ON PAIRS OF DIAGONAL QUINTIC FORMS

SCOTT T. PARSELL AND TREVOR D. WOOLEY

1. INTRODUCTION

The application of the Hardy-Littlewood method to simultaneous diagonal equations
provides a rare instance, in the investigation of diophantine equations, in which reasonable
bounds may be established for the number of variables required to guarantee the existence
of non-trivial integral solutions, subject only to local solubility conditions. Beginning with
work of Davenport and Lewis in the 1960s (see [9], [10]), workers have sought to exploit
developments in the circle method to reap improved conclusions for simultaneous diagonal
equations, and especially for pairs of such equations (see in particular [2]-[7] and [12]).
Oftentimes serious technical complications are encountered in such endeavours, and this
discourages widespread use of the new tools. Most recently, Briidern [3] has investigated
pairs of diagonal cubic equations in 14 variables, developing a p-adic iteration restricted
to minor arcs appropriate to this problem. Formidable technical difficulties permeate the
latter treatment, and the length and complexity of the associated exposition apparently
deterred application of this method to a related problem involving pairs of diagonal quintic
equations (see the preamble to Theorem 3 of Briidern [4]).

The purpose of this paper is two-fold. On the one hand, we exploit recent mean value
estimates for smooth Weyl sums due to Vaughan and Wooley [17] in an investigation of
the solubility of pairs of diagonal quintic equations. On the other hand, we seek to provide
a flexible alternative to the technically burdensome methods based on p-adic iterations
restricted to minor arcs. Our approach would appear to possess the same power as that
potentially attainable via the latter methods, yet is sufficiently simple that workers might
be tempted to apply it to related problems. In order to be more specific concerning the
central problem of this paper, let ¢q,...,c, and dy,...,ds be integers, and consider the
system of equations

Clx?+...+csx§:dlx‘;’—i—-n—}—dsxi:(). (1.1)

We seek to determine how large s must be to ensure the existence of a non-trivial integral
solution x to this system (that is, a solution x € Z*\ {0}).

Theorem 1. Suppose that s > 34, and that the system (1.1) possesses a non-trivial 11-
adic solution. Then the pair of equations (1.1) possesses a non-trivial integral solution.

One of the first results of this type was obtained by Cook [7], who established without
any local solubility hypothesis that the system (1.1) has non-trivial integral solutions
whenever s > 51. Assuming the 11-adic solubility of the system (1.1), Briidern [4] (see
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Theorem 3) improved this bound to s > 37 by employing mean value estimates of Vaughan
[14].  Although the latter bound could be further sharpened to s > 35 by routinely
exploiting recent work of Vaughan and Wooley [17] concerning Waring’s problem for fifth
powers, the conclusion embodied in Theorem 1 requires an altogether more sophisticated
strategy, and appears to be the best attainable in the current state of technology. We
remark that Cook [8] has shown that the system (1.1) has non-trivial 11-adic solutions
whenever s > 41, and has also shown that when p # 11, the existence of non-trivial p-adic
solutions is assured whenever s > 31. Finally, as is mentioned in Atkinson and Cook [1],
it is a simple matter to construct examples of the type (1.1) with s = 30 that fail to
possess non-trivial 11-adic solutions.

In the crudest approaches to problems of the type discussed above, estimates of Weyl-
type for exponential sums compensate for deficiencies in the available mean value esti-
mates, and hence permit an application of the Hardy-Littlewood method via a traditional
division into major and minor arcs. When such an approach fails, recent “efficient dif-
ferencing” methods for estimating mean values of exponential sums over complete unit
intervals sometimes fail to establish the desired conclusion by only the narrowest of mar-
gins. Efficient differencing may nonetheless be attempted in such situations, but now
one seeks to restrict the mean value to a set of minor arcs. First applied by Vaughan
[13] in work on sums of cubes, it is this approach that Briidern applies in his impressive
tour-de-force [3] devoted to pairs of diagonal cubic equations. Such a strategy entails
laboriously tracking the whereabouts of the minor arcs through myriad changes of vari-
able, and requires an arsenal of precise estimates essential for delicate pruning analyses.
Instead of diving into the technical morass of differencing on minor arcs, we exploit the
marginal failure of conventional efficient differencing through an alternative mechanism.
Given a pair of equations (1.1) in 34 variables, we apply an efficient differencing process
to a mean value, over the complete unit square, involving a 33.998th moment of quintic
exponential sums. Drawing inspiration from work of Wooley [19] devoted to fractional
moments of smooth Weyl sums, this task proves to be relatively straightforward. Our
estimate for this mean value scarcely misses the expected (best possible) upper bound,
and moreover a small fraction of an exponential sum remains with which to gain addi-
tional cancellation on the minor arcs. Indeed, equipped with the fractional moment just
alluded to (see Theorem 2.1 below), it now suffices to apply a crude approach similar to
that discussed earlier. We emphasise here the overwhelming simplifications achieved by
integrating over a complete unit square in the differencing process, and those achieved by
aiming for a slightly imprecise upper bound, over the corresponding complex and delicate
analysis required by restricting oneself to minor arcs (as in Briidern [3]).

