = Z_; (j)njtﬂ (1.22)
j_
as a sum of s kth powers of linear polynomials. That is, we seek to write

p(t) = (xlt + yl)k +-+ (:Est + ys>k (123)

with z;,y; € N. We remark that the analogous problem over the complex numbers
has been considered recently by algebraic geometers (see for example [33], [41]). By

exploiting a surprising connection with the theory of partial differential operators,

k+1
2

of the shape (1.23) for arbitrary polynomials of degree k over C. Working over the

one finds that precisely s = { W terms are required to guarantee a representation

integers, however, an elementary counting argument shows that one in fact needs
s > k2. Obviously, there will be no representations of the shape (1.23) if the relative
sizes of the n; are sufficiently disparate. For example, if some one of the n; is large,
then some one of the z; or y; must be large, which in turn forces the other n; to be
large. Thus we will need to impose some conditions in order to obtain a result.

Definition. For fized s and k, the polynomial p(t) defined by (1.22) is said to be
locally representable if

(1) there exist real numbers P, g, ..., g, and § = (s, k, ) > 0 such that

Inj — Pru| <oP*  (0<j<k) (1.24)
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and such that the system
mOd ATl = (0S5 <R) (1.25)
has a non-singular real solution with 0 < n;,& < 1, and

(2) the system (1.21) has a non-singular p-adic solution for all primes p.

Now let G (k) denote the least integer s such that, whenever the polynomial p(t)
given by (1.22) is locally representable and ny, ..., n, are sufficiently large, one has
the global representation (1.23) for some natural numbers z1,...,zs and y1, ..., Ys.

Theorem 6. One has
Gi(k) < 2k’ logk + 2k*loglog k + O(k?).

We note that Arkhipov and Karatsuba [2| have previously outlined a program
for obtaining bounds of the form G%(k) < Ck?logk using the theory of multiple
exponential sums over a complete interval developed in [3]. Theorem 6 thus gives an
explicit asymptotic version of this result, showing that one may take C' ~ 14/3.

In Chapter 5, we sketch a refined analysis that leads to
Theorem 7. One has G5(3) < 56.

Our final application concerns the density of rational lines on the hypersurface
defined by an additive equation. Let F(x) be a form of degree k in s variables,
with integer coefficients. In 1945, Brauer [10] used a diagonalization argument to
demonstrate the existence of an m-dimensional linear space on the hypersurface
F(x) = 0 over some solvable extension of Q, provided that s is sufficiently large in
terms of k£ and m. By refining Brauer’s method, Birch [8] obtained the same result
over Q for odd k in 1957. Unfortunately, the elementary methods of Brauer and
Birch do not yield any reasonable estimates for the number of variables required,
although explicit astronomical bounds have been given recently by Wooley [70]. For
small values of k, somewhat more satisfying results have been obtained by Lewis and
Schulze-Pillot [36] and Wooley [67], [68]. Up to this point, however, no estimates
have been provided for the density of rational lines on a given hypersurface.

In Chapter 4, we obtain an explicit upper bound for the number of variables
required to guarantee the expected density of rational lines on the hypersurface
F(x) =0 in the case when F' is an additive form of degree k. Let ¢4, ..., ¢cs be non-
zero integers, and let Lg(P) denote the number of distinct lines of the form xt + y,
with x;,y; € [—P, P] N Z, that lie on the hypersurface

b+ e =0. (1.26)
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Clearly, Ls(P) is related to the number of solutions of the system of equations
ari Myl -t eal Tyl =0 (0<j < k), (1.27)

with z;,y; € [P, P] N Z, so the theory of multiple exponential sums is again ap-
plicable. Thus in Chapter 4 we are able to prove

Theorem 8. Suppose that the system of equations (1.27) has a non-singular real
solution and a non-singular p-adic solution for all primes p. Then one has

LS(P) > PQS—k(k-i-l)
for P sufficiently large, provided that
s > %kQ log k + 13—0k2 loglog k + O(k?).

We note that, when s is large in terms of k, the theory of a single additive equa-
tion discussed in Section 1.4 shows that the hypersurface defined by (1.26) contains
“trivial” lines, corresponding to the case where either x; = 0 or y; = 0 for each ¢ in
(1.27). By a trivial estimate, however, the number of such lines is O(P?). Hence in
the situation of Theorem 8 we see that most of the points on (1.26) that lie on lines
in fact lie on non-trivial lines.

It transpires that the p-adic solubility conditions imposed in the above theorems
need only be checked for finitely many primes p, for we show in Chapter 4 using
exponential sums that they do in fact hold whenever p > po(k) and s > (k + 1)%
While p-adic solubility issues were considered in detail by Arkhipov [1] in his work
on the Hilbert-Kamke problem, such considerations have largely been ignored in
the results stated by Arkhipov and Karatsuba [2] on the multidimensional analogue
of Waring’s problem. It would therefore be desirable (and possibly quite difficult)
to give necessary and sufficient conditions for, or prove unconditionally, the p-adic
solubility of the systems (1.21) and (1.27) for small primes.

In the cubic case, we are able to establish a version of Theorem 8 that does not
require any local solubility hypotheses. Thus in Chapter 5 we prove

Theorem 9. Suppose that k =3 and s > 58. Then for P sufficiently large one has
LS<P) > P25712.

It is worth noting that higher dimensional analogues of Theorems 6-9 would be
accessible with a satisfactory theory of higher dimensional exponential sums. Thus
in the analogues of Theorems 8 and 9 we would seek estimates for the density of
rational linear spaces (e.g. planes) of some dimension m > 2 that lie on (1.26). Some
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of the technical apparatus for such a program has been laid by Arkhipov, Karatsuba,
and Chubarikov [3] in their treatment of d-fold exponential sums, but a substantial
refinement of that analysis would be necessary in order to obtain explicit results. It
may be possible to use the generality of their analysis as a model for extending the
iterative methods we develop in Chapter 3 to d-fold exponential sums over smooth

numbers.



CHAPTER II

Simultaneous Diagonal Inequalities

2.1 Overview

Our main goal in this chapter is the proof of Theorem 1. We begin by recalling
some of the notation introduced in Section 1.4. Let Ay,...,As and pg, ..., us be real

numbers such that for each 7 at least one of \; or u; is nonzero, and define the forms

F(x) = \N2i+-+ \a?

G(x) = mat+- + pe?

Further, let ©4(P) denote the number of solutions of the system of inequalities

|F ()] < (max |]) ="

(2.1)
|G (x)| < (max |a;])~"
with x1,..., 24 € [1, PN Z. The following is a quantitative version of Theorem 1.
Theorem 2.1. Let s > 13, and let A\y,..., As and py, ..., s be real numbers such

that for some i and j the ratios \;/\; and p;/ 1 are algebraic and irrational. Further,

suppose that

b) G(x) has at least s — 5 variables explicit,

(a) F(x) has at least s — 4 variables explicit,

(b)

(c) the system F(x) = G(x) = 0 has a non-singular real solution, and
(d) one has 01 + 02 < 55

Then one has ©4(P) > P*=°=91=%2 for P sufficiently large.

When either F or GG has a large number of zero coefficients, we can exploit results
for a single inequality to obtain a result in which the conditions on the coefficient
ratios are not needed.

19
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Theorem 2.2. Let \y,...,\s and py,...,us be real numbers. The simultaneous
inequalities (2.1) have infinitely many solutions in rational integers provided that

(a) F(x) has at least 7 variables explicit,
(b) G(x) has at least 5 variables explicit,
(c) the system F(x) = G(x) =0 has a non-singular real solution, and

(d) one of the following holds:

(i) at least 4 of the \; are zero and max(cy,09) < 107°, or

(ii) at least T of the p; are zero and oy < 1072,

We remark that condition (b) is not actually needed to prove the stated ver-
sion of Theorem 2.2; however, the condition arises naturally in discussing possible
improvements on condition (d)(ii), so we state it for convenience.

In Section 2.2, we deduce Theorem 2.2 in an elementary manner from results on
a single Diophantine inequality. We also consider a refinement of condition (d)(ii)
that would follow from improvements in our understanding of cubic inequalities.

We then prove Theorem 2.1 in Sections 2.3, 2.4, and 2.5, using a two-dimensional
version of the Davenport-Heilbronn method. We show that

0.P)> [ [ Hle(a) o,

where H () is a suitable product of exponential sums (many of which we restrict to
smooth numbers) and K(a) is a product of two kernels similar to (1.15). We then
dissect the plane in analogy with the one-dimensional Davenport-Heilbronn dissec-
tion discussed in Section 1.4. The success of our minor arc analysis depends heavily
on an estimate of Wooley [72] for the 10th moment of a certain exponential sum over
smooth numbers and also on a result of R. Baker [5] relating the size of a certain
exponential sum to the existence of good rational approximations to the coefficients
of its argument. The treatment of the major arc is essentially straightforward using
the ideas of Wooley [61].

Finally, in Section 2.6, we discuss the possibility of weakening some of the hy-
potheses imposed in Theorems 2.1 and 2.2.

Throughout our analysis, implicit constants in the notations of Vinogradov and
Landau may depend on the coefficients A, ..., A\s and pq, ..., us, the exponents oy
and o9, and also on any parameters denoted by € or 9.

The material of this chapter appears in the author’s forthcoming publication [47].
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2.2 Forms with Many Zero Coefficients

Here we prove Theorem 2.2 using results on a single inequality. We first consider
the case (d)(i). The argument is similar to that given in Lemmata 6.3, 6.4, and
6.5 of Wooley [61], but it also incorporates the recent work of Baker, Briidern, and
Wooley [7] on cubic inequalities in 7 variables and makes use of a result of Birch and
Davenport [9] on small solutions of quadratic inequalities in 5 variables. We start
with an analogue of [61], Lemma 6.3.

Lemma 2.2.1. Suppose that there is a rearrangement of the variables x, ..., x
such that \; =0 fori=1,...,4 and uq,..., s are not all of the same sign. Then
Theorem 2.2 holds in the case (d)(i).

Proof. Let 0 = 1.43 x 107* and 6 = 1—100. It is easily seen that the main theorem
of [7] holds with the above value of o, although the result is stated with a slightly
smaller exponent. Thus by condition (a) of Theorem 2.2, there exist infinitely many
(s — 4)-tuples of integers (as, ..., as) such that

| Asad + -+ Aal| < (max |a;]) ™7 (2.2)
Now put M; = p; for i =1,...,4, and put

M = s+ +

If |Ms| < (max|a;)~%, then we can take 11 = -+ = 24 = 0 and z; = q; for i =
5,...,s. Otherwise, by the main theorem of [9] we can find (for max |a;| sufficiently
large) integers uy, . .., us, not all zero, such that

|Myui + -+ + Msu?| < (max lag])~° (2.3)
and

|M1U%| + -+ |M5U§| < (max |a,~|)5(4+55)|M1 cee M5|1+6.
But M5 < (max |a;])?, so that
w;| < (max |ag])' 36+ j=1,...,4
j
and
lus| < (max|ai|)g(6+55).
Hence on putting x = (uq, ..., us, usas, ..., usas), we have

max |r;| < (max ]ai|)1+%(6+55)
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and
35
2

|F(x)| < |us|*(max|a;]|) ™" < (max |a;]) = ¢+

Thus on taking

20 — 30(6 + 59)

© = T2 5(6 1 59)

we see that for max |a;| sufficiently large one has
[F(x)] < (maxa;]) 7,

and so we may take o; = 1.429 x 1075. Moreover, on taking

20
TS 24506 1 50)
we have
|G(x)| < (max |a;]) ™ < (max |z;|) ™
for max |a;| sufficiently large, so we may take oo = 1.429 x 1075. O

When the hypothesis of Lemma 2.2.1 is not satisfied, we need some additional control
over the solution to our cubic inequality (2.2) in order to guarantee that the quadratic
in (2.3) is indefinite. Specifically, we require the following analogue of [61], Lemma
6.4.

Lemma 2.2.2. Let A\y,..., A\ (t > 7) be non-zero real numbers, and suppose that

(M1, ...,m) is a real solution of the equation
A1x§’+---+)\t:vf:0

with 0 < n; < 1 for all i. Then for any o € (0,1) and P > Py(n, A, «), there exist
integers yi, ...,y such that

IMays + -+ M) | < (max |y]) 7,
where o = 1.43 x 10~* and

l1—amP <y <(14+ayP (1=1,...,1). (2.4)
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Proof. 1f the \; are all in rational ratio, then the result follows from Lemma 6.4
of [61]. Otherwise, we follow through the analysis of [7], restricting the ranges of
summation on the generating functions so that only values of the variables satisfying
(2.4) are included. All of the required estimates continue to hold, with only the
major arc analysis requiring a slight modification. O]

Now we can complete the proof of case (d)(i) by arguing as in the proof of [61],
Lemma 6.5. Suppose that at least 4 of the \; are zero, and rearrange variables so
that A\,..., s #0and \; =0 fori =1t+1,...,s. By condition (c) and the argument
of [61], Lemma 6.2, we may assume that the equations F'(x) = G(x) = 0 have a real
solution (my,...,ns) with all of the 7; non-zero, and then on replacing A\; by —J; if
necessary and using homogeneity we may assume that 0 < n; < % for all 7. Further,

by Lemma 2.2.1, we may assume that g1, ..., us are all positive, so that

g+ e = —(ani + -+ pen?) = —C < 0.

Let a, P, and (y1,...,y;) be as in Lemma 2.2.2 with

2
0 < 2 (max ),

and put M = puyy? + - -+ + wy?. Then
d 1
|M + CP? < P*(a* +20a) Z \am?| < §C’P2,
=1

so that
1 2
M < —§C’P < 0.

Now let § = 1.43 x 107° as before. If |[M| < P~ then we can take x; = y; for

1 =1,...,tand z44; = --- = x5 = 0. Otherwise, for P sufficiently large, we may
use the result of [9] as in the proof of Lemma 2.2.1 to find integers v, ..., vs, not all
zero, with

| < P26 and || < PO (=141, 5)
such that
|Muf + pgavfyy + -+ pgvl] < P
Proceeding exactly as in the proof of Lemma 2.2.1, we find that

X = (Y104, + -, YtV Vi1, - - -, Vs)
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satisfies (2.1) with o, = 09 = 1075, and this completes the proof of Theorem 2.2 in
the case (d)(i).

The case (d)(ii) of Theorem 2.2 follows immediately from the results of [7], and
this completes the proof of the theorem.

We now investigate the possibility of reducing the number of zero coefficients
required by condition (d)(ii) from 7 to 6, in accordance with [61] and [72]. Briidern
[13], improving on a result of Pitman and Ridout [49], has shown that if Ay, ..., A
are real numbers with |)\;| > 1 for all ¢ then there exist integers x1, ..., zg satisfying

Az + -+ Aozg] < 1

and

9

0< ) [Nad] < [Ar -+ X[ F. (2.5)
i=1

Unfortunately, in order to use this result in an argument like the one in Lemma 2.2.1

we would have to assume that G(x) had at least eight zero coefficients, and in this

situation we would do better to apply the results of [12]. Suppose, however, that the

above result held with 7 variables instead of 9. Then condition (d)(ii) of Theorem

2.2 could be replaced by

(d)(ii) at least 6 of the p; are zero and max(oy,09) < 1072,

The argument resembles the one above, but an argument like the one ensuing from
Lemma 2.2.2 will not be necessary since the quadratic under consideration there will
be replaced by a cubic.

Proceeding just as in Lemma 2.2.1, we fix ¢ < 1/10 and § = 1/70. After rear-
ranging variables;, we may assume that pu; = --- = pug = 0. Now by condition (b) of
Theorem 2.2 and an easily obtained quantitative version of the classical Davenport-
Heilbronn Theorem, we see that there exist infinitely many (s — 6)-tuples of integers
(az,...,as) such that

‘um? +--+ ,usa§| < (max |a;])7°.
Now put A; = \; fori =1,...,6, and put
A7 = )\7@? + -+ /\Sai

If |A7] < (max|a;])~°%, then we can take 7y = - -+ = 2¢ = 0and x; = a; fori = 7,...,s.
Otherwise, by our hypothesis, we can find (for max|a;| sufficiently large) integers
U1, ..., ur, not all zero, such that

|Aud + - + Aud| < (max la])~°
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and
Ayl + - | Arud] < (max |ag)°CH Ay - - A,
But A; < (max|a;|)?, so that
|uj| < (max |a;|) T30 (j=1,...,6)

and

lur| < (max]ai\)%(9+75).

Hence on putting x = (uq, ..., ug, uzar, ..., uras), we have

max |z;| < (max ]ai|)1+g(9+75),

so on taking

__ 3
TS 356091 79)

we have

)

|F(x)| < (max|a;|)™° < (max |z;|) 7.

Furthermore, if

30 — 26(9 + 76)
3+ 6(9+76)

e<

then we have
G0)| < Jug | (max o)~ < (maxag]) 5 O,
whence for max |a;| sufficiently large
|G(x)] < (max |z;])~°.
Thus we may take o7 = 09 = 1.2 x 1072

We note that throughout our arguments there is some freedom in the choice
of the parameter 9, and we have generally chosen it so as to give roughly the same
permissible values for oy and 5. If so desired, one can alter  in favor of one exponent
or the other and in fact obtain a region of permissible values similar in shape to (but
smaller than) the region in Theorem 2.1(d). We do not pursue this refinement here.
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2.3 The Davenport-Heilbronn Method

We now set up a two-dimensional version of the Davenport-Heilbronn method,
which we will use to prove Theorem 2.1. We may assume (after rearranging variables)
that the the first m of the u; are zero, that the last n of the \; are zero, and that the
remaining h = s — m — n indices have both \; and p; nonzero. Then when s > 13
we have by conditions (a) and (b) of Theorem 2.1 that

0<m<5 0<n<4, and h >4 (2.6)
Furthermore, we may suppose that A\;/A; and py/py are algebraic irrationals, where
I=m+h—-2, J=m+h—-1, and K =m+h.

Let € be a small positive number, and choose n > 0 sufficiently small in terms of e.
Take P to be a large positive number, put R = P", and let

A(P,R)={n€[1,P|NZ: p|n, p prime = p < R}.

Write a = (v, 3), and define generating functions

Fia) = Y e(Naa® + ;27 (2.7)
1<z<P
and
fila) =Y e(hoaz® + ppa?). (2.8)
z€A(P,R)

It will also be convenient to write

gi(@) = fi(e,0) and  H;(B) = F(0, 3).

According to Davenport [17], for every integer r there exists a real-valued even kernel

function K of one real variable such that
K(a) < min(1, |a]™") (2.9)

and

/Oo c(at)K(a)dad e 0.1], if |t <1, (2.10)
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We set
K(a) = K(aP™"")K(BP™72).
Now let N(P) be the number of solutions of (2.1) with
z; € A(P,R) (i=1,...,m+h—-23)
and
1<z, <P (i=m+h—2,...,s).

By a familiar argument, N(P) is bounded below by P~7*~?2R(P), where

/ / Fla)G(a)yH(a)K(a) de, (2.11)

m+h—3 m—+h
I fit@). H@) = ][ Fla), and G(a H Fi(a
i=1 i=m+h—2 i=m-+h+1

We dissect the plane into three main regions, imitating the standard dissection of

the real line used in the treatment of a single inequality. The trivial region is defined
by

t={a:|a| > P or |B| > P>t} (2.12)
the major arc by
M= {a:|a| <P ¥ and |3 < P74}, (2.13)
and the minor arcs by
m=R?\ (tUM). (2.14)

Our plan is to show that R(P) > P*~5 with the main contribution coming from the
major arc. For r sufficiently large in terms of ¢, it follows easily from (2.9) and (2.12)
that the contribution to R(P) from the trivial region is o(P*~®). In the next section,
we consider a finer dissection of the minor arcs, which allows us to show that their
contribution to R(P) is also o(P*~°), provided that ¢, and oy are confined to the
region specified in Theorem 2.1. Finally, in Section 2.5, we apply standard methods

to deal with the major arc.
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2.4 The Minor Arcs

We begin by bounding the integral (2.11) in terms of others having somewhat
more standard forms. We start by choosing a finite covering of m by unit squares
of the form [c,c + 1] x [d,d + 1]. For n C m, let U, denote the square for which the
integral

[ iF@st@mi@) da

nNUn

is maximal, and write n* = n N U,. Then for r > 1 it follows from (2.9) that
/ / F(@)G(a)yH(a)K(a)| do < P+ / / Fla)Gla)H(a)| da.  (2.15)
Furthermore, by arguing as in the proof of Lemma 7.3 of Wooley [61], we see that

[ F@s@lda < [[In@P mer m@)rd o

for some i, j, and k (depending on n) satisfying
m+1<i1<m+h, 1<57<m, and m+h+1<k<s.
In the course of an argument in which n is fixed, we will employ the abbreviations
f=1fe)l, g=lgi(a)], and H =|H(f)|.

Finally, on recalling (2.6) and again mimicking the arguments of [61], we obtain

Fh3gmpn « ps13 (f1o FfUHO o gu o flO—ugu) (2.17)
whenever 5 < u < 6. For convenience, we introduce the notation

Q = priitate, (2.18)

We are now in a position to make use of certain mean value estimates developed
in Wooley [61], [72]. Those that we need are recorded for reference in the following

lemma.

Lemma 2.4.1. Suppose that
m+1<i<m+h, 1<j7<m, and m+h+1<k<s.

Then for any unit square U = [c,c+ 1] x [d,d + 1], we have
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i) [[1fi(e)]" da < P13,
u
) 1@l (D) da < PR,
(iii) ff|gj % |He(B)|" dax < P2V/4+e,
(iv) ff|f2 )| |9 ( (a)]® dow < P?/4te,
v) if |fi(e)]" dex < PP,
() Jf 1fi(@)l [ Hy(A)]" do < P,
(vit) [ 1o (e *|Hi(B)]” dev < P¥,

(vil) [ (@)l oy(e0)|* dex < "

Proof. Part (i) follows from Theorem 2 of Wooley [72] on considering the underlying
Diophantine equations and making a change of variables. Parts (iii), (v), and (vii)
follow from the corresponding parts of Lemmata 7.2, 9.1, and 9.4 of Wooley [61] on
making a change of variables and noting that the additional restrictions imposed on
the variable ranges in that paper can be removed without affecting the arguments.
For the remaining parts, we use the idea of the proof of Lemma 9.1(i) of [61] in a

manner typified by (ii): Write

sm(%,y) = (27" —yi") + (23" —y3") + (23" — y3")

and

H(B)= ) e(pa?).

1<z<P

Then on making the change of variables o/ = \;a and 3’ = 8 we have
//m (O do < //Z( x ¥+ Lt y)8) [HO) da s,

where the summation is over x and y with x;,y; € A(P, R) and where U’ = [m3, ng] x

[mg, no| for some integers m; and n; with n; —m; < 1. If we now let

tey) = (Lsalxy)5)

297
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then since ¢(x,y) is unimodular we obtain

J[1s@r et < [ (Zc@c,y) /nge<S3<x,y>a>da> H(B)| s

m m,
v 2 X,y 3

1
< P13/4+s/ |H<ﬁ)‘4dﬁ < P21/4+z—:
0

on using Theorem 4.4 of Vaughan [53] and considering the underlying Diophantine
equations. 0

Lemma 2.4.1 allows us to handle regions of m on which H is suitably bounded.
Fortunately, when F7, F;, or Fk is large, we also obtain a great deal of information

from a theorem of Baker [5], a special case of which is recorded below.

Lemma 2.4.2. Let P > Py(e) and A > P¥**<. If |Fy(a)| > A for some i =1, J,
or K, then there exists a natural number ¢ < P37 A~3 and integers a and b with
(q,a,b) =1 such that |\;aq — a] < P°A™ and |pu;8q — b| < P A3,

Proof. This is Theorem 5.1 of [5] with T = P3¢ M =1, and k = 3. O

Lemma 2.4.2 suggests further dissecting m according to the behavior of F}, F,
and F. Thus we start by defining

e={acm:|Fa) <P fori=1,J] K}
Now let
f(1) = {a € m: |Fy(a)] > P, max(|Fy(a)], | Fi(a)]) < PP}
define §(J) and f(K) likewise, and put
f=f)Uf(J) UF(K).
Similarly, let
(1) ={aem:|Fi(a)| < PY***, min(|Fs(e)|, |Fi(a)]) > P¥**<},
define g(J) and g(K) likewise, and put
g=g(/)Ug(J)Ug(K).
Finally, define

h={acm:|Fa)>P*" fori=1J K}.
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The set ¢ can be handled quite easily. Using (2.15)—(2.18) and Lemma 2.4.1, we
obtain

4

/ |,7-"QHIC|da < Q(P3/4+5)3// (f10+f6H4+96H4+f496> do
U,

<  Pps1Btortoat9/itse (P17/3+£ 4 P21/4+e)
= ofP),
provided that o + 09 < 1/12, since ¢ can be chosen arbitrarily small.
The rational approximations provided by Lemma 2.4.2 allow us to incorporate

major arc techniques along the lines of Briidern [11] and [12] in dealing with the sets
f, g, and h. For this we require some additional definitions and lemmata. Define

M(q,a.b) = {o € [0,1]? : [ga — a < P~* and |qf — b < P71},

M= |J Mlgab),
0<a,b<q<P3/4
(g,a,b)=1
4q 3 2
S(Q,a,@:Ze(M),
q
r=1

and

Si@)= > |a'S(ga,b)[".
1<a,b<q
(¢g,a,b)=1

Lemma 2.4.3. Fort > 6, we have

S s <1

q<X

Proof. Using Lemma 10.4 of Wooley [61] and proceeding as in Lemma 2.11 of Vaughan
[55], one sees that S} (q) is multiplicative, so

> St <]] (1 + SZ‘(Z?")) - (2.19)

<X

Whenever (p” a,b) = 1, we have

S(ph, a, b) < p2h/3+e
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by Theorem 7.1 of Vaughan [55], but in the case that (b,p) = 1 it follows from
Theorem 1 of Loxton and Vaughan [38] that in fact

S(" a,b) < ph?.
Thus we have

S;e" = p Y S@han)| ™ Y SR ab)]

1<a,b<ph 1<a,b<ph
(p,b)=1 (pa,b)=1
(p,b)>1

< p—ht(p2h+ht/2 + p2h—1+2ht/3+te)7

whence for ¢t > 6 we have

> oS <p
h=1

for some 0 > 0, and the result now follows immediately from (2.19). O
Write
Fla) = Z e(ax® + B2?) (2.20)
1<z<P
and
P
v(a) = / e(ay® + B2 dy. (2.21)
0

The following lemma provides a useful refinement of [61], Lemma 9.2.

Lemma 2.4.4. Fort > 6, we have

// |F(a)|' doe < P75,
M

Proof. When v € M(q,a,b), write & = (&3,&) = (o — a/q, 3 — b/q) and
V(e) = V(e q,a,0) = ¢'S(g, a,b)u(€).
Then for a € M(q, a,b) we have by Lemma 4.4 of Baker [5] that

F(a) = V() + O(¢***).
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Hence if M, denotes the subset of M on which |V ()| < ¢*/**¢, then we have

//]F(a)]tda<< Z (q2/3+£)tp—7/2 <<Pt_5,

M q<p3/4

provided that ¢ > 9/2. For a € My = M\ M, we have |V ()| > ¢***¢ and hence
|F(a)| < |V (eax)|]. Moreover, by Theorem 7.3 of Vaughan [55], we have

v(€) < P(14 P*|&| + PPl&s|) % < P(1+ P?|&)) Vo(1+ PPlés]) 0,

and on combining this with Lemma 2.4.3 we obtain
/ / Vi) da < P S Si(g) < P
M q<Pp3/4
whenever t > 6. Thus we have
/ |F(a)|'da < P
Mo

for t > 6, and this completes the proof. O

The sets f and g can now be handled with little difficulty by applying major
arc treatments to one or two of the variables. The key observation is that Baker’s

Theorem (Lemma 2.4.2) allows us to bound an integral of |F;(a)|* over §(i)* or g(j)*

(j # 1) in terms of the integral considered in the previous lemma.
Using (2.15)—(2.18) as on e, we obtain for some i = I, J, or K that

/ |FGHK | da < Q (P3/4+€)2/ IE|(f1°+ fSH* + ¢°H* + f*¢%)dev.
f ()
Then by Holder’s inequality we have

1/7 1/2 5/14
/ |Fy| fda < // |E|" da // Ode // Mo ,
(i)* f(i)* Us Us

and by Lemma 2.4.1 we have

/ |E| (f6H4+96H4+f496)da < P25/4+5.

f(@)*
Hence on using Lemmata 2.4.1, 2.4.2, and 2.4.4, together with a change of variables,
we find that

//\ng/C]da < Ps—13+o1+02+3/2+2a (P19/3+£+P25/4+g) _ 0<P8_5),
f
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provided that o1 + o9 < 1/6.
Proceeding similarly but instead taking v = 40/7 in (2.17), we have for some
1 # j among I, J, and K that

//|ngJC|da < QP3/4+5//|Fj|2 (fO4 fTHT +gTHT + f7¢7)da
g a(i)*
2/7

< QP / || dov (115/7+125/7+135/7+I45/7>,

g(i)*

T ://f14da, 12://f8H6da,
Uy Uy

where

Thus we have

/ / [FGHK| dow < Pom1totoatd/its (pT) = o(ps9),
g

provided that o1 + 09 < 1/4.
The set h is somewhat more difficult to deal with, and it is here that we make
use of the hypothesis that A\;/A; and p;/p; are algebraic irrationals. We divide b

into two main components,
b ={aecbh:lo| > P*} and bhy=1h\ by,
and we further subdivide b} and b3 into O ((log P)?) dyadic subsets of the form
hi(A,B) ={a e bh;: A< |F(a)] <2A, B<|F,(a)| <2B}.
We also write
h(A, B) = h1(A, B) Ub2(4, B).

We now use a method introduced by Baker [4] to give an upper bound for the
Lebesgue measure of h;(A4, B). If a € h(A, B), then by Lemma 2.4.2 there exist

natural numbers

qr < PP*A73 gy < PPYB73 g < PP (2.22)
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and integers a;, b; with (¢;,a;,b;) =1 for i = I, J, K such that

|)\[O[C]] — CL[| < PEA_?’, |[L[ﬁ(]] — b[l < P1+€A_3; (223)

|)\JO£(]J—CZJ| <P8B_3, |[LJ/6qJ—bJ| <P1+EB_3; (224)
and

Axagrx —ax| < P77, |ugBarx — bx| < P4 (2.25)

Notice that the inequalities (2.23) and (2.24) restrict a to lie in a box B about
the point (ar/(Argr), br/(prgr)) with

meas(B;) < ¢; 2P AE (2.26)
and at the same time in a box B, about (a;/(Asqy),bs/(1sqs)) with
meas(By) < ¢;°P'""*B°. (2.27)

We first obtain a lower bound for g;q;. As in the proof of Lemma 11.1 of Vaughan
[55], it follows from (2.23) and (2.24) that for o € b; we have

Aroarqy

< P79/47
As o agqr

whereas by a well-known theorem of Roth [50] we have

1

|asqr|*t=’

Aroarqy

As o agqr

so that |ayq;| > P%®¢. Similarly, for a € b, we have

K brqs

— < PO,
|byqr|>*e wr  brqr

and hence |b;q;| > P>/®¢. Thus on using (2.23) and (2.24) and recalling the defin-
itions (2.12)—(2.14) we obtain

N (2.28)
47 5/8—0o—2¢ '
P R if a € [)2.

Next we observe that when « € h;(A, B) there are O(P?"3A~Y) corresponding
triples (gr, ar, br) satisfying (2.22) and (2.23). Alternatively, there are O(P?+3B~9)
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triples (qs, az, by) satisfying (2.22) and (2.24). On combining this with (2.26), (2.27),
and (2.28) we obtain
meas(h1 (A, B)) < P78+ 1+Te(AR)~15/2, (2.29)

When a € ho(A, B) we necessarily have a; = a; = 0 for P sufficiently large, so
proceeding as above gives

meas(hy (A, B)) < PoY/8toatoe(A )6, (2.30)

On applying Holder’s inequality and Lemma 2.4.1 as before and writing L =
(log P)?, we find that for some A and B

// FOHK|da < QL/ FFFel (04 fYEY + 9P HY + 1405 dar
h1(A,B)
16 2
105 15
105 15 5
<K QPE / ’FK‘w do / ’F]FJ|2 do (P9)7.
b7 h1(A,B)

Thus by (2.29) and Lemma 2.4.4 we have

/ |ngIC| da << PS 13+45+21+15(%) £0'1+0'2+25 — O(P5—5)’
b1
provided that }—201 +0,y < %_
Since b is a thin strip along the (-axis, we save a factor of P! in the analysis

leading to (2.15), but the treatment is otherwise similar to the above. On writing

= Ps713%92 e have

//|fgwqda < QL// FFsFl (fO+ FRHE + g HE 1 1%9%)da

h2(A,B)

&ler
[=N]

< ps—13+o2+e / |FK|% do / |FIFJ| da (Pg)%

b h2(A,B)

whence by (2.30) we obtain

// |ngIC| da << Ps_13+%+%+%(%)+%0'2+25 — O(Ps—5)7

provided that %02 < 4—58. It is easily seen that these last two inequalities are less

restrictive than the one appearing in condition (d) of Theorem 2.1.
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2.5 The Major Arc

As it stands, the major arc 9N is too large to allow satisfactory approximation of
the exponential sums f;(a), so we must do some pruning. Specifically, let W be a

parameter at our disposal, and let
N={a:|la|<WP3and |8 < WP} (2.31)
Then as in Lemma 9.2 of Wooley [61], we have for ¢t > 9 that
/ |Fi(a)|" da < W7 PP
M\N

for i = I, J, K and some ¢ > 0. Thus by using (2.17) and Lemma 2.4.1 as in the
treatment of g and b in the previous section, we have for some ¢ = I, J, or K that

2/7
// |FGHK|da < P*~% / \Fy(a)*?da | P¥7
MN MN
< PS_5W_UI.
It remains to deal with the pruned major arc 1. Let
P
ale) = [ euar® + )y (232
0
and
(\; ; d~, 2.
(logR> iy’ + 107%) dy (2.33)

where p(z) is Dickman’s function (see Vaughan [55], chapter 12). Then for a € N,
we obtain from Theorem 7.2 of [55] that

Fi(a) = vi(a) + O(W)
and from Lemma 8.5 of [61] that
fila) = wi(e) + O(WP/log P).

Now on taking W = (log P)"/* it follows that

/ | Famc da - / / (W 3 ) <'_ I1 w(a)) K(e) dex + O(P**T7 1),

i=m-+h—2
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Furthermore, we may extend the integration over all of R?, as the bounds for v; and
w; contained in Lemma 8.6 of [61] imply that

// (mﬁgw"<a)> ( H "Uz'(a)) K(a)do < PoW
R2\N =1 i=m+h—2

Thus it remains to show that the singular integral

= <me(a)> ( 11 w(a)) K@) da

i=m-+h—2

satisfies J > P*~5. Multiplying out, we have

/= /_Z /_Z /*T*(v)e(F(v)a+G(~/)ﬂ) K(aP~)K(3P~°) dvy da dp,
where
B — [R, P]m+h73 % [O’P]n+3

and

m+h—3 log v;
T*(v) = 11 p (logR) :
On making the change of variables

Y =~P', o =aP ", [ =p3P "
and applying Fubini’s Theorem, we obtain

7= P [ 7o) RGP RGP dy (2:34)
where we have written
B=P7'B,  T(y)=T"(Pv),
and

R(t) = /_ (o) K (a) da

o0

Now by condition (c¢) of Theorem 2.1 and the argument of Lemma 6.2 of Wooley
[61], we can find a non-singular solution 7 to the equations F' = G = 0 such that each
1; is non-zero. Then, after replacing \; by —); if necessary and using homogeneity,
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we may assume that i € (0,1)® and hence that n lies in the interior of B when P is
sufficiently large. Suppose that 61,7, (Ajpkn; — Apine) # 0, and consider the map
¢ : R®* — R® defined by

By the inverse function theorem, there exist neighborhoods U of n and V' of ¢(n)
such that ¢ maps U injectively onto V', and we may assume that U C B. Now by
(2.10) and the nonnegativity of p, the integrand in (2.34) is nonnegative, so we may
restrict the integration over 4 to the set U. Then on writing z = ¢(7), where ¢ is
as in (2.35), we have by the change of variables theorem that

dry

dz. 2.36
7, | 42 (2.36)

J > petovto: / T(¢7"(2)) K (2, P*7") K (2,P**7?)
\4

Since meas(V') > 1, the projection of V onto z; contains the interval [0, 3 P~3~71],
and the projection of V' onto zj contains the interval [0, %P‘z_(’?], provided that P
is sufficiently large. Hence on restricting the range of integration in (2.36) and using
(2.10) again, we obtain

J > Prtovtes / T(¢67\(2))dz,

where meas(S) > P~°791792_ Finally, on noting that T'(y) > p(1/n)™*"=3 > 1 for
~ € B, we obtain J > P*75 as required. This completes the proof of Theorem 2.1.

2.6 A Discussion of Possible Improvements

Here we discuss the possibility of weakening some of the conditions imposed on
the forms F" and G in Theorems 2.1 and 2.2. In view of the discussion of Wooley [61],
85, where it is shown that many conditions similar to ours are essentially best possible
for the corresponding problem on equations, our observations will leave something
to be desired. Nevertheless, we can show that at least some minimal conditions are
necessary to ensure the solubility of (2.1).

For example, let

F(x) = )xgxff — x% and G(x) = p?xg - :BZ,

where \ and p are positive real algebraic of degree 3 and 2, respectively, such that A3
and p? are irrational. For instance, we may take A = 1 + /2 and p = 1+ /2. Then
it follows easily from Liouville’s Theorem that, for sufficiently small 7 > 0, neither
of the inequalities

|F(x)| <7, |Gx)|<T
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has a non-trivial solution in rational integers. Of course, this example is easily
generalized to produce forms Fi, ..., F; of degrees ky, ..., k; in 2t variables that do
not take arbitrarily small values. Therefore, we must minimally require either s > 5
total variables or at least 3 variables explicit in one of the two forms.

More realistically, in light of [72], Theorem 1, one might hope to be able to prove
Theorem 2.1 with s = 13 but conditions (a) and (b) weakened so that F' and G
need only have 7 and 5 variables explicit, respectively, rather than 9 and 8. The
latter numbers arise from the inequalities (2.6), on which the analytic argument in
Sections 2.3-2.5 depends, but one may attempt to reduce these in the manner of [61]
and [72] by using Theorem 2.2. Unfortunately, there are some difficulties with this
approach in our situation. If F' has exactly 7 or 8 variables explicit, then we may
apply Theorem 2.2 to solve (2.1), but we must settle for the inferior values of o1 and
o9 allowed by condition (d)(i) of that theorem, and we forfeit our estimate for the
density of solutions. Moreover, if G has exactly 7 variables explicit and F' has at
least 10 variables explicit, then neither Theorem 2.1 nor Theorem 2.2 applies with
s = 13. To avoid this difficulty, we may hope to reduce the number of zero coefficients
required by condition (d)(ii) of the latter from 7 to 6, and we saw in Section 2.2 that
a conditional result of this type could be obtained using hypothetical results on small
solutions of cubic inequalities in 7 variables.

As mentioned in Section 2.1, condition (b) of Theorem 2.2 can be eliminated from
the stated version of the theorem, but some form of it is likely to be necessary for
any desirable refinement of (d)(ii). If a quantitative version of the result of Margulis
[39] on the Oppenheim conjecture were available, then we could reduce the 5 to 3
in condition (b) of our hypothetical version of Theorem 2.2, provided we assumed
additionally that G is not a multiple of a form with integer coefficients. However,
the methods of [39] do not seem to hold much promise for obtaining such a result.

We can also investigate the possibility of reducing the total number of variables
required. Although Theorem 2.1 could conceivably hold with as few as 5 variables,
it does not seem possible for an analytic argument of the flavor given in Sections
2.3-2.5 to be successful with fewer than 11 variables. In the “ideal” situation that
the first four mean values in Lemma 2.4.1 were bounded by P*¢, a simplified version
of our analysis would allow us to prove a version of the theorem for s > 12, possibly
with a slightly different range of permissible values for ¢; and o5.

Next we note that the existence of a non-trivial real solution to the equations
F = G = 0 is a necessary condition for the system (2.1) to have infinitely many
integer solutions. For, if the latter holds, then for arbitrary 7 > 0 we can obtain

(by rescaling an integer solution x with max |z;| sufficiently large) a real solution
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(1) € [—1,1]° of the inequalities |F| < 7, |G| < 7 such that |n;| = 1 for some i.
But the set

S={ne[-1,1)°:|n| =1 for some i}

is compact, whence its image in R? under the continuous map ¢ defined by F and
G is compact. Hence ¢(S) must contain the limit point (0,0), which shows that the
equations F' = GG = 0 have a non-trivial real solution.

Now let p be a prime with p = 1 (mod 3), let ¢ be a cubic nonresidue (mod p),
and consider the forms

F(x) = V2ai+ad+ - +ad+ (23 + cxf) + p(ady + cxt) + p* (2t + ealy),
G(x) = V2ui+ad+-- +ai+ald

It is easily checked that F' and G satisfy all the conditions of Theorem 2.1, except
that all real solutions to the simultaneous equations F' = G = 0 are singular. More-
over, the discussion of example (5.1) in Wooley [61] shows that the simultaneous

inequalities
F(x)[ <1, |Gx)<1

have no nontrivial integer solutions. Therefore, condition (c) of Theorem 2.1 cannot

be weakened.

We conclude with some remarks on the assumption regarding algebraic irrational
coefficient ratios in Theorem 2.1. First of all, if neither F' nor GG is a multiple of a
form with integer coefficients and all the coefficients of F' and G are nonzero, then it
is easy to see that there is a pair of indices i and j such that both \;/\; and p;/p;
are irrational. Next, if exactly one of the forms is a multiple of an integral form and
this form has no zero coefficients, then we can solve the problem by obtaining a lower

bound for the integral

Rl(P):/_OO/O Fla)G(a)H(a) K (aP~") df do

Ro(P) = /_ h /0 Fla)G(a)H(a) K (BP~") davdB,

as the case may be, using a simplified version of our analysis, along with techniques
from the one-dimensional Hardy-Littlewood and Davenport-Heilbronn methods. If F
and G are both multiples of integral forms, then we may simply apply the argument
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of Wooley [72] to deduce Theorem 2.1. Thus in particular we observe that if all the
coefficients of F' and GG are algebraic and nonzero, then no irrationality assumption
on the coefficients is needed.

The algebraicity assumption allows us to use Roth’s Theorem in Section 2.4 to
obtain the lower bounds (2.28), which are critical to our analysis of the sets h;(4, B).
The preferred approach to (2.28) would involve restricting P in terms of the denom-
inators of simultaneous rational approximations A\;/A; ~ a/q and p;/py ~ b/q and
then combining these approximations with (2.23) and (2.24), in analogy with the
proof of [55], Lemma 11.1. However, a difficulty arises from the possibility that
(a,q) or (b,q) may be large, even though we can ensure that (¢,a,b) = 1. It tran-
spires that in this problematic case we can reduce the task to one of obtaining small
solutions to “mixed” systems of the form

|F(x)| < (max|a|)™, > bai=0
i=1
or

G(x)| < (max|z;)™2, > aaf =0,
=1

where the a; and b; are integers. Under suitable conditions, the number of solutions
to these systems can be estimated as described above, using integrals like R;(P)
and Ry(P). However, in order to obtain bounds for the solutions in terms of the
coefficients of the forms, we must now keep track of constants that were previously
left implicit, and this would seem to require additional information regarding the

nature of a real solution to the corresponding system of equations.



CHAPTER III

Mean Values of Multiple Exponential Sums

3.1 Overview

In this chapter, we obtain estimates for mean values of certain multiple exponen-
tial sums over smooth numbers by extending the ideas of Vaughan [53] and Wooley
[61], [69]. When P and R are positive integers, write

A(P,R) ={n € [1,P]NZ: pln, p prime = p < R}
for the set of R-smooth numbers up to P, and define the exponential sum

fla; P,R) = Z e(apr® + apa®ty + -+ apy®). (3.1)
z,y€A(P,R)

Further, define the mean value

S.(P.R) = / (o P, R)[Pda,
Tk+1

which, by orthogonality, counts the number of solutions of the auxiliary system

S

> (ki —d ) =0 (0<i<k) (32)
m=1

with
Ty Y Emy i € AP, R) (1< m < s). (3.3)

When R is a power of P, one has the lower bound
SS(P, R) > P25 + P4s—k(k+1)’
k(k+1) we hope to obtain upper bounds that are not too much larger

1
2
than P*=*++1 If for every e > 0 there exists = 1(s, k, ) such that the estimate

so when s >

SS(P, R) < P4sfk(k+1)+As+6

43
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holds whenever R < P", then we call A, an admissible exponent.

After discussing some preliminary results in Section 3.2, we develop our version
of the Vaughan-Wooley iterative method in Sections 3.3 and 3.4. In Section 3.5, we
are able to establish the following result using only single efficient differencing.

Theorem 3.1. Let k > 2 be a positive integer, and put r = [ﬁ] Further, write

2
1\
_ 1.2 o
s1 =k (1 Zk) +r,

and let s be a positive integer with s > s1. Then the exponent

1 (s—s1)/7r
A;=k(k+1)([1-=— .
(k + >( %)

15 admuissible.