We begin by establishing our fundamental mean value estimate in §2 using the ideas
alluded to above. In §3, we make some simplifying reductions and then describe our
approach to the theorem via the Hardy-Littlewood method. With the mean value estimate
of §2 in hand, we are able to deal with the minor arcs in a routine manner in §4. As we
are forced to handle a relatively thick set of major arcs, the pruning operation undertaken
in §5 is not without its technical hurdles. Yet, once these obstacles have been negotiated,
we are able to perform the usual end-game analysis in §6 with few unexpected difficulties.

Throughout, the letter ¢ denotes a sufficiently small positive number. We take P to
be the basic parameter, and this is always presumed sufficiently large in terms of €. The
implicit constants in Vinogradov’s well-known notation, < and >, depend on & and
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the coefficients of implicit diophantine equations, unless otherwise indicated. When =
is a prime number, we write 7"||n to denote that 7"|n but 7"*!fn. Finally, we adopt
the convention that whenever € appears in a statement, either implicitly or explicitly,
then we assert that the statement holds for each € > 0. Note that the “value” of e
may consequently change from statement to statement, and hence also the dependence of
implicit constants on €.

2. AN AUXILIARY MEAN VALUE ESTIMATE

The relative ease with which we establish the central conclusion of this paper is a
consequence of a sharp estimate for a certain fractional moment of quintic Weyl sums.
By employing an efficient differencing process related to that applied in Wooley [19], we
are able to difference four complete Weyl sums in a mean value including somewhat fewer
than 34 exponential sums. Before describing our conclusions in detail, we require some
notation.

Consider fixed integers A, B, a, b, ¢ and d with the property that A > 0, B > 0, ad # 0
and ad — bc # 0. We take n to be a small positive number, and P to be a positive number
sufficiently large in terms of n, A, B, a, b, ¢ and d. Write

M=P/" Q=PM', H=PM™® and R=DP" (2.1)

As usual, we write e(2) for €22, When k is a natural number, we write

Fe(0) = ) e(62). (2.2)
(o)1

Also, when X and Y are positive numbers, we define the set of Y-smooth numbers not
exceeding X by

AX,Y) = {n € [L,X]NZ:pln=p <Y},
and then define
FO)="Y_ elby). (2.3)
yEAQR)
When («, 3) € [0,1]%, it is convenient to define A; = Ai(, 3) and Ay = Ay(a, 5) by
Ay =aa+ b6 and Ay = ca+ dfB. Finally, for 0 <t < 1, we define the exponential sum

F,B)= > |F(Aa)F(BB)PIf(Mp®) f(Aap®)| 7, (2.4)
M<p<2M
p=—1 (mod 5)

where here and throughout, the letter p denotes a prime number.
Our objective in this section is the proof of the estimate contained in the following
theorem.

Theorem 2.1. Suppose that t is a real number with 0 < t < 1073, Then whenever n > 0
18 sufficiently small, one has for each positive number e the estimate

// Fila, B) dadB < MP°Q* 2"

[0,1]2
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Before launching our proof of Theorem 2.1, it is useful to establish some preliminary
estimates that ease our subsequent discussion. We begin by recalling some mean value
estimates of Vaughan and Wooley [17].

Lemma 2.2. When s =7,8,9, one has

1
/ ’f(e)‘Qs do < Q2575+A5’
0
where A7 = 0.272729, Ag = 0.077363 and Ag = 0.