Notice in particular that if s > 2k? log k then admissible exponents obtained from
Theorem 3.1 satisfy A, ~ k2e 5/ < 1.

Finally, in Section 3.6, we make full use of the repeated efficient differencing
apparatus to obtain the following sharper result.

Theorem 3.2. Write r = [%} , and put

so =k(k+1) and  s; = 3rk (log(4rk) — 2loglogk) .
Further, define

47"/{:62_3(5_50)/47""3, when 1 < s < sq,

As = (s—s1)/r
e*(log k)? (1 — 5;) , when s > s;.

Then there exists a constant K such that the exponent A is admissible whenever
kE>K.

Notice that the admissible exponents obtained from Theorem 3.2 decay in many

—3s/2k?

cases of interest roughly like kZe , whereas those obtained from Theorem 3.1

decay only like k%e=%/ ¥ Therefore, we will primarily rely on Theorem 3.2 when
discussing the various applications of our mean value estimates for large k£ in Chapter
4. On the other hand, the ideas underlying Theorem 3.1 often suffice for smaller
values of k, as we shall see in Chapter 5.

This chapter and the next are based on the author’s submitted manuscript [46].
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3.2 Preliminary Lemmata

Before embarking on the proofs of our mean value estimates, we need to make
some preliminary observations. We start by showing that solutions of (3.2) in which
some x; and y; or some Z; and y; have a large common factor can effectively be
ignored. When v > 0, let S¢(P, R;7) be the number of solutions of (3.2) with
(xj,y;) < PY and (z;,7;) < P7 for all j.

Lemma 3.2.1. For every v > 0, one has S;(P, R) < P?%¢ + S,(P, R; 7).
Proof. Write S.(P, R;~) for the number of solutions of (3.2) with (z;,y;) > P” or
(Z,9;) > P for some j, so that Ss(P, R) = Ss(P, R;y) + SL(P, R;~). Then we have

SUP,R;y) =Y | f(d*c; P/d,R)f(—a; P,R)|f(c; P, R)[**dex.  (3.4)

d>py /T

Now suppose that SL(P, R;vy) > Ss(P, R;7), so that Ss(P, R) < 2S5.(P, R;7), and let
A = inf{\: (P, R) < P*}.

If Ay < 2s, then we are done, so we may assume that Ay > 2s. By applying Holder’s
inequality to (3.4), we obtain

1/2s 1-1/2s
siem <X ([ @arinpda) ([ frnra)

d>P7

from which we deduce that

2s
S«(P,R) < (Z S,(P/d, R)1/23> « PrHs-A)te

d>PY

for all e > 0, since \; > 2s. This provides a contradiction for ¢ sufficiently small, so in
fact we have S’(P, R;~v) < Ss(P, R;y), and the conclusion of the lemma follows. [

We next record an estimate for the number of solutions of an associated system
of congruences. When fi,..., f; are polynomials in Z[xy, ..., x;], write B;(q, p; u; f)

for the set of solutions modulo ¢*p* of the simultaneous congruences
filz1,... ) =u;  (mod ¢" ™) (1<5 <) (3.5)
with (J;(f;x),pq) = 1, where

o) O
Jy(f;x) = det (8a:j (X)) i . (3.6)
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Lemma 3.2.2. Suppose that fi,..., for € Z[x1,...,x9:] have degrees bounded in
terms of k. Then whenever 2r < k + 1 we have

card(BQT(q, P;u; f)) Lk (pq)r(Qr—l)%s(q’ p)QT(%_?T—H).

Proof. Write ¢ = q/(q,p) and p = p/(q,p), so that (¢,p) = 1. Then by considering
the jth congruence in (3.5) modulo ¢¥=9*! we obtain from Lemma 2.2 of Wooley
[69] that the number of solutions modulo G* is O, x(¢"®~Y*¢). Similarly, the num-
ber of solutions modulo p* is Og,k(ﬁ”(%_l)*s). Hence by the Chinese Remainder
Theorem the number of solutions modulo ¢** is O, x((pg)"*~V**). Trivially, each

)4kr

of these solutions lifts in at most (g, p)*" ways to Z/(¢"p"), and the lemma follows

immediately. L

We now develop some notation for analyzing real singular solutions of systems
such as (3.2). Let v1,...,19, be non-trivial polynomials in Z[z,y] of total degree
at most k. When Z, 7 C {1,2,...,2r} with card(J) = 2card(Z) and z,w € Z*",
define the Jacobian

J(Z,T:vp) =det | 57 . :
i€Z,jeJ

Write J; = {1,...,d}, and let Z denote the set of all subsets of J, of size d.
We will call the 4r-tuple of integers (z1,ws, ..., 22, ws,.) highly singular for ¥ if
J(Z, Jor;tp) = 0 for each Z € Z7. Also write

%(z w) %(z w)
dﬂ(z,w; ’lp) = det 82, ’ 382. ’ ;
j ( % (2,w) 2%z, 0)

and let S.(P;1) denote the set of all integral 4r-tuples (z1,ws, ..., z2,, wq,) with
1 < z;,w; < P that are highly singular for 1.

Lemma 3.2.3. Suppose that n, ..., s, satisfy the condition that dy o s non-trivial
and deg,,(d; ;) < deg,,(dir;) whenever i+ j <i'+ j'. Then we have

card(S,(P;)) < P 1.

Proof. Let To(P; 1)) denote the set of integral 4r-tuples (z, w) with 1 < z;, w; < P

and

dy2(zi, wisP) =0 (3.7)

for i = 1,...,2r. For a 4r-tuple counted by 7o(P;) and a given i, there are at
most O(P) choices for z; and w; satisfying (3.7), since we have assumed that d; o is
non-trivial, and it follows that card(Zy(P;)) < P*.
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Now for 1 < d <r — 1, we say that (z,w) € Ty(P; ) if

J(Z, Joa; ) # 0 (3.8)

for some 7 € 7} but
J(Z U{i}, Joaro; ) =0 (3.9)

for all i € Jo, \ Z. Consider a 4r-tuple counted by 7,;(P; ), where 1 < d < r — 1.
There are O(1) choices for Z and O(P??) choices for the z; and w; with i € Z. Now
we fix i € Jo, \ Z and expand the determinant in (3.9) using 2 x 2 blocks along the
rows containing z; and w;. Then on using (3.8), together with our hypothesis on %,
we see that the relation (3.9) is a non-trivial polynomial equation in the variables z;

and w; and hence has O(P) solutions. Thus we have

card(Ty(P;ap)) < patr=d — p2rtd

and hence
r—1
card(S,(P;v)) < anrd(’]}l(P;gb)) < P¥L
d=0
as desired. ]

Finally, we recall an estimate of Wooley [62] for the number of integers in an

interval with a given square-free kernel sg.

Lemma 3.2.4. Suppose that L is a positive real number and that r is a positive

integer with logr < log L. Then for each € > 0, one has
card{y < L : so(y) = so(r)} <. L°.

Proof. This is Lemma 2.1 of Wooley [62]. O

3.3 The Fundamental Lemma

For 0 <i < k, let ¢;(2z,w; c) be polynomials with integer coefficients in the vari-
ables z,w, cq,...,c, and satisfying the conditions of Lemma 3.2.3. Further, suppose
that C; and C! satisty 1 < O < C; < P, write C' =[]\, C;, and let D;(c) be polyno-
mials with total degrees bounded in terms of k such that D;(c) # 0 for C! < ¢; < C;.
Throughout the remainder of this chapter, €, n, and v will denote small positive
numbers, whose values may change from statement to statement. Generally, n and
~v will be chosen sufficiently small in terms of ¢, and the implicit constants in our
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analysis may depend at most on €, 1, 7y, s, and k. Since our methods will involve only
a finite number of steps, all implicit constants that arise remain under control, and
the values assumed by 1 and v throughout the arguments remain uniformly bounded
away from zero.

When r < [%], let S5, (P,Q, R;v) = S5 (P,Q, R;¢; C,D;~) be the number of
solutions of the system

Z N (Vi (20, Wn; €) — Yi(Zn, Wy €))
n=1

‘ (3.10)
+Di(e) Y (ahyh, — a5 =0 (0<i<k)
m=1

with
Ty Ym> Ty U € A(Q, R) (1 <m < ), (3.11)
(Tm, Ym) < P7and (T, m) < P77 (1 <m < s), (3.12)
1 <z, wp, Z2p, W, < P and n, € {£l} (1<n<r), (3.13)

and
C/<e;<C (1<j<u) (3.14)

Further, write S,,(P,Q, R;%) for the number of solutions of (3.10) with (3.11),
(3.12), (3.13), (3.14), and

Jor(z,w;c) 0 and Jo.(2,W;c) # 0, (3.15)
where (recalling the notation of the previous section) we have put
Jor(z, Wi c) = J(Tr, Tor, (2, W; C)).
Finally, let T, ,.(P, Q, R, 0; 1) denote the number of solutions of

Z N (Vi (20, Wni €) — Yi(Zn, W; €))
n=1 (3.16)

+ Dife)d i Yk, — ) =0 (0 i< )
m=1

with (3.13), (3.14),

P’ <p,q< PR and (q,p) <P, (3.17)
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Unn, Uy Ui, T € A(QP7? R) (1 <m < s), (3.18)
(U, V) < P7and (U, 0) < P77 (1 <m <), (3.19)

and
(Jor(z,W;€),pq) = (Jor(2,W;€),pq) = 1. (3.20)

Lemma 3.3.1. Given € > 0, there exists a positive number n = n(e, s, k) such that
whenever R < P" one has

Ser(P,Q, Ryh) < CPY71S(Q, R) + CQ¥P¥ 0% 4 pPU=20%°T, (P, Q, R, 6;9).

Proof. Let Sy denote the number of solutions counted by Ss, (P, Q, R; 1) such that
(z,w,z, W) is highly singular for 1), and let S5 denote the number of solutions such
that (z, w,z, W) is not highly singular for 4, so that Ss,(P,Q, R;%) = S; + Ss.

(i) Suppose that S; > Sy, so that S, (P,Q, R;%) < 2S;. By Lemma 3.2.3, we
see that there are O(P3 ') permissible choices for z, w,z, and w. Now let

fela;Q,R) = Z e <Z aiDi(c)xkiyi> .
)

x:yeA(Q>R =0
(zy)<PY

For a fixed choice of z, w,z, w, c, and n, the number of possible choices for x,y, X,
and y is at most

[ felesQu ) da < 5.(Q. ),

so we have S; < P¥~1CS,(Q, R), which establishes the lemma in this case.

(ii) Suppose that Sy > Sy, so that S, (P,Q, R;1¢) < 25;. By rearranging vari-
ables, we see that S, (P, Q, R;¢) < S3, where S5 denotes the number of solutions
of (3.10) with (3.11), (3.12), (3.13), and (3.14), and J5,(z, w; c) # 0. Then by using
the Cauchy-Schwarz inequality as in the corresponding argument of Wooley [69] to
manipulate the underlying mean values, we see that

SS,T’(P7 Qa Ra 1/)) < 54,

where Sy denotes the number of solutions of (3.10) with (3.11), (3.12), (3.13), (3.14),
Jor(z,w;c) # 0, and Jy,.(z, W;c) # 0.
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We now further classify the solutions counted by Sy. Write x D(L) y if there is
some divisor d of  with d < L such that x/d has all of its prime divisors amongst
those of y. Let S5 denote the number of solutions counted by Sy for which

x; D(P?) Jo(z,w;c) or &; D(P’) Jor(z,W;c) (3.21)
or
y; D(P?) Jy(z,w;c) or §; D(P?) Jo(2,W;c) (3.22)

for some j, and let Sg denote the number of solutions for which neither (3.21) nor
(3.22) holds for any j. Then we have

SS,T’(Pv Q7R7¢) < S5 + Sﬁa

and we divide into further cases.

(iii) Suppose that S5 > Sg, and further suppose that (3.21) holds. Write

S(z,w;c) = {z € A(Q,R) :  D(P%) Jo.(z,w;c)},

and let
HN-C,"']<a;P7 Q? R) - Z Z E a;x7y7z7w; C?n))?
r€S(z,w;c
JQT(Z W C)#O yEE./{(Q R))
(z,y)<P7
where
k
(e ,y,2z,w;c,m) = Zai(Di(C) P (21, w0 €) + -+ (2, wys €)).
i=0
Then

So< Y [ Hen(os P.QUR)Fz e P)foles QR dex,

c,mw
where
Fi(a;P)= Y e(E(e;0,0,2 wic,w)).

Jor(z,w;c)#0

By using the Cauchy-Schwarz inequality and considering the underlying Diophantine
equations as in [69], we deduce that

Sur(P,Q, Riap) < Y V(g,hic),

g,h,c
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where V' (g, h; c) denotes the number of solutions of the system

r s—1
> i (Wi2n, wai €) = i(Zn, s €)) + Dile) Y (k' — B,
n=1 m=1

= Di(c)((ex)"™'y" — (dx)"'y') (0<i<k)
with (3.11), (3.12), (3.13), (3.14), and

JQT(ZaW; C) 7£ 0, JQT(iaW;C) 7é 07 g|J2r(Z,W;C), h|JQT(Z,\X/;C),

1§d,€§P0, .’L’SQ/d, ié@/@ yagSQa Sﬂ(x):ga SO('%):h’

Write
Gemgla; P) = > e(E(a;0,0,2,w;c,m))
g\J2r(Z:V\:1;c)7éO
and
Gemlor ZGcng a; P) Z Z <Z (c)(dx)*~ 1yz> :
9<Q d<P9 z<Q/d i=0
so(x)=g
y<Q
Then
SuP.QRH) <Y [ (Gen(@Pfelei QR da (323
'Irk+1
c?n
By Cauchy’s inequality, we have
’gc,n(a)P § Hl,c,n(a)HQ,c(a)> (324)
where
Hicn(a) =) |Gengler P)’
9<Q
and

RS DD o 9 P RICLERY

9=Q |d<P? z<Q/d y<Q i=0
so(z)=g
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Now by interchanging the order of summation and using Cauchy’s inequality together
with Lemma 3.2.4 as in [69], we obtain

o) = X X ¢ Saniomr]

9<Q | z,y<Q d<p? i=0
so(x)=9 d<Q/x

< Y Y Pap
9<Q z,y<Q
so(z)=g

< QP (3.25)

Thus an application of Holder’s inequality in (3.23) gives

1-1 1
S < (Z /. |H1,c,n<a>fc<a>25|da> (Z /. |H1,c,n<a>H2,c<a>$|da)
cn Tk+1 P Tk+1

< QP (ZZ / Gengla; P)| da) Sur(P.Q, R;9p)' ™%,

c,n g<@Q

where we have written f.(a) for f.(a; @, R) and used a standard estimate for the
divisor function. But for a fixed choice of ¢,n,z, and w, the Inverse Function The-
orem, in combination with Bézout’s Theorem, shows that there are O(1) choices of
z and w satisfying

n=1
with Jo,(z, w;c) # 0. Hence by another divisor estimate we see that
22/ ol P)2der < CP¥,

c,m g<@Q

and the result follows in the case where (3.21) holds. The case where (3.22) holds is
handled in exactly the same manner.

(iv) Suppose that Sg > S5, and consider a solution counted by Sg. For a given
index 7, let ¢ and p denote the largest divisors of z; and y;, respectively, with

(¢, J2r(z, Wic)) = (p, Jor(z, Wic)) = 1.

Then, since neither (3.21) nor (3.22) holds, we have ¢ > P? and p > P Thus
we can find divisors ¢; of z; and p; of y; such that P’ < ¢;,p; < PR and
(¢;pj, J2r(z,w;c)) = 1, and we proceed similarly with the Z; and g;, except that
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we replace Jy.(z, W; c) by Jo,.(z, W; c). Hence we see that Sg < Vi, where Vi denotes
the number of solutions of

Znn(%’(zm W, C) - ¢Z(gn7 ﬁ]n; C))
n=1

+ Di(e) Y ((q5uy)* " (pjv;)" — (@55,)* " (5;97)") =0 (0<i < k).

j=1

with (3.13), (3.14), and for 1 < j <'s

PG < qjapjaqjaﬁj < PeR? (Qj7pj)7 (qjaﬁj) < P’Y? (326>

uj, 5,45, 0; € AQP™’, R), (uj,v5), (a5,0;) < P7,

and
(4jp5: Jor (2, W5 €)) = (45, Jor (2, W5 €)) = 1.

Now write

Femqla; P R) = Z e(2(e;0,0,2,w;c,m))

(a, er(z ie))=1

and

Fej(@) = folaypjo; QP %, R) fo(—a;Pi0 QP R),
where

q;pjx = (aoqf, aqu_lpj, o ,akp;‘) and q,;po = (aoqj.“, alg;?_lﬁj, . ,akf)?).

Then we have
Vis Z/ Z Fenn(a; P, R)Fenz(—c; P, R) wa )da,  (3.27)
=1

where

W:qln.-qsplnnups and %:ql.--qsﬁln.-ﬁs’
and where the sum is over q, p, q, p satisfying (3.26). Let

XC/’IJ<Q> = ‘FCJIJ"(a; P7 R)2fc(q]p]a7 Q‘P7€7 R)2s )
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and let Y., ;(a) be the analogous function for the ¢; and p;. Then by (3.27) and
two applications of Holder’s inequality (as in [69]), we obtain

Ss< H (Z /k+1 e ( )da>1/28 (Cz: /Tk+1 Yenj(a) da)

q,p,q,p j=1 \¢7m

1/2s

Now we observe that

Z )da:W(P7QaR7Qj7pj)a

Tk+1

where W (P, Q, R, q,p) denotes the number of solutions of (3.16) with (3.13), (3.14),
(3.18), (3.19), and (3.20). Thus we have

56 < Z HW(PJ Q7R7 Qj7pj)1/2s W<P7Q7R7 gjaﬁj)1/2sa

q,p,q,p j=1

whence by Holder’s inequality

1-1/2s s 1/2s
56 < ( Z 1) ( Z HW(P7Q7R7Qj7pj> W(P7Q7R7(7jaﬁj>>

qa,p,q,p q,p,q,p j=1

95 1/2s
< (P9R>48_2 (H ZW<P7Q7R7 q]7pj)>

Jj=1 q,p

< (P'RY* T, ,(P,Q, R, 0;1),
and this completes the proof of the lemma. O

The following modification of Lemma 3.3.1 may be more useful for smaller values
of k.

Lemma 3.3.2. Given € > 0, there ezists a positive number n = n(e, s, k) such that
whenever B < P" one has

Ser(P,Q, Ri9p) < CPY1S,(Q, R) + Q*P"*5,_1 (P, Q. Ry )
+ PUT2HET (PQ, R, 0: 9).
Proof. The only change occurs in part (iii) of the proof, where the number of solutions

counted by Ss is estimated. Substituting the bounds (3.24) and (3.25) into (3.23),

we obtain
Ser(P,Q, R;) <<Q3P9+EZZ/ cngap) fele; Q, R)* | dex,
cmn g<@Q

and the lemma follows on considering the underlying Diophantine equations and
recalling a standard estimate for the divisor function. O]
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Now let T, (P, Q, R, ;) denote the number of solutions of (3.16) with (3.13),
(3.14), (3.17), (3.18), (3.19) and also
20 = %, (mod ¢*p*) and w, =w, (mod ¢*p*) (1 <n<r). (3.28)

Lemma 3.3.3. Given e > 0, there ezists a positive number o = Yo(e, 8, k) such that

whenever v < 7y one has
T, (P,Q, R, 0;v) < (P'R)* ¥~ V¥T, (P,Q, R, 0;v).

Proof. When ¢ and p satisfy (3.17), let B, ,(u;c,n) denote the set of solutions (z, w)

of the system of congruences
Ti(z,w;c,n) =u; (mod ¢*'p") (0<i<k) (3.29)

with 1 < 2, w, < (gp)* and (gp, Jor(z, w; ¢)) = 1, where

Ti(z,w;ic,n) Z@/a (20, Wni €

By Lemma 3.2.2 we have

Y

card(B,,(u;¢,m)) < (pq)’ﬂ(z’"_l)%E

on taking v sufficiently small in terms of €. Now observe that for each solution
counted by T (P, Q, R, 0; 1) we have

Ti(z,w;c,n) = Ti(z,w;c,m) (mod ¢"~'p),

so for each i we can classify the solutions of (3.16) according to the common residue

class modulo ¢*~*p’ of T;(z,w;c,n) and Y;(z, W;c,n). Let

k
H,,(a;z,w;c,m) = Z Z e (Z aiTi(x,y;c,n)> :

x€[1,P]”  ye[l,P]" i=0
zn=2n(q"p*) yn=wn (¢ p*)

Then
T..(P,Q, R, 0;¢) < ZZ/ Hyp(atc,n)| feqp(os QP R)[*der,
q,p ¢m Te+
where
k k—1 k 2
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and

k
fean(o; LLR) = Y e (Z ozz-Di(C)(qfv)k_i(py)i> :

z,y€A(L,R) =0
(zy)<PY

Now by Cauchy’s inequality,

qk qkflp pk
Hyplase,m) <D Y > card(Byp(wic,m) Y [Hyplogz, wic, )P,

up=1 u;=1 up=1 (z,w)€Bq,p(u;c,m)

and thus

Ts,r(Pa Qa R> 9, 'lvb) < (PGR)ZT(QT_1)+€ Z Z /]I‘kJrl |Hq7p|2|f~C,q7p|2Sda
q9,p

z,W
N 1<z, <g"p*
1<wn <gFpk

< (P'R)*CrV*T, (P,Q, R,0;9).
This completes the proof. Il
3.4 Efficient Differencing
Define the difference operator A} recursively by

Ai(f(@,y)ihig) = e +hy+9) = f2,y)

and

A;Jrl(f(xuy); ha, ... ,hj+1;917 cee 79j+1)
= AT(AS(f(z,y); by Ry g1, o5 95) T G,

with the convention that
AY(f(z,y);shyg) = f(z,y).
Further, write
bij(z,wih, g;m,n) = Aj (MW by, R gl g),
where

h; = hi(miny)* and  gf = gi(min;)", (3-30)
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and put

r; = {#} . (3.31)

Our first task is to show that the polynomials 1; ; satisfy the conditions of Lemma
3.2.3, so that the results of the previous section may be applied. We start by ex-
pressing AY in terms of the more familiar difference operators A; defined by

Ai(f(x);h) = flz +h) — f(2)
and
Ajrr(f(@);ha, o b)) = A(A(f (@) by hy)s hyg).
For simplicity, we introduce the functions
Xij(z, wih; g) = Al(z o hy, . kg, 95) (3.32)
and observe that
¥i(z, wih, gim,n) = x;;(z,w; b, g'),

where h' and g’ are defined by (3.30). As in Section 3.2, we write Jy for the set
{1,...,d}, and also write A, for the set J; \ .A. When A = {iy,...,i,} C J; with
i1 < -+ < iy, define

q7(7:LL) (w g, -A) Am(wza Giys - 7gim)7 (333)
and when A is as above and B = {ji,...,j;} C J; with j; <--- < j;, define
P (2, A, B) = Ay((z+ hiy + -+ hi, ) by, hy,). (3.34)

Lemma 3.4.1. We have

J
Xig(zwihig) = >~ Pl (zh A A (wi g, A).

m=0 ACJ;
[Al=m

Proof. We fix i, h, and g and proceed by induction on j. For brevity, we write
Xij(z,w), gm(w; A), and pi(z; A, B) for the functions defined by (3.32), (3.33), and
(3.34), respectively. For j = 0 we have

Yio(z,w) = 2" 7w’ = po(z; 0, 0)qo(w; 0).
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Now assume the result holds for 7 — 1. Then we have

Xij(2,w) = Xij-1(z + hj,w + g;) — Xij-1(2,w),
so by the inductive hypothesis we obtain
j—1
Xig(zw) =" > bi(z,w;m; A),

m=0 ACJ;_1
|A|=m

where

05 = Dj1-m(z + hys A, Aj 1) go(w + 953 A) = pjo1om (2 A, Aj_1) g (w5 A).
The above expression can be rewritten as

05 = pjm(2; A, A g (Wi A) + pj1 (2 + B3 Ay A ) g (w; AU {51),

so we have

j—1
Xij = Z( > pjemlz A A g (w; A) + > pj(m+1>(Z;A;Aj)qm+1(w;A))

m=0 “ACT;_1 ACJTj

| Aj=m | Al=mt1
jeA

Jj—1 ~ J ~
= D) iz A A G (w; A+ DD pioml(z A Ay g (w; A),

m=0 ACJ; m=1 ACJ;

[Al=m [Al=m

JjEA jeA

and the lemma follows. O]

Now we show that the 2 x 2 Jacobians satisfy the condition imposed in Lemma
3.2.3.

Lemma 3.4.2. Suppose that 0 < j < k and iy, < ia < k — 7 Then we have
dil,ig(za w; XJ) _ p(z)wi1+i2—1 + Oz(wi1+i2_2),
where p(z) is a non-trivial polynomial of degree at most 2k.

Proof. When ¢ < k — j, we have by Lemma 3.4.1 that

OXi . 2
0z 0z

(A (2" by hy)) W'+ O (w')
and

8)@; . —i i— i—
a—U}JZZAj<Zk ,hl,,hj)w 1+Oz(w 2)7
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and we recall (see for example Exercise 2.1 of Vaughan [55]) that
Aj(2% by, b)) = k(k—1) - (k—j+ Dhy - hyz" 7 + 0571,
Hence if 75 < k — j then we have
diy 1, (2,0, x) = p(2)w" T2+ O, (w272,

where the leading term of p(z) is

(hy - h;)2(k — i) !(k —ig)!
(k=i — )k — o — j)!

and the lemma follows in this case on noting that

((k — iy — 5)iy — (k —dg — j)iy) 2272721

(k=i —j)ia — (k — 12 — j)ir = (k — j)(i2 — 12) # 0.
Now if i = k — j we obtain from Lemma 3.4.1 that

Nii _ g (w1

0z

and

aXi,j o k) . 'h h i—1 O i—2

%—z( — ) hy - hjw'™ 4+ O, (w' ™).
Thus if 75 = k — j then we have

jo(hy -+~ hi) 2 (B — i) (k — i) . s .
di1,i2 _ (ZQ( 1 (k i)“(_jzi)l()‘ Z2) Zk—zl—]—l +O(Zk—11—j—2)) wzﬁ—zg—l
+ Oz(wi1+i272>’

and this completes the proof. O]

We now consider the effect of substituting v ;(z,w; h, g;m,n) for 1;(z, w;c) in
the analysis of Section 3.3. For 1 < j <k, suppose that 0 < ¢; < 1/2k, and put

M;=P%, H;=PM:™, and Q;=P(M---M;)"
Further, write
~ J ~ J
i=1 i=1
We replace (3.14) by the conditions

1<hiyg <H (1<i<}), (3.35)
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and take

On replacing h; by h;(m;n;)* and g; by g;(m;n;)* in the above results, we see that
Yo, - - -, Yar—1,; satisfy the hypotheses of Lemma 3.2.3 whenever » < r;. Thus we
may apply Lemma 3.3.1 to relate S, (P, Q;, R;%;) to Ty, (P, Qj, R, ¢j41;%;). The
following lemma then relates Ty, (P, Qj, R, ¢ji1;%;) to S, (P,Qj, R;4,,,) and
hence allows us to repeat the differencing process.

Lemma 3.4.3. Suppose that r < 2w and 0 < j < k. Then given € > 0, there exists
n=n(e, s, k) such that whenever R < P" one has

TS,T(‘P) Qja R7 ¢j+l; '1/" ) < P(3 2k¢]+1)r+6H2 j+1 (Qj—l—la )
c 1721 1-r/2w
+ PPHP(H7 0 M7 Si(Qji, R) (Ssw(P, Qjs1, Ry tpj11))
Proof. Write 8 = ¢;41, and define

k
Lopd(o;h, g;m n) Z Z (Z Y j(z,w;h, g;m, n)) ,

1<2<P 1<w<P =0
2=a (d) w=b(d)

r/2w

d

d
Kd(a;hag;m>n) = Zzyﬁabd (&N h , 8,1, Il)’Q

a=1 b=1

and

Goplasmm) = > (Z@ gx)*~ (py)>

z,y€A(Qj+1,R) 1=0
(z,y)<PY

Then on considering the underlying Diophantine equations, we have

Ty, = Z Z / Kepr(a; h, g;m,n)"|g,,(c; m,n)[*da.
Tk+1

h,g.mn Mj+l<p7q§Mj+lR
(p.g)<P”
Let Uy be the number of solutions counted by T. sy With 2, = Z, or w, = w, for
some n, and let U; be the number of solutions in which z, # Z, and w, # w0, for all
n, so that TS,T =Uy+ U;.
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First suppose that Uy > Uy, so that 7, » < Uy. Then

Uy PP ST S [ Ky gimn) g, (6 m, ) dar
Tk+1

hyg’m7n Mj+1<p7ngj+1R

and by using Holder’s inequality twice as in [69], we find that
Ty < POROOT e 2NL2 S (Qr41, R). (3.37)

Now suppose that U; > U,, so that Ts’r < U;. Note that for each solution
counted by U; we can write

Zn = Zn + iNankplc and W, = w, + gnqkpk

for 1 < n < r, where h,,, , are integers satisfying 1 < |h |, |gn| < Hj41. Thus we see
that

U< ) Us(n)
ne{x1}r
where Us(n) is the number of solutions of the system

T

Z nlwi,j+l('zla wr; h7 Bb g, glu m, q; nap)

1=1
+ Di(m,m)g*'p" Y (ul o, — il wh,) =0 (0<i < k)
m=1
with z, w,u, v, @, v, h, g, m, n satisfying (3.13), (3.18), (3.19), (3.35), and (3.36), and
with

L<h,g<Hjy (1<1<7),

My <p,g <M R, and (q,p) <P
On writing
~ k ~
G(aahmga qap) = Z € <Z aiwi,j—kl(sz;ha h7g7§a m, q; n7p)> 9
1<z,w<P i=0

we have by Holder’s inequality that

Us(n) < Z/ G(a;h,§,q,p)| |ggp(c;m,n)[* dov

hgmn ¢p 1<g,h<H]+1

< 5 Y Y [ (6@ ) lag(eim, ) da.

hgmngyh g
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Thus on using Holder’s inequality twice more and considering the underlying Dio-
phantine equations, we see that

r/2w 1—r/2w
i) < e S ([ 6P ([ lada)

r/2w 1-7/2w
2r—2 2w 2s 2s
< H]+1 (E /NH |G1™]gqpl da) (E /’]I‘k-H 9.0l da)

r/2w 1-7/2w
< HJQ—T-IQ (SS,w<P7 Qj+17 R; ’lpj—&—l)) (PEH]2+1 Jj+1 (QJ+17 )) )

and the lemma follows on combining this with (3.37). O

In analogy with Lemma 4.2 of [69], one might hope to refine the above argument
to allow the factor of PG=2k¢i+1)" in the first term of the estimate to be replaced by
P?" but it is not clear that this can be achieved. As will be seen in Section 3.6,
such an improvement would have a significant impact on the strength of our repeated
efficient differencing procedure.

3.5 Mean Value Estimates Based on Single Differencing

In this section, we consider estimates for Ss(P, R) arising from a single efficient
difference, reserving the full power of the preceding analysis for Section 3.6.
Suppose that 0 < 6 < 1/2k, write r = rg = [’““} and put
M=P H=PM?%* and Q=PM "
Further, let

F(a; P) = Z e(apz® + a2 tw + -+ apu®),
1<z,w<P

k
«q, p Z Z € (Z%%,l(%%h%%?)) )

1<h,g<H 1<z,w<P =0

Geplo; P,Q, R) = Z e <Z ai(qx)k—i(pyy‘) ’

(zy)<PY

and

MS,T<P7Q7R> = Z /Tk-h ‘G(a;Qap)rg‘Lp(a;P’Q7R)28| da
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We say that A, is a permissible exponent if for every € > 0 there exists n =
n(e, s, k) such that S,(P, R) <. P*+*¢ whenever R < P". Further, we recall that the
exponent Ay admissible if Ay = 4s — k(k + 1) + A, is permissible.

Lemma 3.5.1. Let = 1/2k, and suppose that s > k*/(1 —0). If A, < k(k+1) is
an admissible exponent, then the exponent Agy,. = Ag(1 — 0) is admissible.

Proof. By Lemmata 3.3.1 and 3.3.3, we have

Ser(P, P, Riapy) < P71 S (P, R) + PBHOstarie (338)

+P2M4s—2+2r(2r—1)T57T(P7 P.R,0;,)

for v sufficiently small, and by the argument of the proof of Lemma 3.4.3 we have
T..(P, P, R, 0;1p) < PP M2 (Q, R) + M., (P, Q, R). (3.39)

Since 6 = 1/2k, we have H = 1, so by a trivial estimate we obtain

M. (P,Q,R) < M*P**5,(Q, R).

Hence on recalling Lemma 3.2.1 and considering the underlying Diophantine equa-
tions, we obtain from (3.38) and (3.39) that

Seir(P,R) < P¥T2%e 1S (P, P,R;,) < P 'S,(P, R) 540
+P(3+0)s+2r+e + P2T+EM4S+2T(2T—1)SS(Q’ R) ( ’ )
Thus, since Ay = 4s — k(k + 1) + A, is permissible, we have

Seir(P,R) < PMte  phate | phate

where

AN =4(s+7r)—k(k+1)—(r+1)+ A,

Ao =4(s+7r)—k(k+1)—s(1—0)—2r+k(k+1),
and
As=4(s+7r)—k(k+1) +Ay(1—9).

Now since r +1 > % and Ay < k(k+1), we have A8 < r+1 and hence A; < As.
Furthermore, since s(1 — 6) > k? and 2r > k, we have Ay < Aj. Therefore, the
exponent Ay, = Ag(1 — 0) is admissible, and this completes the proof. O]
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Proof of Theorem 3.1. Let s; be as in the statement of the theorem, and suppose
that s > s;. Choose an integer t with s = ¢ (mod r) and s; —r < t < s;. Then since
Ay = k(k + 1) is trivially admissible, we find by repeated use of Lemma 3.5.1 that
the exponent

1\ G0/ 1\ (s=s0/r
— N < _
Ay =Fk(k+1) (1 2k> < k(k+1) (1 2k>
is admissible, and this completes the proof.

3.6 Estimates Arising from Repeated Differencing

In this section, we explore the possibility of obtaining improved mean value esti-
mates by employing our efficient differencing procedure repeatedly. As we take more
differences, we must reduce the number of variables taken in a complete interval, so
that the difference polynomials 1); will satisfy the hypotheses of Lemma 3.2.3. This
complicates the recursion for generating admissible exponents and therefore requires

some additional notation. Recall the definition of r; from (3.31), and write

Q= > (k—l+1)=3(k=—2r;+1)(k—2r;). (3.41)
2Tj<l§k+l

For convenience, we also write r = ry = [%] Throughout this section, we will
assume that k is taken to be sufficiently large.

Lemma 3.6.1. Suppose that uw > k(k + 1) and that A, < k(k + 1) is an admissible
exponent. For any integer j with 1 < j < Vk, define (4, s,J) recursively for
s=u+lrandJ=j,...,2 byo(js,7)=1/2k,

¢ (G5, —1) = ﬁ+ (%+%) 3(j, 5, J), (3.42)
and
¢(j; 8,J) = min(1/2k, ¢*(j, 5, J)),
where
Ay = Ay (1—0,) +1(2k6, — 1) (3.43)
and

95 = 1%1%@ ¢(]7 S, 1)

Then Ay is an admissible exponent for s = u+1r (I € N).
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Proof. We start by noting that 0 < 6, < 1/2k and that 6, is an increasing function
of s. Now let j denote the least integer with ¢(j,s + r,1) = 0,1, and write ¢; =
é(j,s +r,J). As in the proof of [69], Theorem 6.1, we have ¢; < 1/2k whenever
J < j. In particular, it follows that whenever J < j we have 2Q0; — A, < 0 and
¢y = ¢*(j,s +r,J). We claim that ¢; < ¢;11 for J < j. By (3.42) and the above
remarks, this is equivalent to

1A =20\ _ 1
A A4
brt1 (2 M ) S (3.44)

and this is immediate when J = j—1, since A;—2Q;_; > 0 and ¢; = 1/2k. Assuming
the claim holds for J, then we see from (3.42) that

1 A=20,0) (1 A,—20,\ _ 1 (1 A,—20,
Sy Zs L) (2 s T e ) 2 (2 s T 2Nl
b (2 LT ) (2 LT ) = Ik (2 LT ) ’

and it follows on using (3.41) that

(b 1+A5_2QJ_1 >i Ty 2TJ_1(4]€+1>+A3—]{3(]{3+1)
T\ 2 8kryy ) = 4k 24k + 1) + Ay — k(k+1)

rj-1

Since Ay < k(k+ 1) and r; < ry_;, we see that (3.44) holds with J replaced by
J — 1, and our claim follows.
For 1 <1 < j, we write

M;=P%, Hy=PM™, and Q;=P(M M),

with the convention that )y = P. We prove the lemma by induction on [, the case
[ = 0 having been assumed. Suppose that A is admissible, so that S,(Q, R) <
QM1e, where A\, = 4s — k(k + 1) + A,. We show inductively that

Tory(P,Qy, R, ¢yi1; ) < PO 2Rore)rste[i2 012 Q% (3.45)

for J =j—1,...,0. By Lemma 3.4.3 with j replaced by j — 1, r = r;_; and w = r;,
we have that

TS,ijl (P7 ijla Ra ¢]7 1/)]'*1) < P(3_2k¢j)rj71+€H]2—1MjQSS(Qj’ R)
e 27"]'_1—2 7 = —
+ PPHT (I S(Q) R)) Y (Ser, (P.Qy Ry )),

where 3 = r;_1/(2r;). Then on making the trivial estimate

Ssr, (P, Qj, Riap,;) < P HINM?S,(Q;, R)
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and noting that ¢; = 1/2k and hence H; = 1, we obtain

Ts,rjfl(Pan—lyRa Qﬁj;(lﬁjfl) < Per_1+8‘[~{j2—lMJZSS(Qj7R)
2r;i_1+4€ 172 12 M) As
< PTITEHG MO

on using the outer induction hypothesis. Thus (3.45) holds in the case J = j — 1.
Now suppose that (3.45) holds for J. Then, for « sufficiently small, we have by
Lemmata 3.3.1 and 3.3.3 that

SSJ”J(Pa QJaRQ TPJ) < PEH3M3 (PA1 + PA2 + PA3> ’

where
AN =3r;j—14+ X1 =1 —---— ), (3.46)
Ao =3s5(1—=¢y — -+ —by) + b1 + 21y, (3.47)
and
A3 = (48 + 27“J(27‘J — 1))¢J+1 + (3 - 2/€¢J+1)TJ + /\5(1 - gbl — ¢J+1). (348)

Now since J < \/E, we have r; ~ k/2, and it follows easily that A} < Az and Ay < A3
for s > k(k + 1) and k sufficiently large. Hence by Lemma 3.4.3 we have

Tory ,(P,Qu-1, R, byiapy ) < POt (17 NEQY
—I—PEH?TJA_Q(FI?M?QJS)I_B/ (P(3 2k(ﬁ“l)T‘]JFEJ\/IZLS 242y 2ry=1) HQJW2 1QJ+1) ;

where 3 = r;_1/(2r;). The second term here is
1,010 P,

where

Ti_
A =2y 1 (1= 2k65) + 5 =3 = 2kega)ry + (s + 2052y = 1) = A)gon].

By (3.41) and (3.42), we have
(48 + 27”](27"] — 1) — >\s>¢J+1 = (4]€TJ + 2QJ — As)¢J+1 = 8]{ZTJ¢J — 27’],
and hence

A= (2 —kds)rs1 < B —=2kds)ryy +r5-1(kdy —3) < (3—2kd,)rs_,
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since ¢y1 > ¢y and ¢y < 1/2k. Thus (3.45) holds with J replaced by J — 1, so this
completes the inner induction. Now we apply (3.45) with J = 0 to obtain

Top(P, P, R, 1) < PERo0mzovidliza s,
whence by Lemmata 3.2.1, 3.3.1, and 3.3.3 we have (for 7 sufficiently small) that
Seir(P,R) < P**° + S, (P, P, R;ap,) < Phte 4 phate 4 phate

where Ay, Ao, and Ay are given by (3.46), (3.47), and (3.48) with J = 0. Therefore,
the exponent

Aoir =4(s+7) —k(k+1)+ Ay(1 — b)) +7(2k0s,, — 1)

is permissible, and the desired conclusion holds with s replaced by s + r. This

completes the proof of the lemma. n
Next we investigate the size of the admissible exponents supplied by Lemma 3.6.1.

Lemma 3.6.2. Suppose that s > k(k+1)+r and that As_, is an admissible exponent
satisfying

(logk)® < A,_, < 2rk.

Write 05, = As_./4rk, and define d5 to be the unique positive solution of the equa-
tion

1
0s + logds = 05, +logds_, — i +

. 4
4k " k(log k)32 (349)

Then the exponent Ay = 4rkd, is admissible.

Proof. The proof is nearly identical to that of [69], Lemma 6.2. In view of (3.43), we
may assume that 0 < A, < 2rk and hence that 0 < §, < % By Lemma 3.6.1 with

j= B(logk)l/‘l} +1, (3.50)
we see that the exponent
Ay =Ny (1—0)+7(2k0 — 1) = dkrd,_, — r + 2rk(1 — 25,_,)6, (3.51)
is admissible, where 6 = 05 = ¢(j, s,1). We note that for 1 < .J < j one has

Q< LJ(T+1) < L(logk)'/?,
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so on writing ¢, for ¢*(j, s, J) we have
by <~ 41150 (3.52)
J—-1 = Ak 9 Js .
where

As—r - (10g k)1/2

=
4kr

> 05 (1 - (logk)™?). (3.53)

An easy induction using (3.52) shows that

1 1=\ ,
¢J§m(1+5< 5 > > (1<J<y),

and therefore

14217y

b=d1< 2k(1 + ')

Write L = (logk)™/2. Since the expression on the right hand side of the above
inequality is a decreasing function of §’, we see from (3.50) and (3.53) that

]_ + 217j65—r(1 - L) ]- ‘I’ 55—7‘L + 217]’55—7” < 1 + 258—7“‘[’

< <
f =T ok(1+0,,)  — 2k(1+6,,)

T 2k(1+ 0, (1—-1L))

for k sufficiently large. It now follows from (3.51) that

A 3w
S <« 2
4m;—5*¢(1 2M1+5&g)’

where
w = (1—26,_,)(log k)32

Hence if 05 is defined by (3.49), then since log(1l — z) < —z for 0 < z < 1, we have

3

3w

1 o2 -
)+ 08 s = S T 50

A A
S ilog 2 o< o5 (1o 27"
k% S ( k(1 + 0, ,)
3 1

< 65—7“ 1 5s—r TR T 1N\3/9
= Oa—r 08 1% k(log k)32

= 63 + 1Og 557

so that s > A/4rk, since 6 + logd is an increasing function of §. It follows that
4rkdy is admissible, and this completes the proof of the lemma. Il
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We are now fully equipped to prove Theorem 3.2.

Proof of Theorem 3.2. We first note that the theorem is trivial when 1 < s < s.
Now when s > s, define d, to be the unique positive solution of the equation

3(s — s0) s — So

0s +logds =1— .
Tlog 4rk rk(log k)3/2

(3.54)

We show by induction that the exponent A, = 4krd, is admissible whenever sy <
s < s;1. First suppose that sy < s < sg + r, and observe that the exponent

Ay =k(k+1) <2r(k+1)

is trivially admissible. Then we have

A, <1+ 1
drk — 2 2k’
and hence
A, A, 3 3 1 3
< — — - <1—-—XZ
4rk+log4rk—4+log4<2_1 4k_55+10g55

for £ > 2. It it follows that the exponent 4rkd, is admissible, since § + logd is an
increasing function of 9. Now suppose that A,_, = 4krd,_, is admissible, where
so+ 1 < s < s;. We have by (3.54) that s, <1 and

3(sy —
0s—r +logds_, >1— <Si1—k80) > 1 —log(4rk) + 2loglog k,
r
from which it follows that
(log k)?
Ogp > )
4drk

Thus Lemma 3.6.2 shows that A; = 4rkv, is admissible, where ~, is the unique
positive solution of

+1 0s_r + log o 5 + !
0 =0, t+logdep — — 4+ +———-=.
Applying (3.54) with s replaced by s — r now shows that v, + log~y, = d5 + log s,
whence v, = d,, and the induction is complete.
The theorem now follows immediately in the case where 1 < s < sq, since from

(3.54) and the definition of s; we see that

3(s — s0)

logd, < 2 —
08 0s = 4rk

for k sufficiently large.
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Now suppose that s > s;, and let U denote the largest integer with s = U
(mod r) and U < sq, so that U > s; — r. Then the exponent

Ay = drke? 3U=s0/Ark - d(log |)?

is admissible, and the theorem follows on applying Lemma 3.5.1 repeatedly.

We note that in the presence of the refined version of Lemma 3.4.3 discussed at
the end of Section 3.4, we could replace the factor of 7 in the second term of (3.43) by
2r and the 3/4k term in (3.49) by 1/k. Hence we would obtain admissible exponents

that decay like k2e~2/¥* in many cases of interest.



CHAPTER IV

Applications of the Mean Value Theorems

4.1 Overview

The technical apparatus developed in the previous chapter, culminating in the
mean value estimates of Theorems 3.1 and 3.2, allows us to consider a variety of
Diophantine problems that would not otherwise be accessible. In this chapter, we
are primarily concerned with problems involving forms of large degree, while the
application of our methods to cubic forms is illustrated in Chapter 5.

In applications involving the circle method, the mean value estimates of Chapter
3 are of fundamental importance to the treatment of the minor arcs, but we also
require Weyl estimates in order to proceed with the analysis. Fortunately, our mean
value estimates themselves give rise to Weyl estimates by way of the large sieve

inequality. Thus in Section 4.2 we will be able to prove

Theorem 4.1. For pn > 0, define m,, to be the set of a € R**! such that whenever
a; € Z and q € N satisfy

(ag,...,ar,q) =1 and |qo; —a| < PP FRF (0<i<k)

one has ¢ > P*RF1. Suppose that 0 < X\ < %
exponent. Then given € > 0 there exists n = n(e, k) such that whenever R < P" one

and that Ay denotes an admissible

has
sup |f(a; P,R)| < proMte
QEMY (k1)
where
A—(1=XNA,
o(N) = 22511 2s ' (4.1)

The following special case of Theorem 4.1 will be sufficient for most of our appli-
cations in this chapter.

71
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Corollary 4.1.1. Given € > 0, there exists n = n(e, k) such that whenever R < P"

one has

sup |f(a,P, R)| < P2*01(k)+€’

aeml/g

where
o1(k)™" ~ 2k logk as k — oo.

The estimates contained in Theorem 4.1 have immediate applications to the prob-
lem of giving localized bounds for the fractional parts of polynomials in two variables.
Thus in Section 4.3 we are able to establish the following result.

Theorem 4.2. Suppose that o € RFY and let A, denote an admissible exponent.
Then given & > 0, there exists Ny = No(e, k) such that whenever N > Ny one has
min _||agm® + aym*n + - 4 apnf|| < NETTR),
1<m,n<N
where
1 — kA,

= max .

2s>k+1 2s(k + 1) + 1 + A,

7(k)

In particular, we have

Corollary 4.2.1. Given o € R¥! and € > 0, there exists Ny = Ny(e, k) such that

whenever N > Ny one has

min HOéomk —+ Oélmk—ln 4+ .. 4 OéknkH < Ns_p(k)7
1<m,n<N

where
p(k)™" ~ Lk logk as k— oc.

As remarked in the introduction, Theorem 4.2 and Corollary 4.2.1 are primarily of
interest when both ay and «ay are non-zero, since one may otherwise obtain superior
results by specializing one variable and applying single-variable methods.

Our remaining applications require the use of the Hardy-Littlewood method, so in
Section 4.4 we take a brief detour to develop the necessary major arc approximations
for our exponential sums.

In Section 4.5, we consider the multidimensional analogue of Waring’s problem
discussed in the introduction. Let Wy(n, P) denote the number of solutions of the

system of equations
2 ah iy = (0< < k) (42)

with z;,y; € [1, Pl NZ. The following result quantifies Theorem 6 by providing a
lower bound for Ws(n, P).
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Theorem 4.3. Suppose that
s > Yk logk + 2k*loglog k + O(k?),
and fix real numbers g, . .., . with the property that the system
m Ul = (0S5 < k) (4.3)

has a non-singular real solution with 0 < n;,& < 1. Suppose also that the system
(4.2) has a non-singular p-adic solution for all primes p. Then there exist positive

numbers 6 = §(s, k, ) and Py = Py(s,k, u) such that, whenever
nj — PPul <6P* (0<j <k) (4.4)
and P > Py, one has
Ws(n, P) > p2s—k(k+1)

Finally, in Section 4.6, we consider the problem of counting rational lines on the
hypersurface defined by an additive equation. Let ¢y, ..., cs be nonzero integers, and
write Ng(P) for the number of solutions of the polynomial equation

cr(rit +y)f 4+ et +ys) =0 (4.5)

with z;,y; € [—P,P] N 7Z. Equivalently, by the binomial theorem, N,(P) is the
number of solutions of the system of equations

ady Yl 4t eal Tyl =0 (0<j<k) (4.6)
Theorem 4.4. Suppose that
s > Yk logk + 2k*loglog k + O(k?),

and that the system of equations (4.6) has a non-singular real solution and a non-

singular p-adic solution for all primes p. Then for P sufficiently large one has
NS<P) > PQS—k(k-‘rl)‘

Given a line £ : xt +y, we define the height of ¢ by h(¢) = max(|z;|, |y:|). Among
the solutions counted by Ni(P), we may of course have several that correspond to
the same line, so Theorem 4.4 does not directly yield a lower bound for the number

of lines on the hypersurface

a4+t =0 (4.7)
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with h(¢) < P. In Section 4.6, however, we will actually derive the estimate of
Theorem 4.4 with the variables restricted to dyadic-type intervals and then show
that in this situation the number of solutions of (4.6) corresponding to any particular
line is at most O(1). Thus we will prove

Theorem 4.5. Let Ly(P) denote the number of distinct rational lines £ lying on the
hypersurface (4.7) and satisfying h(¢) < P. Then, under the hypotheses of Theorem
4.4, one has

LS(P) > PQS—k(k-‘rl)'

It is worth remarking that the p-adic solubility conditions imposed in the above
theorems in fact need only be checked for finitely many primes p, as we will see
in Sections 4.5 and 4.6 that primes sufficiently large in terms of k are dealt with
unconditionally using exponential sums.

Throughout this chapter, any statement involving € and R is taken to mean that
for every e > 0 there exists a positive number n = n(e, s, k) such that the result holds
whenever R < P".

4.2 Weyl Estimates

Here we obtain the estimates for smooth Weyl sums quoted in Theorem 4.1 by
making simple modifications in the corresponding argument of Wooley [69]. In the
end, a standard application of the large sieve inequality shows that these estimates

follow from the mean value estimates of Theorems 3.1 and 3.2. Let

C(Q) ={r € ZN[1,Q] : so(x)[s0(q)}, (4.8)
write
Uz, y; o) = Z iyt (4.9)

and define the exponential sum

bl @S LERFO) = TS et +bu )
u€A(L,R) u'€A(L'R")
(u,r)=1  (u,r)=1

Also, when 7 is a prime, we define a set of modified smooth numbers
BM,m,R)={veN: M <v< Mnr, w|v, and plv = 7 < p < R}. (4.10)

We have the following analogue of [69], Lemma 7.2.
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Lemma 4.2.1. Suppose that o € R¥* and r € N. Then, whenever
R<M<Q<P and R<M <Q <P,
we have

> el ya) <P max sup Y |heu( T T m, ' 0,0)] + B,

T '<R g ¢ 1
z€A(Q,R) 7,7/ prime €] UEB(MJUR)

yeA(QR) v eB(M' ', R)
(zy,m)=1 (v'yr)=1

where T'=Q/M, T = Q'/M’', and E < Q'M + QM'.
Proof. By Lemma 10.1 of Vaughan [53], we have
dYooelryia) = Y Y eld(xy;a) + OQM + QM)

z€A(Q,R) M<z<Q M'<y<Q’

yEA(Q'R) z€A(Q,R) ye A(Q',R)

(zy,r)=1 (z,r)=1  (y,r)=1

= ) U(eQ,Q M, M,Rr77)+0QM+QM),
' <R
m,m' prime
(ryrm’)=1
where

Ule; Q,Q" M, M’ R, 7,7, 7")

= Z Z Z Z e(Y(uv, u'v'; a)).

veB(M,m,R) uc A(Q/v,m) v'eB(M'm',R) u' € A(Q'/v',7")
(v,r)=1 (u,r)=1 (vyr)=1 (u,r)=1

Now when v, v’ > M we can use orthogonality to write
S el a)
ueA(Q/v,m)
u €A(Q/vm)

(uu/,r)=1

:/01 /01 b 0,0) | S e(—02) | | S e(—0w) | doav,

2<Q/v P <Q
where we have abbreviated h,., . (0; T, T, w,7';6,0") by hy . (0,60). Thus we see
that

Ul; Q,Q M, M" R, r,7t,7")

< / / D hrew(8,60) min(@/M, [|0]71) min(Q' /M, ||6']| 1) do d,
’UEB(Mﬂ'R
v eB(M',w',R)
(vv'yr)=1
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and the lemma follows on noting that
1
/Immxwm*m9<1+kgx
0

for X > 1. O]
Theorem 4.1 is an easy consequence of the following lemma.

Lemma 4.2.2. Suppose that 0 < \ < % and write M = P*. Let j be an integer
with 0 < j < k, and let a« € R¥L. Suppose that a € Z and q € N satisfy (a,q) = 1,
lgoy; —a] < 3(MR)™, ¢ < 2(MR)*, and either |ga; — a| > MP™" or ¢ > MR.
Then whenever s is a natural number with 2s > max(j, k — j) and the exponent A

18 admissible we have
f(a; P, R)2s < P4S+EM_1(P/M)A5-

Proof. By Lemma 3.2.4, along with a standard estimate for the divisor function, we
see that card(C,(X)) <« X*® whenever log ¢ < log X, and it follows that

fla; P,R) = > > e(d(ad, ye; o))
d,e€Cy(P)NA(P,R) z€ A(P/d,R)
yeA(P/e,R)
(ry,q)=1

< P d, ye; P (PR/M).
Lmax > e(blad yes )| + PE(PR/M)

z€A(P/d,R)
yeA(P/e,R)
(zy,q)=1

Thus by Lemma 4.2.1 there exist d,e € C,(M/R), 6,0' € [0,1] and primes 7,7’ < R
such that

fla; P,R) < P*"*M ™ + P°g(a;d,e,m, 7, 0,0, (4.11)
where
glasd,e,m, 7' 0,0") = Z Z \hywawe(0; P/M, P/M,m, 750,60
veB(M/d,m,R)v' €B(M/e,n',R)
(Uvq)::l (’l)/,q):l

Let J(q,v,d, e, h) denote the number of solutions of the congruence (vd)*~7(ze)’ =
h (mod ¢) with 1 < 2 < ¢ and (x,q) = 1. When (v,q) = 1, a solution = counted
by J(q,v,d,e, h) satisfies d*Jeiz? = h' (mod q), and we then necessarily have
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(R, q)|d*7e’. In this instance, a simple application of the Chinese Remainder The-

orem shows that
J(q,v,d,e,h) < ¢°d* el

Thus for any fixed v with (v,q) = 1, we may divide the integers v/ with M/e <

v < MR/e and (v),q) = 1 into L < ¢°d*~7e/ classes Vy, ...,V such that, whenever

v}, vy € V, and (vd) 7 (vie)! = (vd)* 7 (vhe)! (mod q), we have v} = v}, (mod q).
Now put ) = P/M, and write ¢, for the number of solutions of the system

douiuy =y, (0<5<k) (4.12)
with
u; € AQ,m) and u; € AQ,7") (1<i<ys)

and

(uiyq) = (ujg) =1 (1 <i<s).

Further, write g(a) for g(a;d,e,m,7',0,0"). Then for some r with 1 < r < L we
have by Holder’s inequality that
2
lg(a)|* < Ped" el (M?R?/de)* ™ Z Z Z Y(vd,v'e; ay))|

veB( M/dT('R)UGVr y
(v,9)=

where we have written ay = (ag¥o, - - ., axyx) and where the summation is over y
with 1 < y; < sQF. Applying Cauchy’s inequality, we obtain
2

(@) < PPM2QR YT N S N N epe(as(vd) T (veyy)| o (413)

Yy veB(M/dm,R)v'EV: | yj
(U7Q):1

where Y " denotes the sum over y; with i # j.

We now show that the quantities a;(vd)*~7(v'e)? are well-spaced modulo 1 as v’
runs through the set V,, and it is here that we use the “minor arc” conditions on
a; imposed in the statement of the lemma. Fix v € B(M/d,, R) and note that if
v}, vh €V, and v} # v (mod g) then since |goy; — a| < $(MR)™* we have

((od) I (v eV — (vd)I (vle) @ odV I (v e — (vd) I (ve) _i
los(@wd)* = (wiey’ = )Y @heP)]| = ||~ ((0d) 7 ie) = (vd) <2>>\ 2
1
> —.

2q
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In particular, if ¢ > MR/e, then the elements of V, are distinct modulo ¢, so the

—1 apart. Thus it suffices to

a;(vd)F 7 (v'e)! with v € V), are spaced at least 1q
consider the case when v} and v} are distinct elements of V, with v} = v} (mod q)

and ¢ < M R/e. In this case we have

Jost(wa(ute) = a2t = (= 2) o erery - ()

a

CY]‘——

(vd)* el (v})” — (5)]-

Now since |ga; — a] > M P~% and v] — v} is a nonzero multiple of ¢, we get
i ((vd)* (vie) — (vd)* (vye))|| = MP~*(vd)* el (v}~ = (P/M)F,

and thus on applying the large sieve inequality (see for example [19]) to (4.13) we
obtain

glosd,e,m 70,0 < PEM*(P/M)¥ (q+ (P/M)F) Y~ > eyl
veB(M/d,m,R) ¥

But 3 |ey|* < So(P/M,R) and ¢ < 2(MR)* < (P/M)* so on recalling (4.11) we
have

f(OL, P, R)Qs < P4s+sM—2s + P5M4S—I(P/M>k2 (P/M)k(P/M>4s—k(k+1)+As
< P4s+6M_1(P/M)AS,

as required. O

Proof of Theorem 4.1. Suppose that a € my41) and write M = P*. By Dirichlet’s
Theorem there exist b; € Z and ¢; € N with (b;,¢;) = 1 such that

1
gic; — b;| < §(MR)"“ and ¢ <2(MR)* (0<i<k).
If for some j we have either
la; — bj/qi] > qj_lj\/_l'P_]C or ¢; > MR,

then the desired conclusion follows from Lemma 4.2.2. Otherwise, write ¢ = [qo, . . - , qk]
and a; = b;q/q;. Then (ay,...,ar,q) = 1, and for each i we have

¢ < i(MR)* < (MR)*! = prk+D) phtl
and

o — ai/ql < ¢ {(MR)*M P~ = g7 PXFTUkRE,
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This contradicts the assumption that a € my41) and hence completes the proof.

Proof of Corollary 4.1.1. We apply Theorem 4.1 with A = By (4.1), we have

k+1)

1— (2 +1)A,
o) = e T )

Then on taking
7 7
s = glog4rk+2loglogk+8 rk +1~§k log k,

we have by Theorem 3.2 that the exponent

1

A loo k (s—s1)/2rk <
¢!(logk)e” k(log k)1/3

is admissible. It follows that

1 log k)~1/3 2 -
28 1.3 + O(flogk)” ) ~ (—8k3 logk‘) :
S k3(log k + O(loglog k)) 3

V

a(A) =

We remark that the proof of Lemma 4.2.2, with trivial modifications, may be

applied to more general exponential sums of the form
flasPQ,R) Y Y elagr® + ondy + -+ agyh),
z€A(P,R) ye A(Q,R)

provided that P < @), and hence Theorem 4.1 and Corollary 4.1.1 hold in this case
as well. This observation will be useful in the analysis of Section 4.6.

4.3 Fractional Parts

The following lemma allows us to deduce information about the distribution of
fractional parts from the exponential sum estimates of Theorem 4.1.

Lemma 4.3.1. Suppose that g(m,n) is a non-negative function, L is a positive in-

teger, and o, , are real numbers. If
L | N N 1NN
;;;g e(latm.n) <6mZ:1;g(m n)
then for any (3 there is a solution of ||, + B]| < L™ with 1 <m,n < N.

Proof. For each integer n with 1 < n < N2, we can write n = ¢N + r for unique
integers ¢ = q(n) and r = r(n) satisfying 0 < ¢ < N —1and 1 <r < N. Now we
apply Lemma 5 of Harman [26] to the sequence o), = a,41, (1 <n < N?). O
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The localized fractional parts estimates of Theorem 4.2 now follow in a routine

manner.

Proof of Theorem 4.2. Fix o € R¥*1 let P be a large real number, and let € be a
real number with 0 < € < 7. Further, write H; = P7"¢ and

Tie)= > |[f(he; P, R), (4.14)

1<h<H,;

where R = P and n < ny(e, k). We divide into cases.

(i) Suppose that there exist h,b, and ¢ with 1 < h < H;, b € Z¥" ¢ € N,
(q,bo,...,br) =1, and ¢ < P'""RF! such that

lgha; — b;| < PYTFRF O (0<i < k).

Then for each i, we have

1

(ah kI < h k—1 has — b Hk—IP—kT k2+k—1
||Oéz<(] ) || — |(q ) (q Q z)| < 1 R < (k—f—l)Hl

for n sufficiently small. Thus on noting that ¢h < P we obtain

k
min__ ||y (m,n; )| < |[¢(gh, gh; @)l| < llei(gh)"|| < H; ",
=0

1<m,n<P

which completes the proof in this case.
(ii) If the hypothesis of case (i) does not hold, then we may apply Theorem 4.1

with A = }C;Ji to obtain

max |f(ha; P, R)| < P> oM+e/2)
1<h<H,

and hence
Tl (a) < P2+T*O'()\)7€/2'

Now choose s so that

O 1—kA,
Tkt )+ 11 A,

Then a simple calculation shows that

1—7—(k+71)As
T =
2s(k+1) -

a(N),
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whence T} () = o(P?). The theorem now follows by applying Lemma 4.3.1 with

1 if m,n € A(P,R),

g(m,n) = _
0 otherwise,

on recalling (see for example [55]) that card(A(P, R)) > P when R = P".
Proof of Corollary 4.2.1. As in the proof of Corollary 4.1.1, we take
7
s = [(5 log 4rk + 2loglog k + 8)Tk:| +1

and apply Theorem 3.2 to estimate Ag. In the notation of Theorem 4.2, we find that

1+ O((log k)~/3) 14 -
"Wz = romy (?k 10gk> ’

and this completes the proof.

4.4 Generating Function Asymptotics

In this section, we derive the asymptotic formulas for our generating functions
that will be required to handle the major arcs in our subsequent applications of the
circle method.

As is now familiar in the applications of smooth numbers to additive number
theory, one can only obtain asymptotics for the exponential sum f(ca; P, R) on a
very thin set of major arcs, so it is necessary to introduce sums over a complete

interval in order to facilitate a pruning procedure. Thus we write

Fla) = Z e(aor” + a7ty + -+ oy,
1<z, y<P

and we also define

k k—1 k
apr” + a1 " Yy + -+ agy
Saa) = Y of )

1<z,y<q q

P P
v(B) = / / e(ﬁwk + /Y w4+ 5kuk) dy dv, (4.15)
o Jo
and

V() =V(a;q,a) = ¢ >S(q,a)v(a — a/q).
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Lemma 4.4.1. When o; = a;/q+ 5; for 0 <i <k, one has
Fla) = V(e) < ¢+ qP" (16 + - +16:]) -

Proof. On sorting the terms into arithmetic progressions modulo ¢, we have

3y (W) S et o+ sB),

r=1 s=1 0<i<E=r o< =s
- - q - q

where
k

Uz yia) =

=0

Thus on making the change of variables v = gz + r and v = qw + s in (4.15), we

obtain
i+1j+1
Fla)- V() = 3 e<“°r i +“’fs> Z//sz dzdw+0(1) b,
1<r,5<q /
where

H(z,w) = H(z,w;r,s;1,5;8) = e((ig + 1, jg + 5;8)) — e(¥(qz + r, quw + ;. 3)).

Using the mean value theorem, we find that
H(z,w) < P (|Bo] + -+ + |Bx])
when (z,w) € [i,i + 1] x [4,j + 1] and hence
Fla) = V() < (1 +q " P*H(|Bo] + -+ + 15k])),
from which the lemma follows. m

We now begin to analyze the sum f(a; P, R). First we record a partial summation
lemma analogous to Lemma 2.6 of Vaughan [55].

Lemma 4.4.2. Let ¢, ,, be arbitrary complex numbers, and suppose that F(x,y) has

continuous partial derivatives on [0, X| x [0,Y]. Then

> emnF(mn) =Y cpa(F(X,n) + F(m,Y) - F(X,Y))

m<X m<X
n<lY n<lY
mn | AV dy.

m<y
n<v
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Proof. Write F.,(v) = %F(fy, v). Then we have

F) = () - [ SLE @)
and
F(m,n) = F(X,n) —/ F,(n)dy.

Thus we can write

X

F(m,n) :F(X,n)—/

m

F(Y F
Wi+ [ Grava,

and the lemma follows on summing over m and n and interchanging the order of

integration and summation in the last term. O]

Using the well-known asymptotics for card(A(X, R)) in terms of Dickman’s p

function, we can record the following lemma.

Lemma 4.4.3. Let 7 be a fixed number, and suppose that R < m,n < R". Then

Z 1=p GOgZ) ) (fog;) mn + O (lmr—zR) .
€ A(m,R) 08 08 08

yEA(n,R)

Proof. By Lemma 5.3 of Vaughan [53], we have

log X X
2 1 _p(logR) Ao <logX)

z€A(X,R)

whenever R < X < R, and the result follows immediately. O

Now let W be a parameter at our disposal, and write
N(g,a) = {a € T oy —a;/q K WP (0<i<k)} (4.16)

whenever ¢ < W and (q, ao, . ..,ax) = 1. Further, let R = P, and write

// (IISggJD (112511/%)6(5°7k+"'+5kvk)dvdv- (4.17)

Lemma 4.4.4. Suppose that o € N(q,a) with ¢ < R, and write 5; = «; — a;/q.
Then we have

q2p2w2 )

e P = *slag.au(s) +0 (100
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Proof. By arguing as in the proof of Vaughan [53], Lemma 5.4, we obtain

D 1_12 Z)1+O<lo]:P>

z€A(m,R) yeA(n,R) z€A(m,R
z=r(q) y=s(q) yEA(n,R)

whenever R < m,n < P, and hence by Lemma 4.4.3 we have

k k 2 2
apx” + -+ -+ ary 9 qaP
Z e( . ) = ¢ “S(q,a) Z 1+O<logP>

€ A(m,R) € A(m,R)
yeA(n,R) yeA(n,R)
logm logn
-2
= S E
q (q,a)p(logR>p(logR> mn + Ey,

where F; < ¢*P?*/log P. Now let B = A(P,R) x A(P,R), and write 15 for the
characteristic function of B. Then by taking

apr® + -+ + apy”
:< q ky)lzg(x,y) and  F(z,5) — (ot + -+ Bhy)

in Lemma 4.4.2 we find that

f(a; P,R) = Z coyF (2, y) = So — 51+ Sa, (4.18)

where

k... k
Sy = Z e(aox + ; +aky)(6<60Pk+”.+ﬁkyk>_i_e(ﬁoxk_i_.”_i_ﬁkpk))’

z,yeA(P,R)

by oo k
Sl _ Z . (aox ; ary )e(ﬂopk-l-‘f'ﬂkpk),

z,ye A(P,R)

al

P g2 . a0z + - - + aryt
Sy = / / oo ﬁo’}/ + oo+ By )) Z 6( . >dud7.

z€A(7,R)
yEA(V,R)

From our observations above, we see immediately that

2 p2
S = S Pp e+ 5P 0 (L) )
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We next observe that, by equation (8.13) of Wooley [61], one has

k k
Z apx” + -+ -+ apy 1 logm qP
6( q ) 1 S(Q7a’y>mp<logR)+O(logP » (4.20)

z€A(m,R)

where

k k—1 k
apx” + arx” Y + - agy
S(gay)= ) 6( )

1<z<q q

If we write Sy = S3 + Sy, then by (4.20) we have

apz® + - + apyF
Ss= > e(o ky)e(ﬂoP’“+---+ﬁky’“)

z,yeA(P,R) q

=q 'p(1/mP > S(gay)e(BP + -+ Byt) + O ( a” ) :

YEA(P.R) log P

and then by partial summation
Ss =g 'Pp(1/n) T(P)e(BoP* + - -+ (,P")

— ¢ 'Pp(1/n) /P

R

0 P2
f”ﬂaﬂd%PhF“+5W%ﬁw+O(&ﬂJ’

where
T(v)= Y. S(gay)
yeA(V,R)

But on using the obvious analogue of (4.20) we find that

_ log v P
T(v)=q 'S(g,a)vp (logR) +0 (bgp) ,

and since a € M(g, a) have

(%(e(ﬁopk*F“'-i‘ﬁka)) < W/P.

Therefore we obtain

(4.21)

2
53:Q,O(l/n)Pe(ﬁokar.._JrﬁkPk)_QI(P)+O(qP W>’

log P
where Q = ¢725(q,a)p(1/n)P and

P ] 0
1) = / vr (lcc))gg;) v (e(Boy" + - + Br")) du.
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Integration by parts yields
I(y) = p(1/m)P e(Boy" + -+ - + B P¥)

P 0 log v
— k DY k —
/R e(Boy™ + -+ + BpY) 5 (z/p <logR)> dv + O(R),
but

2 , log v B log v n 1, (logvy log v L0 1
EAN log R — 7 log R long log R -7 log R logP )’

since p/(x) < 1. Thus we have

I(y) = p(1/n)Pe(Boy* + -+ + B P*)

P log v (4.22)
_/R e(ﬂofyk—i_“.—i_ﬁkyk)p(loggR) dV—{—EQ(’Y),
where Ey(y) < P/log P, so it follows from (4.21) that
1 PW
Q/ Og” e(BoPr + -+ Bty dv + 0 [ 4 . (4.23)
log P
Moreover, an identical argument shows that
log P*W
Sy = Q/ ( 7) (B + -+ BeP*) dy + O <qogp ) . (4.24)

We now deal with S5. A simple calculation shows that

82
0yov

(e(Boy" + -+ Bt)) < W2/ P2

when |3;] < WP~*, and it follows easily from the calculation at the beginning of the
proof that

P 92
0 B\ 9 log log v
S dyd
/ / 9,00 (e(Boy* + -+ B™)) q (q,a)p(logR P\ogr) WD
2 p271/2
q P-W
O :
" ( log P )
After interchanging the order of differentiation and integration, we can write

P log v > P2W?
—q 2 I
Se=0s(a) [ o (g ) 1o (T,
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and on integrating by parts we get
P log’y q2p2w2
Sy =q*S Pp(l/m)I(P)— [ I d O :
o= asta) (Pot 1P~ [ 1000 ([0 i) +o (L0

Then from (4.22) we finally obtain

Sy = q*S(q, a)w(B) + Es,
where
B3 = q*S(q,a)p(1/n)*P?e(BoP* + - - - + B P¥)

P
= Q/R P(logy)€(ﬁopk+"'+ﬁka)dV

log R
P (logy " > P*W?
— Pk d o X1—_
QLﬂ(lOgR)e(ﬁov +o+ BPY)dy + ( oz P )
and the lemma follows on recalling (4.18), (4.19), (4.23), and (4.24). O

4.5 A Multidimensional Analogue of Waring’s Problem

Here we establish Theorem 4.3 by a fairly straightforward application of the
Hardy-Littlewood method. Let P be a large positive number, and put R = P", where
n < no(e, k). Let F(a) be as in the previous section, and write f(a) = f(a; P, R).
Further, put s = ¢+ 2u 4+ v, and let

Ry(n) = /’]l‘k+1 F(a)'f(a)*e(—a - n)da.

Then we have Wi(n, P) > Ry(n), so it suffices to obtain a lower bound for R4(n).
We dissect T**! into major and minor arcs as follows. Recalling the notation of
Theorem 4.1, define

m=my, and M=T""\m.

We take

7 5 A,
t=(k+1?* u= ng log k + §k2 log log k + 6]{:2} , and v = [Ul(k)} +1,
where A, is as in Theorem 3.2 and (k) is as in Corollary 4.1.1. A simple calculation

shows that v < k2, and hence

14 1
5= §k2 log k + EOkQ loglog k + O(K?).
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On applying the aforementioned theorem and corollary, we find that

/IF(a)Itlf(a)l2“+”da < P¥sup|f(a)] TkHIf(Oﬂ)I{Z“dOt

acm

< PZS—k(k+1)—§ (425)

for some § > 0, since A, < voy(k). Thus it remains to deal with the major arcs.
When (q, aq, ...,ar) =1, define

M(q,a) = {a € T" : |goy; — a;] < PY?7FRF (0 <i < k)}, (4.26)
so that

M = U M(q, a).
1<ag,...,apy<q< PL/2RF+1
(4,a0,--rax)=1

It is a simple exercise to show that the 9t(q, a) are pairwise disjoint. On recalling the

notation of the previous section, we can record the following major arc approximation

for F(ax).

Lemma 4.5.1. Suppose that o € M(q, a), and write B; = o; — a;/q. Then one has
F(a) = ¢%S(g,a)v(B8) < PY**.

Proof. This follows immediately from Lemma 4.4.1, together with (4.26). [

The following estimates for S(gq,a), v(83), and w(3) are essentially immediate
from the work of Arkhipov, Karatsuba, and Chubarikov [3].

Lemma 4.5.2. Whenever (q, ag,...,a;) = 1, we have
S(g,a) < ¢t

Proof. This follows easily from [3], Lemma I1.8, on recalling standard divisor function

estimates. OJ

Lemma 4.5.3. One has

v(B) <K P2(1 + Pk(‘ﬂo‘ et ‘5k|))_1/k

and

w(B) < P21+ P*(|Bo] + - + |B]) "
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Proof. The first estimate follows from [3], Lemma I1.2, on making a change of vari-
able, and the second follows in a similar manner (see the comment in the proof of [61],
Lemma 8.6) on noting that p(log~y/log R) < 1 and is decreasing for R <~y < P. [

We now use the information contained in the above lemmata to prune back to a
very thin set of major arcs on which f(a) can be suitably approximated. Specifically,
let W be a parameter at our disposal, and recall the definition of 9M(q,a) from the

previous section. Further, let

1<ag,...,a<g<W
(g,00,--,ax)=1

We have the following result, which is closely analogous to [61], Lemma 9.2.

Lemma 4.5.4. Ift is an integer with t > (k + 1)%, then one has
/ |F(O£)|t do < P2t—k(k+1)
m

and

/ \F(a)\t do < W—Up2t—k(k+1)
M\

for some o > 0.

Proof. When a € 9t(q, a), we have by Lemma 4.5.1 that
Fla) = V(a)' < (P®2)" 4 P32y (a)i-!, (4.27)

and the proof now follows the argument of Wooley [61], Lemma 9.2, employing
Lemma 4.5.2 together with the estimate

k
U(,@) <<P2 H(1+Pk|ﬁl|>*1/k(k+l)’

=0

which is immediate from Lemma 4.5.3. O

On making a trivial estimate for f(a), it follows directly from Lemma 4.5.4 that
/ ‘F(a)‘t|f(a)|2u+v do < W70P257k(k+1)’ (4.28)
OM\N

for some o > 0, so it suffices to deal with the pruned major arcs 9. When a €
MN(q,a), we have by Lemma 4.4.4 that

2 p2yj/2 2utv 2 p2y/2
)+ e

2utv 2u+v
fle) Wie) < ( log P log P
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where
W(a) = W(asq,a) =q *S(g,a)w(B) and ;= o — a;/q.

On combining this with (4.27) and recalling the definition of 0N, we find that

/ F(a)' f(a)*e(—a-n)da = / V(e)'W(a)*te(—a - n) da
N M

+ O(PQS—k(k—H) (log P)—(S)

for some 0 > 0, provided that W is chosen to be a suitably small power of log P.
Now let

Sa)= X rislgaye (TSI,

q

1<ao,...,ax<q
(g,a0,...,a)=1

G(H, P) = Z S(Q)7

q<W

and
&) => 5(q).

Notice that by Lemma 4.5.2 we have S(q) < ¢"T'=%/%*% whence
S(n) <1 and &(n)—&(n,P) <« P’

for some ¢ > 0, provided that s > (k + 1)%. Further, let

J(n,P) = / o(8)w(B)*e(~B - n) dB,

B(P)

where
B(P) = [-WP~* WP,
and put
T = [ (B w8 (=g m) dg
Then when s > (k + 1)?, it follows easily from Lemmata 4.5.2 and 4.5.3 that

J(n) < PQka(kJrl)
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and

Y. 1S@IlJ(m) = J(n, P)| < P> ¢ (log )~

1<q<P1/2+e

for some 9 > 0. Combining these observations, we find that
/ Fa) f(a)*e(—a - n) do = G(n)J(n) + O(PEHED (log PY0)  (4.29)
n

for some 0 > 0, again provided that W is a sufficiently small power of log P. The
singular integral J(n) and the singular series G(n) require further analysis.

Lemma 4.5.5. Suppose that s > (k + 1)?, and fix real numbers pyg, . . ., . with the
property that the system (4.3) has a non-singular real solution with 0 < n;,& < 1.

Then there ezists a positive number &' = 0'(s, k, ) such that, whenever
nj — Pru;| < 8'PF (0 <j <k)
and P is sufficiently large, one has
J(n) > P2k,

Proof. After a change of variables, we have

k
ﬂMZFM*W”AQHéNMVR<Z}M@h»ﬁ—m+@0dvm%@
j=0

where

B =[0,1* x [R/P, 1]+,

u log P~; log P,
T(y,v) = Hp(logR>p(logR), (4.30)

i=t+1

o o
¢j(v.v) = T T,

and where |§;] < ¢ for each j. Notice that (n,§) is contained in B for P sufficiently
large. Now let

Store. o te) = {(1,v) € B: dy(yov) — iy + 8, = 1; (0< j < B},
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so that

where C C R¥!. Since (n,£€) € B, we see that C contains a neighborhood of
(0o, - .., 0) and hence contains the origin when ¢ is sufficiently small. Thus after
k+ 1 applications of Fourier’s Integral Theorem (see for example Davenport [18]) we

obtain

J(n) = p¥kk+D) / T(~,v)dS(0).
5(0)

Now, for ¢' sufficiently small, the implicit function theorem shows that S(0) is a
space of dimension 2s — k — 1 with positive (2s — k — 1)-dimensional measure, and
the lemma follows on noting that T'(y,v) > 1 for R/P < v,v < 1. O

It remains to deal with p-adic solubility considerations and hence to obtain a

lower bound for the singular series S(n).
Lemma 4.5.6. The function S(q) is multiplicative.

Proof. By [3], Lemma I1.4, one has S(qr,a) = S(q,7%71a)S(r, ¢**a) whenever (q,r) =
1, and the result now follows by a standard argument. O]

For each prime p, write

o0

o(p) = SW".

h=0

Whenever s > (k + 1)? one finds using Lemmata 4.5.2 and 4.5.6 that

&) = [[ow) (4.31)

and that there exists a constant C'(k) such that

< IJ o) < (4.32)

p>C(k)

N | —
| W

Hence it remains to deal with small primes. Let M, (q) denote the number of solutions

of the system of congruences

¥yl 4w at iy =n; (mod ) (0<j<k), (4.33)
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Lemma 4.5.7. One has

> S(d) = ¢ Ma(g).
dlq
Proof. By the orthogonality of the additive characters modulo ¢, one has
1 q
Ma(q) = =5 > - Y (S(g,r) e (—(r-m)/q).
q ro=1 re=1
Now on writing d = q/(q, 70, ..., ) and a; = r;d/q we obtain
1 s s
Ma(g) ==Y, D, (g/d)*(S(da)"e(—(a-n)/d),
q dlg 1<ao,...,ar,<d
(d,ag,...,ar)=1

and the result follows.

We therefore have

o(p) = lim p"*=H=2) 0 (ph),

h—o00

(4.34)

so to show that &(n) > 1 it suffices to obtain a suitable lower bound for M, (p").

In order to deduce this from the existence of non-singular p-adic solutions to (4.2),

we need a version of Hensel’s Lemma. In what follows, we write | - |, for the usual

p-adic valuation, normalized so that |p|, = p~*.

Lemma 4.5.8. Let s, ..., 1, be polynomials in Z,|x1, . .., x| with Jacobian A(¢;x),

and suppose thal a € Z;, satisfies

[Wi(a)l, < [A(sa)l; (1<j<r).

Then there exists a unique b € Z; such that

Yib)=0 (1<j<r) and |b;i—al, <p'|A(;a)l, (1<i<r).

Proof. This is Proposition 5.20 of Greenberg [23] with R = Z,,.

]

Lemma 4.5.9. Suppose that the system (4.2) has a non-singular p-adic solution.

Then there ezists an integer u = u(p) such that whenever h > u one has

M, <ph) > p(h—u)(Zs—k—l) ]
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Proof. We relabel the variables by writing

(21, 225) = (1,00 Ty Y1y e oy Ys)s

and let a = (ay,...,ass) be a non-singular p-adic solution of (4.2). Then there exist
indices i, ..., 4 such that A(v;a,,,...,a; ) # 0, so we can find an integer u such
that

[A(; aig, - aq )y =97 > 0.

Now suppose that h > w. For i ¢ {iy,... i}, choose integers w; with w; = q;

(mod p*), and write v; = a; for i = iy, ..., i and v; = w; otherwise. Then on writing
Vi(2) = Ui y) = 2yl 4o+ 2l Tyl =y
for 0 < j < k, we see that
P;(v) =1;(@) =0 (mod p*),
and hence

|¢j<v)‘l7 < p_u < |A<¢7 Vigs - - - 7vik)|12r

(h—u)(2s—k—1)

Now if A > wu then there are p possible choices for the w; modulo p”.

Moreover, for any fixed choice we may regard ; as a polynomial in the £ + 1 vari-

ables z;,, ..., %, after substituting z; = w; on the remaining indices. Thus for each
admissible choice of w we may apply Lemma 4.5.8 to obtain integers b;,, ..., b;, such
that ;(b; w) =0 (mod p") for each j, whence the lemma follows. O

Now by (4.34) and Lemma 4.5.9 we have o(p) > p“*+172%) for all primes p, so
on combining this with (4.31) and (4.32) we see that &(n) > 1. Hence the proof of
Theorem 4.3 is complete upon recalling Lemma 4.5.5, together with (4.25), (4.28),
and (4.29).

4.6 Lines on Additive Equations

We now establish Theorems 4.4 and 4.5 by proceeding much as in the previous
section. Before embarking on the circle method, however, we need to make some

preliminary observations.

Lemma 4.6.1. Suppose that (x,y) € R?* is a solution of (4.6), and let a,b,c, and

d be arbitrary real numbers. Then (ax + by, cx + dy) is also a solution.
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Proof. For 0 < 7 < k, write

s

Aj(x,y) = Z ci(az; + by,)* (ca; + dy; ).

=1

Then by the binomial theorem we have for each j that

Ly = YaS ("7 gty 3 (7)o tany

i=1 r=0 s=0
k—7g . . s
— J i (k — ]) (J) QI s g Z Cm{c—(ws)yﬁs
r S . v v
r=0 s=0 =1
and the lemma follows. O

Lemma 4.6.2. Suppose that the system of equations (4.6) has a non-singular real
solution (n,€). Then we can find a non-singular real solution (n',&") such that )

and & are nonzero for each i.

Proof. For 0 < j <k, let
vi(x,y) = axy Tyl + -+ et Tyl

and write (2q,...,22-1) = (Z1,...,%25,Y1,---,Y2s). LThen by rearranging variables,
we may write the given real solution as (1,£&) = (7o, - ..,Y2s—1), Where

o,
det <8_Zi(7))0§i,j§k 70

Hence by using the Implicit Function Theorem as in the proof of [61], Lemma 6.2, we
see that there exists a (2s — k — 1)-dimensional neighborhood Ty of (Yx41,---,V2s-1)
and a function ¢ : Ty — R*"! such that v = (¢(w), w) is a solution of (4.6) whenever
w € Ty. Thus by choosing w with |w; — 7;| sufficiently small for k+1 <i < 2s—1,
we may assume that « is a non-singular solution whose last 2s — k — 1 coordinates
are nonzero. Moreover, a simple calculation shows that at most two of the remaining
7; and at most two of the remaining &; are zero and that either n; or &; is nonzero
for every i. In particular, when s > 5, there is some i for which 7;§; # 0. Now let

b=min{|n;/&| :n:& # 0} and ¢ =min{[§/n;| : m:& # 0},

and take b’ < 1b and ¢ < ic. Then by Lemma 4.6.1 we see that (1, £’) is a solution
of (4.6), where n’ = n + V¢ and & = dn+ €, and it is easy to check that n} and ¢
are nonzero for each 7. The non-singularity follows by continuity on choosing b" and
¢ sufficiently small. [
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By Lemma 4.6.2 we may henceforth suppose that the system (4.6) has a non-
singular real solution (n, &) with n; and &; nonzero for all i, and by homogeneity we
can re-scale to ensure that 0 < [n;|, |§| < 3. For each i, write

n =mni+3lm| and ;7 =n— inl
and
=&+ 316Gl and & =& — 36

Now let P be a large positive number, put R = P" with n < ng(e, k), and let ¢4, . . ., ¢;
be nonzero integers. Throughout this section, the implicit constants arising in our
analysis may depend on ¢;,...,¢s and on the real solution (n,&). We define the

exponential sums

Fla)= > > eleilantt + oy - 4+ aryt))

n; P<z<nP ¢ P<y<¢fP

and

file) = Z Z e(ci(apr” + a2y + - + agyh)).
n; P<a<n;P & P<y<¢fP
|z|cA(P,R) |ylcA(P,R)

Further, write s = ¢t 4+ 2u + v and define

t

Fla) =] File) and G(a)= [] fil@).

=1 i=t+41

Finally, let

Ry(P) = Fla)g(a)da.

Tk+1

Then we have Ny(P) > R4(P), so to prove Theorem 4.4 it suffices to obtain a lower
bound for Ry(P). We dissect T**! into major and minor arcs as follows. Write
c = max |¢;| and X = cPY2RF+! and define

M = U  Mqa)
1<ag,--,ar<g<X
(4,0,..-.ax)=1

where
M(q,a) = {a € T* : |ga; — a;| < PY?*7FR* (0 <i < k)},

and put m = T*1 \ M. As before, it is easily seen that the 9(q,a) are disjoint
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Lemma 4.6.3. Whenever a € m, one has c;ae € my 5. Moreover,

sup |fi(a)] < prolkte

acm

where o1(k) is as in Corollary 4.1.1.

Proof. Suppose that a € m and that |c;ajq — a;| < PY27*RF for 0 < j < k, where
g€ N, a; € Z,and (q,ap, ...,a;) = 1. Then one has

4 1/2—k pk
A PR (P EY)
Ciq |C¢|C]
so on writing
cila; lcilq
= (&, ap, y Ak ), CL, | j, and ,——7
( 0 k) J Cid 1 d
we see that
a P1/27kRk .
ij—q—f_ 7d (0<j<k),

so we must have cg > ¢/ > cPY/?RF! and hence ¢ > PY2R*!. Thus ;a0 € mys.
The second assertion now follows on recalling the remark at the end of Section 4.2
and noting that we may replace a; by —a; as needed so that our sums are over
positive integers. O

As in the previous section, we take

A
t=(k+1?* u= Ekﬂogmgk?logbgmﬁk?], and v = lal(};)} +1,

inequality and a change of variables we obtain

where A, is as in Theorem 3.2 and oy (k) is as in Corollary 4.1.1. Then by Hoélder’s
t+2u
/ ‘f(a)g<a)| da < P2t+v(2*01+6) H

1/2u
Ry
i1 \Y TR

< Ppr—hkr)=3 (4.35)

for some § > 0, since A, < voy(k). Thus it remains to deal with the major arcs.

Recalling the notation of the previous section, we define S;(¢q,a) = S(q, ¢;a),

P

K3

ntP o r&tP
Uz(/B) = / / G(Ci(ﬁo’yk + ﬁl"ykily R ﬁkyk)) d")/ dV,
n &P
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and
Vila) = ¢ *Si(g,a)vi(a —a/q) (€ M(g,a)).

Further, we define the pruned major arcs 9t exactly as in the previous section, again
with W a suitable power of log P, and write

1uw»—/ﬁé/gp 087 ) [ (18V (i + iy w4 Gu)) dy v
7 - m—p gi—P 1Y 10gR 1% lOgR P07 17 k Y )

and
Wi(ar) = ¢ *Si(q,a)wi(c—a/q) (€ N(g,a)).

The next several lemmas are simple adaptations of the corresponding results in the

previous section.

Lemma 4.6.4. When o € M(q, a), one has
Fi(a) — Vi(a) < P¥*F=,

and when o € N(q,a), one has

2 p271/2
qg P°W
(o)~ Wie) « L
file) Wil < T3
Proof. These estimates follow by making trivial modifications in the arguments of
Lemmata 4.4.1 and 4.4.4, respectively. Il
Lemma 4.6.5. Whenever (q, ag,...,a;) = 1, we have

Si(g, a) < ¢* ke,
Proof. Put d; = (q,¢;). Then by Lemma 4.5.2 we have
Si(q,a) = d2S(q/d;, c;a)d;) < dF 1R <« g2V keE
as required. -
Lemma 4.6.6. One has
0(B) < PH(1+ PH(|Go] + -+ 5e]))
and

wi(B) < P*(1+ PX(|fo| + -+ + [B])) V%,
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Proof. The argument is identical to the proof of Lemma 4.5.3. O

Lemma 4.6.7. Ift is an integer with t > (k + 1)%, then one has
/ |Fi(a)|' dor < P26+ (4.36)
m

and

/ IF(a)|' daw < W7 P2H(+D (4.37)
MmN

for some o > 0.

Proof. The result follows as in Lemma 4.5.4 on using Lemmata 4.6.4, 4.6.5, and 4.6.6
in place of the corresponding results in the previous section. Il

Once again, Lemma 4.6.7, together with (4.35), allows us to focus attention on

the pruned major arcs . Let

Sw= > a5

1<ao,...,ax<q
(g,a0,...,ax)=1

&(P)=)Y S(g), and &= S(q).

q<X

Again we have S(q) < ¢"+1=*/k+¢ and hence & < 1 and & — &(P) < P~° for some
§ > 0, provided that s > (k + 1)2. Further, let

S

)= [ T1wio) I] wis)ds.

B(P) 3 i=t+1

where B(P) = [-W P~k WP~k and put

t

J = / [Tv8) TJ w8 ds.

M= =t 41
Then when s > (k + 1)2, we have by Lemmata 4.6.5 and 4.6.6 that J < P?s=k(+1)
and
S Sl = J(P)| < P2 (1og P).
1<q<cPl/2te

for some § > 0. Thus, by employing standard arguments based on Lemmata 4.6.4,
4.6.5, and 4.6.6, we obtain

/ Fla)G(a)do = &J + O(P¥ kD (1og P)79) (4.38)
N

for some § > 0.
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Lemma 4.6.8. Whenever s > (k + 1) and P is sufficiently large, one has
J > P2S_k(k+1).

Proof. By a change of variables, we find that

k
J — p2s—k(k+1) /Rk+1 /ZST(')/,V) e (Z Bioi(, I/)) dv dv dg,
=0

where

B = [77;7771+] X X [77;77:] X [’5;75;r] X X [Egvfj]a

6i(v,v) = e vl + o eI,
and where T'(v,v) is as in (4.30). Now let
S(t07"'7tk> = {(7”/> eB:¢j(7)”) :tj (0 S]S k)}a

so that

,,,,,

where C C R*"!. Since (n,£) € B, we see that C contains a neighborhood of the

origin, whence after k£ 4 1 applications of Fourier’s Integral Theorem we obtain
I =P [ i) ds(0),
5(0)

and the result follows as in the proof of Lemma 4.5.5. O]

Lemma 4.6.9. The function S(q) is multiplicative.

Proof. This is identical to the proof of Lemma 4.5.6. m

Whenever s > (k + 1)? one finds using Lemma 4.6.9 that

0

S = Ha(p), where o(p) = ZS(Ph)7

h=0

and that there exists a constant C'(k) such that

< II o) <

p>C(k)

DO | —
DO | W

Let M(q) denote the number of solutions of the system of congruences

aaf Tyl 4o 42ty =0 (mod q) (0<j < k).
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Lemma 4.6.10. One has

> S(d) = ¢ M(g).

dlq

Proof. This is identical to the proof of Lemma 4.5.7. ]

It follows that
o(p) = lim p"*+H=2) 0 (ph),
so again to show that & > 1 it suffices to show that
M(ph) > p(h—u)(Qs—k—l)

for p < C(k), and this follows exactly as in the argument of Lemma 4.5.9. Hence
the proof of Theorem 4.4 is complete on assembling (4.35), (4.37), and (4.38) and
recalling Lemma 4.6.8.

In order to deduce Theorem 4.5, we need some additional observations.

Lemma 4.6.11. Let (x,y), (x,y’) € Z** be such that (zy,...,x,) = 1. Then xt+y

and X't +y' parameterize the same line if and only if
X' =qgx and y =y+rx
for some integers q and r with q # 0.

Proof. First suppose that x’ = gx and y’ = y + rx for some integers ¢ and r with
g # 0. Then one has

t—r

xt+y:x’( )—i—y’ and xX't+y =x(qt+7r)+y,

so the two lines are identical. Conversely, suppose that the two lines are the same.
By taking ¢t = 0 on the line X't +y’, we see that there exists ¢; such that y' = xt; +y,
and then by taking ¢ = 1 we find that there exists t5 such that x’' +y’ = xt, +y and
hence x’ = (t3 — t1)x. Moreover, the condition (z1,...,xs) = 1 implies that ¢; and
to are distinct integers, and this completes the proof. Il

Now let R (P,d) denote the number of solutions of (4.6) counted by Rs(P) for
which (z1,...,zs) = d. The following estimate will be useful when d is large.

Lemma 4.6.12. One has
2s—k(k+1)

Ry(P,d) € ——5—
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Proof. Consider a solution (x,y) counted by R4(P,d). Since z,_; and x, each have
d as a divisor, the number of possible choices for zs_1,y, 1, s, and y, is at most
P%(P/d)?. Given such a choice, the number of possibilities for the remaining variables

is
t s—2
/ (H Fia) [] ﬁ»(a)) e(a- m) dey,
TEH \i=1 i=t+1
where m; = ¢, 12 Jy) | + caa¥ Iyl and thus
P4 t s—2
Rpd) < [ TIR@I T 1o da
i=1 i=t+1

The lemma now follows by dissecting T**! into major and minor arcs and using

(4.35) and (4.36). [
We can now complete the proof of Theorem 4.5.

Proof of Theorem 4.5. Define an equivalence relation on the set of solutions to (4.6)
/

by writing (x,y) ~ (x',y’) whenever xt +y and x't +y’ define the same line. We

need a lower bound for the number of equivalence classes, so by Lemma 4.6.11 it
suffices to estimate the number of solutions of (4.6) for which

(x1,...,25) =1 and 1<y <|xq].

Let Ny(P,@,d) be the number of solutions of (4.6) with x € BP, y € CQ, and

(x1,...,25) = d, where

B = [ﬂfﬂ?ﬂ X X [773_777:] and C = [51_7£f_] X X [65_762_]

Then the solutions counted by Rs(P,d) are in bijective correspondence with a subset
of those counted by Ny(P/d, P,1). Moreover, Lemma 4.6.11 shows that two solutions
(x,y) and (x/,y’') counted by Ns(P/d, P,1) are equivalent if and only if x = x" and
y —y’ = rx for some integer r. Then since

P
21| > — and |y1 —yy| < P,

where 7 = 2/|n;|, we see that each equivalence class contains at most 7d members

counted by Ny(P/d, P,1). Thus we see that

Ry(P,d) < N4(P/d, P,1) < 7d Ls(P),
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and hence for any D we have that
> R,(P.d) < TD’L,(P).
d<D
Thus by Lemma 4.6.12 there exist positive constants 7; and 7, such that
PQS k(k+1)
PP < R(P) < 7D2Ly(P) + Y ( )
d>D

for P sufficiently large, and hence we have

P2s—k(k+1)
Lpy 2 P ey,

TD? "D

The theorem now follows on taking D = 27 /7.



CHAPTER V

The Density of Rational Lines on Cubic Hypersurfaces

5.1 Overview

In this chapter, we refine the analysis of Chapters 3 and 4 in the case k = 3
by providing a more detailed consideration of the lower moments of the relevant
exponential sums. In particular, we are able to establish diagonal behavior for the
mean value

S(P)= | |F(a)|’da,
T4
where
Fla) = Z e(apr® + arx?y + aszy® + azy®),
1<z, y<P
and this leads, via the iterative method, to improved estimates for higher moments.
While the assertion of diagonal behavior amounts to the estimate S(P) < P,
we can actually establish a more precise result. Notice that, by orthogonality, S(P)
is the number of solutions of the system of equations
T} + a5 + 23 = x) + 23 + 2}
2 2 2, 2 2 2
TIY1 + T3Y2 + T3Y3 = TyYs + T5Y5 + TgYe (5.1)
T1Y; + DaYs + T3Ys = Tayi + TsY; + Tl
Ve s =i+ s
with z;, y; € [1, PN Z. Further, write T'(P) for the number of “trivial” solutions, in

which (z4, x5, 26) = o (21, 2, 23) and (s, ys,Ys) = 0 (Y1, Y2, y3) for some permutation
o € S3. Then clearly one has

T(P)=6P°+ O(P?),

and it transpires that almost all the solutions counted by S(P) are of this diagonal
type. The following “paucity theorem” provides an upper bound for the number of
non-diagonal solutions.

104
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Theorem 5.1. For every € > 0, one has
S(P) = T(P) <. PS~iste,
and hence in particular S(P) ~ 6P°.

Note that the second assertion of the theorem is immediate from the first in
view of the above discussion. Section 5.2 is devoted to the proof of Theorem 5.1. In
Section 5.3, we use this result, along with the techniques of its proof and the iterative
method of Chapter 3, to obtain non-trivial estimates for higher moments. In Section
5.4, we establish Weyl estimates more suitable for small & than those of Theorem
4.1. Finally, in Section 5.5, we apply the circle method as in Sections 4.5 and 4.6 to
obtain

Theorem 5.2. Suppose that s > 58 and let Ls(P) denote the number of distinct
lines £ on the hypersurface

clzi’—|—~~—|—csz§’:O
with h() < P. Then Ly(P) > P*712 for P sufficiently large.

For comparison, we note that Wooley [68] has demonstrated the existence of
rational lines on arbitrary cubic hypersurfaces in at least 37 variables, whereas we
require 58 variables in Theorem 5.2. In the additive situation we are considering,
the existence of lines follows immediately from the theory of a single additive cubic
equation (see R. Baker [6]), provided that s > 14. Hence the significance of our
result lies in the density estimate.

The existence of these “trivial” lines when s > 14 is in fact key to our analysis,
for they give rise to non-singular integer solutions of the system

cxy Tyl ety =0 (0< 5 <3) (5.2)

and hence allow us to avoid imposing explicit local solubility hypotheses in Theorem
5.2. Unfortunately, the solutions arising in this way are singular for larger values of
k and hence are of no use in the analysis leading to Theorem 8.

Local conditions also may present an obstacle to demonstrating the expected
density of higher-dimensional linear spaces on a cubic hypersurface in a reasonable
number of variables. While the results of Schmidt [51], [52] could be applied to the
analogues of (5.2), the number of variables required may in general be quite large.

The material of this chapter is contained in the author’s preliminary manuscript
[45].
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5.2 The Paucity Problem

Our goal in this section is to establish Theorem 5.1. Before proceeding with the
proof, we record for reference some of the key estimates we will use. The first of

these is implicit in the work of Hooley [29] on sums of four cubes.

Lemma 5.2.1. Let n be a non-zero integer, and let R(P) denote the number of

integral solutions of the equation
x?%—x%—i—x%%—xi:n
with |z;| < P. Then one has R(P) < P'/6+e,

Proof. Clearly, we may focus attention on solutions in which at least two of the x;
are non-zero. For any such solution x counted by R(P), we can find ¢ and j such
that z; and x; have the same parity and are not both zero. Now if z; +x; = 0 and xy,
and z; are the remaining two variables, then since n # 0 we must have xp + x; # 0,
and if xp and z; do not have the same parity, then one of them has the same parity
as x; and ;. Thus, after relabeling variables, we may assume that z; = x5 (mod 2)
and x; # —x9. This allows us to write 1 = r 4+ s and x5 = r — s, where r and s are

integers with r # 0, and hence to consider solutions of the equation
2r(r? +3s%) =n — 2% — w?

The argument is now identical to that of Hooley [29], the condition r # 0 being
essential to the consideration of congruences modulo divisors of . The only change
is that the upper bound of n'/3 for the moduli of 7, z, and w is replaced throughout

by P, and the sieving parameter ¢ is now chosen to be P/6. O
We also make use of some recent work of Heath-Brown [27] on sums of two cubes.
Lemma 5.2.2. Let U(P) denote the number of integral solutions of the equation
a:i’ + a:‘; = a:§ + :Ei
with |z;] < P and xy + 19 # 23 + 4. Then one has U(P) < P43+,
Proof. This is a special case of Heath-Brown [27], Theorem 1. O

We remark that Hooley [30], using the Riemann hypothesis for varieties over
finite fields, obtained a result of the above shape with the exponent 4/3 replaced by
5/3. Wooley [66] later devised an elementary proof, and his ideas play a key role in
Heath-Brown’s argument.

Finally, we recall a result on binary quadratic forms dating back to Estermann
[22].
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Lemma 5.2.3. Let a, b, and ¢ be non-zero integers, and let Q(P) denote the number
of integral solutions of the equation

ar® +by? =c
with 1 < x,y < P. Then one has Q(P) < |abcP|*.

Proof. See (for example) Vaughan and Wooley [56], Lemma 3.5. O

We are now ready to embark on the proof of Theorem 5.1. On writing h = 1 —x4
and g = y; — y4 and relabeling variables in (5.1), we see that S(P) is the number of

solutions of the system of equations

h(3x(z + h) + h?) = ud +ul — uj — uj
(2hz + h*)y + g(x + h)? = wivy + usvy — uivs — uivy

(5.3)
29y + ¢*)x + h(y + 9)° = w1V} + ugv) — ugvi — ugv;
9B3y(y + g) + %) = v +v5 — vg — v}
with
1 <z,y,u,v;, <P and |h|, |g] < P. (5.4)

We shall estimate N(P) = S(P) — T(P) by dividing into several cases.

(i) Let Ny denote the number of solutions counted by N(P) for which h = g = 0,
and consider a solution z,y, u, v counted by N;. Then one has

(ul,UQ,Ul,UQ) # (u37u47v37v4> and (Ul,UQ,Ul,'UQ) # <U4,'LL3,'U4,'03),

since otherwise the solution would be counted by T'(P). If we have (u1, us) = (us, u4)
and (v1,v9) = (v4,v3), then the second equation in (5.3) implies that either u; = us
or v; = vy, whence the number of choices for u and v is O(P?). Trivially, there are
O(P?) choices for z and y, so the total number of solutions is O(P®), and the same
analysis applies if (uq,us) = (u4,u3) and (vy,ve) = (v3,v4). Otherwise, since u; and
v; are positive, it follows that either u; +wug # us + uy or vy + vy # v3 + vy, so Lemma
5.2.2 may be applied to estimate the number of choices for u or v (or possibly both).
On combining this with Hua’s Lemma, one sees that N; < P6/3+¢,

(ii) Let N5 denote the number of solutions counted by N (P) for which exactly one
of h or g is zero. Suppose first that h = 0 and g # 0. Then by Hua’s Lemma one has
O(P?*) choices for u, and by a trivial estimate there are O(P?) choices for g and y.
Now for fixed non-zero g and y, we may apply Lemma 5.2.1 to deduce that there are
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O(P'/6+2) choices of v satisfying the fourth equation of (5.3). Finally, since g # 0,
the second equation is a non-trivial polynomial in x and hence determines x to O(1).

By following a symmetric argument in the case where g = 0 and h # 0, we find that

(iii) Write d = (h, g), let 3 be a parameter at our disposal, and let N3 denote the
number of solutions counted by N(P) for which hg # 0 and |hg/d| < P'*P. In this
case, there are O(P#) choices for the integer hg/d, of which d, h/d and g/d are all
divisors. Thus by a standard estimate for the divisor function, we see that there are
O(P1*P+2) choices for h and g. Trivially, there are O(P) choices for x, and then by
Lemma 5.2.1 we have O(P'/6+¢) choices for u. Now by taking a linear combination
of the equations (5.3), with respective weights g3, —3g*h, 3gh?, and —h3, we find that
any solution z,v, g, h, u, v satisfies

(qui — hv)® + (gua — hvy)® = (gus — hvs)® + (gug — hvg)?, (5.5)

and by applying Hua [32], Theorem 4, to the underlying mean value we find that,
for fixed h,g, and u, there are O(P?%¢) choices for v. Finally, y is determined to
O(1) by a polynomial, whence N3 < P35/6+6+¢,

(iv) For i = 1,...,4, write X; = gu; — hv;, and let Ny denote the number of
solutions counted by N(P) for which X; + X, = X3+ X, and hg # 0. The former
condition, when combined with (5.5), implies that either X; = X3, Xy = Xj, or
X, = —X5. We may suppose that X; = X3 and Xy = X, so that

g(wi —uz) = h(vi —v3) and  g(up — ua) = h(va — va), (5.6)
the argument in the remaining two cases being identical. For convenience we write
A=u —uz, B=uy—uy, C=v—v3, and D = vy — vy. (5.7)

Since h and ¢ are non-zero, the first equation in (5.3) implies that either A or B is
non-zero, and the fourth equation implies that either C' or D is non-zero. Suppose
that C # 0 and D = 0. We first choose uy = uy and v, = vy in O(P?) ways, and
then by (5.3) we have

(x+h)?+ui=2"+u] and (y+g)° +v5 =y°+ 0.

Since solutions with = = uz and y = v3 are counted by T'(P), we may apply Lemma
5.2.2, together with Hua’s Lemma, to deduce that there are O(P'%/3+¢) choices for
x,y, h,g,uy,us,v;, and vs. The case where C' =0 and D # 0 is identical.
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It remains to consider solutions for which both C' and D (and hence A and B)
are non-zero. We first observe that, after substituting from (5.7) and completing the
square, the first and fourth equations in (5.3) become

h(3z(z + h) + h*) — 1(A® + B®) = 3A(us + 1 A)> + 3B(us + 1 B)? (5.8)
and
9By(y +g) + ¢°) — H(C* + D*) = 3C(vs + 30)* + 3D(va + 3 D)?, (5.9)

respectively. In view of (5.8) and (5.9), we further classify solutions according to
whether

h(3z(z + h) + h*) — (A + B%) =0 (5.10)
9B3y(y +9) + ¢°) — 1(C* + D*) = 0. (5.11)

If both (5.10) and (5.11) hold, then we start by selecting values for A and B from
among O(P?) possibilities, and (5.10) then determines h and = to O(P¢). Trivially,
there are O(P) choices for ¢, and (5.6) then determines C' and D to O(P¢), whence y
is determined to O(1) by (5.11). Finally, uz and vz may be assigned in O(P?) ways,
and this choice determines u and v in light of (5.7), (5.8), and (5.9). Hence there
are O(P°%¢) solutions of this type.

If (5.10) holds but (5.11) does not, then we assign A, B, and ugz in O(P?) ways,
so that u is determined by (5.8). Then h and x are again determined up to O(FP?),
and there are O(P?) choices for y and g. This latter choice determines C' and D
to O(P¢) by (5.6), and we may apply Lemma 5.2.3 to (5.9), regarded as a binary
quadratic equation in the variables v3 and vs. The case where (5.11) holds but (5.10)
does not is exactly symmetric, so we see that there are O(P5"¢) solutions of these
two types.

Finally, if neither (5.10) nor (5.11) holds, then we fix h, C, and D in O(P?)
ways, from which g, A, and B are determined to O(P?) by (5.6). There are O(P?)
possibilities for z and y, and Lemma 5.2.3 then shows that u and v are determined
up to O(P?) by (5.8) and (5.9). Thus we conclude that Ny < P'6/3+¢,

(v) Now let v be a parameter at our disposal, write M = P*# and let Nj be
the number of solutions counted by N(P) in which

hg#0, |hg/d > M, X+ Xo# X3+ Xu, (5.12)
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and d = (h,g) < P?. By symmetry, we may assume that |h| > |g|, the argument
in the other case being identical. Write A’ = h/d and ¢’ = g/d, so that (k',¢') = 1.
For any given d and |h'| > |¢|, we divide both sides of (5.5) by d* and apply Lemma
5.2.2 to deduce that there are then O((|h/|P)*/3+) possible choices for Xi,..., Xy.
With X; now fixed and (//, ¢') = 1, any two choices for u; must be congruent modulo
h', so one has O(P/|h'|) possibilities for each of uy,...,uy, and this determines v.

Since x and y are then determined by polynomials, we find that

Ny < > Y Y (PP

d<P7 1<g<P/d h>max(g,M/gd)

< P16/3+€ Z Z Z b 8/3+ Z Zh 8/3

d<P7 \ g<(M/d)1/2 h>M/gd >(M/d)/? h>g
< P16/3+a Z Z (M/gd)_5/3+ Z g—5/3
d<PY \g<(M/d)'/? g>(M/d)1/?
< pl6/3+e Z ((M/d)’5/3(M/d)4/3—|— (M/d)’l/?’)
d<PY
< P16/3+€M 1/3 Z d1/3 < P76 %(H—B) 3'y+e'
d<PY

(vi) Finally, let Ng be the number of solutions counted by N(P) with (5.12) and
d > P7. In this case we use an affine slicing approach almost exactly as in Wooley
[66]. As before, we exploit the symmetry of our system to focus attention on solutions
with |h| > |g|. On recalling (5.5), we have that

X34 X3 =X34+X} and X1+ Xo=Xs+ X+ H (5.13)

for some integer H. For convenience, we write X/ = X;/d and H' = H/d. For fixed

h, g, and u, one has
H' = ¢'(uy +ug — uz — ug) — B (v1 + v — v3 — v4),

which determines the residue class of H' modulo h’. Furthermore, since |h'| > |¢'|,
one has |H'| < 4|k |P. Now from the equations (5.13), we find that

(Xi+Xo—X3)P = (X7 + X5 — X3) = (Xu+ H)’ — X,
which simplifies to

3(X) — X3) (X — X3) (X, + Xp) = H(3X; + 3X,H + H?). (5.14)
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By (5.12), we have H # 0, so after dividing both sides of (5.14) by d* we see that
at least one of X — X% X} — X4, or X! + X} has a divisor e > |H'|'/3 in common
with H’. We suppose that

e=(H' X] - X3) > |H'|"*

and write X; — X3 = deY, the analysis in the other two cases being identical.
Hence, for fixed d and e, there are O(|h'|P/e) choices for Y. Now, on substituting
Xy =X1+Xo— X3 — H and X3 = X; —deY in (5.14), we obtain

3deY X} — 3(deY — H)X3 — 3(deY)* X, — 3(deY — H)*Xy = (deY — H)? — (deY)?,

and after completing the square this becomes

3deY (X1 — 1deY)? — 3(deY — H)(X5 + 3(deY — H))? = L(deY — H)? — L(deY)’.

Since H # 0, the quantities deY, deY — H, and (deY — H)? — (deY')? are all non-zero,
so Lemma 5.2.3 may be applied. Thus, for fixed d, e, H, and Y, the values of X;
and Xy are determined up to O(P¢), and this fixes X3 and Xy. For fixed g, h, and
u, this determines v, and y is then determined to O(1) by a polynomial. Thus we

have

DD D 3) B

d>P7 W,g'<P/d z,u H'e

We now divide the sum over H’ into dyadic intervals of the form 4h'P/2" ! < |H'| <
4h'P/2". For fixed H', a divisor estimate shows that there are O(P¢) possible choices
for e, and for fixed h and # Lemma 5.2.1 shows that there are O(P/5+¢) choices for

u. Thus on summing trivially over ¢’ and x we find that

= P 11/6+¢ pite h'P o I plte
Now TX TS pope D (EEY e

r=0d>P7  W<P/d

on recalling that e > |H’ \1/ 3 and that the choice of h, g, and u fixes the residue class
of H' modulo A'. Finally, we obtain

Ny < P11/2+a§:2—2r/3 Z d-! Z (h/)2/3
r=0

d>P7 W<P/d

< P43/6+s Zd—8/3 < P43/6—§7+5'
d>P7Y
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We now choose the value of v so that N5 and Ng have the same order of magnitude.

Thus we set

which yields v = % + %(1 + (). In view of our bound for N3, we choose 3 by setting

35 3 5/11 1
= — 2 _ (=1L
6 TP 3(18+9<+6))’

which gives g = 614 and v = ‘é—z. The result of Theorem 5.1 now follows immediately

on assembling the bounds for Ny, ..., Ny and noting that % — 6—74 = 11712.

5.3 Further Mean Value Estimates

Here we use the result of the previous section to obtain estimates for higher
moments, which will be required in our application of the Hardy-Littlewood method
in Section 5.5. As usual, the sharpest estimates are obtained by considering solutions
in which some of the variables have no large prime factors. Thus when P and R are

positive integers, write
A(P,R) ={n € [1,P|NZ: pn, p prime = p < R}
for the set of R-smooth numbers up to P, and define the exponential sum

fla; PRy = Y e(agz’ + ana’y + onzy® + asy®).
z,yeA(P,R)

It will also be useful to have some variables in a complete interval, so we define

F(o; P) = Z e(aor® + a2y + asay® + azy®).
1<z,y<P
When there is no danger of confusion, we shall write f(a) = f(a; P, R) and F(ax) =
F(e; P). Further, let

S.0(PR) = [ P ()] do

We adopt the convention that any statement involving ¢ and R means that for each
e > 0 there exists n = n(e) > 0 such that the assertion holds whenever R < P". In
this section, our implicit constants will depend at most on £ unless otherwise noted.
We start with an estimate for Ss2(P, R).
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Lemma 5.3.1. One has
S3(P, R) < P*ate,
Proof. Define the difference operator A} by
AL(f(z,y)ih,g) = f(z+h,y+9) — flz,y).

Then by Cauchy’s inequality, one has

5 2
S32(P,R) = / d > e (Zaiﬁi(ﬁ‘iyi;hﬂ)) |f(@)|® dex
T+ z,h Yy,9 =0
5 2
< P2Z/ D e <Z%A’{(w3‘iyi;h,g)> |f(e)|" der,
h,g T T,y =0

and hence

S32(P, R) < P2U3,2(P> R), (5.15)

where Us o(P, R) denotes the number of solutions of the system

Bh(af — a5 + h(zy — x3)) = Z(U? —ugy;)
h(2(z1y1 — oy2) + h(yr — 1)) + (@] — 25 + 2h(2y — 22)) = Z(ufvz — U2, Vsti)
9211 — way2) + (1 — 12)) + (Y7 — 3 + 201 —12)) = D (] — ugrivly,)

B9 — 3+ gl — 1) = > (0P —vl,)
with
1<,y <P, w,v; € A(P,R), and |hl,|g| < P. (5.16)

The argument is now very similar to the proof of Theorem 5.1 given in the previous

section.

(i) Let U; denote the number of solutions counted by Uso(P, R) for which h =
g=0orz —xo =y, —yo = 0. In either case, there are O(P*) choices for h, g, x,

and y, and one sees that the number of choices for u and v is then

/ (0| dex < P,
T4
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on recalling Theorem 5.1 and considering the underlying Diophantine equations.
Thus we have U; < P,

(ii) Let Uy denote the number of solutions counted by Us o(P, R) for which exactly
one of h or g is zero. First suppose that h = 0, g # 0, and y; # y». Then by Vaughan
[53], Theorem 4.4, one has O(P'3/4+¢) choices for u, and by a trivial estimate there
are O(P?) choices for g and y. Now for fixed g and y, [53] again shows that there
are O(P3/4+¢) choices for v. Finally, since g(y; —y2) # 0, 21 and x5 are determined
to O(P?) by the second and third equations above. If instead y; = y2, then one has
O(P?) choices for g and y, but O(P'*¥) choices for x, so we get the same estimate
in either case. The situation when ¢ = 0 and h # 0 is identical. Thus we see that
U, < PY9/2+e,

(iii) Let Us denote the number of solutions counted by Us o(P, R) for which hg # 0
and exactly one of 7 — xy or y; — ys is zero. If zy # x5, and y; = ¥y, then there
are O(P13/4%) choices for v and O(P?) choices for h and g. Now, as in the previous

section, we find that

(gur = hv1)® + (gus — hva)® + (gus — hus)?

(5.17)
= (gug — hvy)® + (gus — hvs)® + (gug — hvg)?

so by Hua [32], Theorem 4, there are O(P7/?*¢) choices for u, and then x and y are
determined to O(P'*¢). The other case is identical, and thus Us < P3%/4+<,

(iv) Write d = (h, g), let 3 be a parameter at our disposal, and let U, denote the
number of solutions counted by Uso(P, R) for which

0 < |hg/d| < PP zy £ a5, and y # .

In this case, there are O(P5%4*+8) choices for the integer hg/d, whence by a divisor
estimate there are O(P%4+A+¢) choices for h and g. Trivially, there are O(P?) choices
for x, and then we have O(P'¥/4+¢) choices for u. Thus by applying Hua [32] to (5.17),
we see that there are O(P7/%*¢) choices for v, and then y is determined to O(P?).
Hence U, <« P05+,

(v) Now let v be a parameter at our disposal, write M = P*4*% and let Us be
the number of solutions counted by Us (P, R) in which

hg #0, |hg/d| > M, x1#x9, Y1 # Yo, (5.18)

and d = (h,g) < P7. As before, we assume that |h| > |g| and write " = h/d and
g = g/d, so that (h',¢') = 1. For any given d and |h/| > |¢'|, we divide both sides
of (5.17) by d*; then by Hua’s Lemma there are O((|h/|P)7/?*) possible choices for
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Xi,...,Xg, where X; = gu; — hv;. With X; now fixed and (A, ¢’) = 1, any two
choices for w; must be congruent modulo h’, so one has O(P/|h'|) possibilities for

each of uy,...,ug, and this determines v. Since x and y are then determined to
O(P*), we find that

U < > > > (hP)*(P/h)

d<PY 1<g<P/d h>max(g,M/gd)

< P19/2+s Z Z Z b 5/2+ Z Zh 5/2

d<P7Y \ g<(M/d)}/2 h>M/gd >(M/d)Y/2 h>g
< P/ Z Z (M/gd)_3/2+ Z 9_3/2
d<PY \g<(M/d)1/? g>(M/d)'/?
< plo/2+e Z ((M/d)_3/2(M/d)5/4—|— (M/d)_1/4)
d<Pv
<« PY/He)UA Z dV/t « pE-iGHO+ivte,
d<P”Y

(vi) Finally, let Us be the number of solutions counted by Uso(P, R) with (5.18)
and d > P7. Then for fixed d, there are (P/d)?* choices for h and g and P? choices
for x. Now on recalling (5.17), we see that there are O(P?"/4+) choices for u and v,
whence y is determined to O(P¢). Thus

Us < P4 N d72 < P/,
d>PY

To optimize the results of (v) and (vi), we set

3 5 3
2z -1 B
9+16 ﬁ+ 7 O+4 v,

which gives v = 22 + 15. Now on recalling (iv), we choose 3 so that

43 25 1

W=7 "3 9"

which gives 8 = 5. Hence Uss(P, R) < P19%35 and the lemma follows on recalling
(5.15). O

Before proceeding, we record an easy consequence of Lemma 5.3.1.

Lemma 5.3.2. One has

S95(P, R) < P¥ate,
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Proof. By Theorem 5.1, we have
|F(a)|®da < PP,
T4

Thus by applying the Cauchy-Schwarz inequality and Lemma 5.3.1 we obtain

2

1/2 1
S < ([ F@pia) ([ F@pPI@fda) < prie
T4 T4

on considering the underlying Diophantine equations. O]

We now proceed to estimate some higher moments.

Lemma 5.3.3. One has
S12(P, R) < P'tste,

Proof. By Cauchy’s inequality, we have Sy2(P, R) < P?Uy5(P, R), and the estima-
tion of Uy (P, R) proceeds almost exactly as in the proof of Lemma 5.3.1. The only
modifications are that we use Lemma 5.3.2 in place of Theorem 5.1 in the analysis
of case (i) and we replace the 6th moment estimates of P*3/4*¢ and P7/?*¢ by Hua'’s
8th moment estimate of P°*. Taking M = P%3 and v = 2/3 produces identical
bounds for the final three cases and hence gives an optimal result. O]

We remark that the argument of the preceding proof in fact shows that one
may replace Syo(P, R) by S24(P, R) in the statement of Lemma 5.3.3. Further, we
note that tiny improvements in the exponents of the preceding lemmata may be
achieved by using the results of Wooley [64], [71] in place of Vaughan [53], but such
improvements do not have significant consequences in the present application.

For higher moments, we apply the (single) efficient differencing procedure of
Chapter 3. Although our methods always allow us to take a few variables rang-
ing over a complete interval, we will often simplify by stating results for mean val-
ues in which all the variables are smooth. Thus we adopt the notation of writing
Ss(P, R) for Sso(P, R). Further, we say that A is an admissible exponent if one
has S,(P, R) < P**¢ where \, = 4s — 12 + A, and in this situation we call ), a

permissible exponent. To this point we have obtained the admissible exponents

A3:6, A425i

407

Ay =44, and Ag = 3%. (5.19)

207

The above method of generating admissible exponents becomes noticeably less
effective when s > 6, since the maximum savings of P? in estimating the number of

solutions of

3 3 3 3
WA =l Al
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is already achieved when ¢t = 4. Since the results of Section 3.5 are directly applicable
only for s > 11, we will need the following lemma to work out admissible exponents

when s lies in the intermediate range.

Lemma 5.3.4. One has
Seio(P,R) < PPS,(P,R) + PY¥/5t<S, | ,(P, R) + P3*t6t<g (P/6 R).

Proof. This follows on using Lemma 3.3.2 in the initial stages of the argument of
Lemma 3.5.1. [

We now apply Lemma 5.3.4 repeatedly to obtain admissible exponents A, for
7 < 5 < 12. First of all, by using Lemma 5.3.3 and making a trivial estimate, we see
that

Ss2(P, R) < p19+%+57
and using this together with Lemma 5.3.3 in Lemma 5.3.4 gives
Ss(P, R) < P2ts+e. (5.20)

Now using the Cauchy-Schwarz inequality to interpolate between S;o and Ss, we

obtain
S+(P,R) < (S12(P, R))?(Ss(P, R))V/? < PYtiste, (5.21)
Putting (5.20) and (5.21) into Lemma 5.3.4 now yields
So(P, R) < P*titste,
and this is used along with (5.20) to obtain
Sio(P, R) < PPOtsite,
Continuing the iteration, we find that
Si(P,R) < P*Feiste and  Spo(P,R) < P3THamte,
Thus we have the admissible exponents

A7 =37, As=2], Ag=2%

17 79 1602857 (5'22>
Ay = 25—4, A = 2@, Ajp = 304

Further admissible exponents can now be read off from Lemma 3.5.1. Namely, if
s > 11 and A, is admissible then the exponent A, o = A,(5/6)" is also admissible.
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5.4 Weyl Differencing

Here we obtain estimates for the modulus of the exponential sum F(a) when at
least one of the «; is badly approximated by rationals. In Section 4.2, estimates of
this type were obtained for f(a) by using the large sieve to relate the modulus of the
sum to known mean values. This treatment allowed us to obtain bounds of the form
P2o®)+e where o(k)~' =< k®logk, and for large k this is substantially better than
the exponential decay that results from Weyl differencing. For & = 3, however, we
are much better off applying a two-fold Weyl differencing procedure. For purposes
of application, it is useful to consider the slightly more general exponential sum

F(a; P,Q) = Z Z (ox® + an 2y + aoxy® + azy®).

1<2<P 1<y<Q

Lemma 5.4.1. Suppose that Q < P and that for some j there exist ¢; € N and
a; € Z with

(gj,a;) =1 and |gjo; —a;| < qj_l. (5.23)
Then one has
|F(a; P,Q)| < P***(q;" + P~ + ¢;P7%)"/".

Proof. First suppose that (5.23) holds with j = 0. Then by Weyl’s inequality (see
for instance Lemma 2.4 of Vaughan [55]) one has

[F(a; PQ)| < >

y<Q
< C)]leri-?<qal_i_Pfl_i_qOIDfS)l/ll7

Z e(apr® + a2y + aay?)

z<P

and the result follows. Note that if instead (5.23) holds with j = 3, then we obtain the
same conclusion simply by interchanging the roles of x and y in the above argument.
Now suppose that (5.23) holds with 5 = 1. Then by Cauchy’s inequality we have

2

[F@) < P)

y<Q

Z e(apr® + 2%y + apay?)
z<P

< Py (P + Y elao(32h + 3xh® + ) + any(2zh + h?) + oz2y2h)>
y<Q z,h

< P*+P Z Z e(ap(3z°h + 3xh® + h*) + cqy(2zh + h?) + aay®h),
y<Q z,h
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where the second sum is over x and h # O with1 <x < Pand 1—x < h < P—x, and
where we have abbreviated F'(a; P,Q) by F(a). Then on using Cauchy’s inequality

again we obtain

2

Fla)]* < PC+P*y°

z,h

Z e(ao(32%h + 3zh® + h®) + any(2xh + h®) + asy®h)

y<Q

< P+ P Z (P + Z e(arg(2zh + h?) + ash(2yg + gz))>

Y.9

z,h
< P4+ P* Z e(arg(2zh + h*) + aah(2yg + ¢%))
z,h,y,9

< P4+ P* Z Z Z e(2ayghz)|,

1<|hl,lg|<P yel(Q.g) |x€I(Ph)

where I(P, h) = [1, P|N[1 —h, P — h|. Thus on summing the geometric progression,
recalling a standard divisor function estimate, and using Lemma 2.2 of [55], we find
that

|F(o; P,Q)" < PT+QP* > min(P|20gh|™")

1<|hl,lgl<P

< P4+ QP* > min(P, [jayn|[™)

n<2pP?

< P4+ QP™ (¢ + P+ P,
whence
|F(a; P,Q)| < P** (g + P71+ ¢ P54,

Again, the same conclusion follows when (5.23) holds with j = 2 by repeating the
argument with the roles of x and y reversed. O

Next we record a consequence of the above lemma, which will be useful in our
application of the circle method.

Lemma 5.4.2. Let oy, ..., as be real numbers with the property that whenever there
evist ¢ € N and ay, . .., a3 € Z with (g, ap, . ..,a3) = 1 and |qa; — aj| < P°~3 one has
q > P°. Then whenever Q < P one has

|[F(a; P,Q)| < P20,

Proof. Let «y,...,as be as in the statement of the lemma, and write v = 6/4. For
each j, Dirichlet’s Theorem allows us to find ¢; € N and b; € Z with (¢;,b;) = 1 such
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that |gja; — bj| < P*7% and ¢; < P*7. If ¢; > P for some j, then the conclusion
follows from Lemma 5.4.1. Otherwise, put ¢ = [qo, . .., ¢3] and a; = b;q/q;. Then we
have (g, ag,...,a3) = 1 and ¢ < ¢;P* for each j and hence

oy —aj/al < ¢;' PP < g TP (05 <3)
and ¢ < P?, contradicting the hypothesis of the lemma. O]

5.5 The Circle Method

Now we are in a position to prove Theorem 5.2 by applying the circle method
along the lines of Section 4.6. The following lemma provides us with non-singular

local solutions to (5.2).

Lemma 5.5.1. If s > 14 and ¢4, ..., cs are non-zero integers, then the system (5.2)
has a non-singular real solution and a non-singular p-adic solution for all primes p.

Proof. After setting
y=--=y;=0, 2zg=---=2x14=0, and z; =y, =0 (1> 14),
the system (5.2) reduces to
3

01$1+"'+C7x$:0 and ng§’+"‘+cl4y%4zo'

By Baker [6], each of these equations has a non-trivial integral solution; suppose that

x and y are solutions with z; and y; non-zero. Then on writing
¢j<X; y) = Clxzi*jy{ 4.+ Csxiijg' (O < ] < 3>7

we have

det (8% op; Oy O

= (3crey)?ayy; # 0.

Thus (x,y) is a non-singular integer solution of (5.2), so it is non-singular in each
local field as well. O

By Lemmata 4.6.2 and 5.5.1, we may assume that the system (5.2) has a non-
singular real solution (n, &) with 0 < |n;],|&] < 5 for i = 1,...,s. For each i, we

write

nt=m+3nl and n; =n — (0l
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and
5¢+:fi+%\&\ and ff:@—%@\-

Now let P be a large positive number, put R = P7 with n < ng(¢), and let ¢4, ..., cs
be nonzero integers. Throughout this section, the implicit constants arising in our
analysis may depend on ¢,...,¢s and on the real solution (n,&). We define the

exponential sums
Fla)= Y 3 elalan® + aia’y + asay? + agy))
n; P<z<nfP ¢ P<y<¢iP

and

fila) = Z Z e(ci(aor® + ar1z’y + asry® + asy®)).

n; P<x<n P &7 P<y<&P
lz|[€A(P,R)  |y|€A(P,R)

Further, write s =t 4+ 2u 4+ v and define

t

Flo)=][File) and G(e)= [] file).

i=1 i=t+1
Finally, let
Ry(P)= | Fla)G(a)de,
T4

and observe that R(P) is a lower bound for the number of integral solutions of (5.2)
lying in the box [—P, P]*.

We dissect T* into major and minor arcs as follows. Let ¢ € N and § € (0, 1] be
parameters at our disposal, and define

M = U M(q,a),
1<ao,...,a3<q<cP?
(g,a0,...,a3)=1

where
M(g,a) = {a e T : |qa; —a;| < P°73 (0 <i <3)},
and put m = T* \ 9. It is easily seen that the 9(q,a) are disjoint.
As in Chapter 4, we further define the pruned major arcs by

n= U Naa),

1<ag;...,a3<g<W
(g,00,..,a3)=1

where W is a parameter at our disposal and
N(g,a) = {a € T : |a; —a;/q <K WP (0<i<3)}

The following pruning lemma is essentially Lemma 9.2 of Wooley [61].
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Lemma 5.5.2. If t > max(16, {2%), then one has

/ |Fi(a)|'de < P21
m
and

/ Fy(a)|'da < W P12,
M\N

for some o > 0.
Proof. We use Lemma 4.4.1 in the argument of Lemma 4.6.7. O

We are now finally in a position to derive a mean value estimate in which we

obtain the full savings of P'? over the trivial bound.

Lemma 5.5.3. One has

/ |F ()" f(a)|*da < PM.
’]I‘4

Proof. Dissect into major and minor arcs by taking = 3/4 and ¢ = 1 in the above
definitions. Then by Lemma 5.4.2 we have

sup |F(ar)] < Pt

acm

and by Lemma 3.5.1, together with (5.22), we see that the exponent
625 (5Y 51
ANpy=— (=] <—
DY (6) 64

is admissible. Thus by Lemma 5.5.2 and a change of variables we have
[ F@Is(@f e < P [ f@)tdacs P [ (F()] da
T4 T4 m
< PL0—gi+A e 4+ plio

and the result follows. O]

We are now ready to derive the lower bound for Rs(P). Take ¢t = 24, u = 16, and
v > 2, for a total of s > 58 variables, and further let 6 = 9/10 and ¢ = max |¢;|.

If a € m, then by the argument of Lemma 4.6.3 one sees that the hypotheses of
Lemma 5.4.2 hold with a replaced by c;a and hence

sup | Fj(a)| < P*0/16%<,

acm
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Moreover, the exponent

625 (5Y
Ag=— 1= 1.34
7 324 (6) <13
is admissible, and it is clear by considering the underlying Diophantine equations

that all the mean value estimates from Section 5.3 hold with f(a) replaced by f;(a).
Thus by Holder’s inequality we have

56 1/32
/ IF(a)G(a)|da < P48+2”—‘5+€H( Ifi(a)l?’Qda)
’]I‘4

1=25
<« Ppr-2-tliste o p2s—12-T

for some 7 > 0. Furthermore, after applying Holder’s inequality and making a change
of variables, we have by Lemmata 5.5.2 and 5.5.3 that

1/2 1/2
| 1@l < P (/ |F<a>|48da) ( If(a)|64da)
IM\N IMN T4

< P23712W70/27

and so it suffices to deal with the pruned major arc 1. But it follows immediately
from the analysis of Section 4.6 that

/]: a)da > P*712

provided that W is taken to be a suitably small power of log P. Finally, on recalling
the notation of Section 4.6 we have by the argument of Lemma 4.6.12 that

56 p2s—12
<H|fi<a>|>da<< —,

1=25

since v > 2. Thus on following through the corresponding argument in the proof of
Theorem 4.5, we find that L,(P) > P?*~'2 and this completes the proof of Theorem
5.2.

We remark that essentially the same analysis, modified along the lines of Section
4.5, may be applied to prove Theorem 7. In that argument, we may clearly take
v =0 and it follows that G7(3) < 56.
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ABSTRACT

Exponential Sums and Diophantine Problems

by
Scott T. Parsell

Chair: Trevor D. Wooley

This work is concerned with the theory of exponential sums and their application
to various Diophantine problems. Particular attention is given to exponential sums
over smooth numbers, ¢.e. numbers having no large prime factors.

As an application of the theory of exponential sums in a single variable, we
consider pairs of Diophantine inequalities of different degrees. Specifically, we show
that two additive forms, one cubic and one quadratic, with real coefficients in at
least 13 variables and satisfying suitable conditions, take arbitrarily small values
simultaneously at integer points. In fact, we obtain a quantitative version of this
result, which indicates how rapidly the forms can be made to approach zero as the
size of the variables increases. Moreover, we obtain a lower bound for the density of
integer points at which these small values occur.

We then proceed to study double exponential sums over smooth numbers by
developing a version of the Vaughan-Wooley iterative method. We obtain estimates
for mean values of these exponential sums, and these estimates are then used within
the fabric of the Hardy-Littlewood method to obtain a lower bound for the density
of rational lines on the hypersurface defined by an additive equation. We show that
one obtains the expected density provided that the number of variables is sufficiently
large in terms of the degree and that certain natural local solubility hypotheses
are satisfied. We also consider applications to a two-dimensional generalization of
Waring’s problem and to fractional parts of polynomials in two variables.

Finally, we refine the above analysis in the case of a cubic hypersurface to show
that the expected density of lines is obtained whenever the defining equation has at
least 58 variables. In the process, we obtain a result on the paucity of non-trivial

solutions to an associated system of Diophantine equations.