Proof. These estimates are immediate from the tables on page 236 of [17]. O

Following the execution of our differencing procedure, we obtain the exponential sum

p° 2
_ cO+7¢

Gi(0;p;C) =p~° Y |F, (%) (2.5)

=1 p

We require an estimate for the related exponential sum
Fro)= > Gi(6;p;0) (2.6)

M<p<2M
p=—1 (mod 5)

valid for C' = A or B, and valid uniformly for 6 € [0, 1). In order to describe this estimate,
we require some further notation. We put ¢ = 10° max{A, B} and then define the set of
major arcs N to be the union of the intervals

M(g,r) ={0 € [0,1): |¢f —r| < cT'PQ™"},
with 0 <7 <¢g<c¢'Pand (r,q) = 1. We also set m = [0,1) \ 9. We write
®(z,h,p) = p~°((z + hp°)” = (= = p°)?),
and then define

7(q, 7, h,p) =

wzq:le (g@(w,h,p)> '

Also, we define the function Ax(0) for 6 € [0, 1) by taking

Pq'7(q,Cr, h,p) ’
Aoll) = Z (Z (1+]0—r/q!hP4)1/4> ’

M<p<2M \1<h<H

when 6 € M(q,r) C M, and otherwise by taking Ax(6) = 0.

Lemma 2.3. When C = A or B, the estimate F(0) < P> M + Ac(0) holds uniformly
for 6 €[0,1).

Proof. Suppose that C'is either A or B, and let p be a prime number satisfying M < p <
2M and p = —1 (mod 5). Then in view of (2.1), and our assumption that P is sufficiently
large in terms of A and B, one has p > max{A, B}, whence p does not divide AB. Then
we may apply the argument on page 46 of Vaughan and Wooley [16], leading to equation
(4.14) of that paper, to conclude that

1G1(0;p; O)| < P+ [GR(C0)], (2.7)
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where

GO = > > e(27°6d(z,h,p)). (2.8)
1<h<Pp=5 hp®<2<2P—hp®
z=h (mod 2)

Further, on applying Lemma 4.1 of Vaughan and Wooley [16], we derive the estimate

1G1(6; p; C)| < P + (log P)G,,(C0), (2.9)
where
G (&) = Z sup Z e(27°€® (2, h,p) +72)| . (2.10)
1<h<m V€0 |1<Z<op

We first obtain an estimate of major arc type for the exponential sum defined in (2.8).
By applying essentially the same van der Corput analysis as was used in the proof of
Lemma 4.7 of Vaughan and Wooley [17], one finds that when C' = A or B, and 6 €
M(q,r) C M, one has

Pq'7(q,Cr, h,p) 3
G,(CH ek R Hg?4re, 2.11
GO < D, o= r/alipiy T (211)

1<h<H

Here we note that the restrictions on the variable z imposed in (2.8) are easily accom-
modated within the latter argument (the reader may wish to compare the situation here
with that in the proof of Lemma 4.3 of Vaughan and Wooley [16]). On recalling (2.7), we
therefore conclude from (2.1), (2.6) and (2.11) that whenever 6 € 91 one has

F(0) < Ac(8) + M(P + HP¥**%)? < Ac(0) + P>M. (2.12)
We next observe that one may treat the exponential sum
FrO)= > |GyCo)P (2.13)
M<p<2M

by using a refined differencing argument similar to that applied in §§2 and 3 of Vaughan
[14] to the exponential sum

B = > > Y e(0d(z,h,m)).
M<m<MRI1<h<H 1<z<2P

Following an application of Cauchy’s inequality, the differencing process removes the
implicit supremum over v in (2.10) and hence gives the bound

FrO)<H > > > > e(27°COD (2, h, ha,p))|

M<p<2M 1<h<H 0<hy<2P |1<z<2P—hs
where
®y(2z,h, he,p) = ®(2 + ho, h,p) — (2, h, ).
Thus, in a manner resembling the derivation of equation (2.37) of Vaughan [14], and

imitating the argument leading to equation (3.1) and Lemmata 3.1 and 3.2 of Vaughan
[14], we obtain

FH(0) < MH?*P3? + MY2H32PY2 FiH(0)]Y2, (2.14)
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where Fj3 (6) is bounded in the shape
|F5(0)]* < D(0)E(0) (2.15)

for certain exponential sums D(#) and E(6). Here, it suffices for us to note that whenever
0 —r/q] < q % and (r,q) = 1, the exponential sum D(f) satisfies

PAH
q+QP|qt — 1|

and, whenever M° < X < QM5 (r.q) = 1, ¢ < X and |0 — r/g] < ¢ 'X", the
exponential sum F(f) satisfies

D(0) <« P? ( +P3H+q+Q5lq9—r]) , (2.16)

P2HM?
(q+@Q°[qf —r[)'/®

We remark here that the constant C' in (2.13) is absorbed within the argument of the
proofs of Lemmata 3.1 and 3.2 of Vaughan [14].

Suppose that # € m. By Dirichlet’s Theorem, we may choose r € Z and ¢ € N with
(r,q) =1,q < cP7'Q° and |gf —r| < ¢7'PQ~>. By the definition of m, one has ¢ > ¢! P,
and so it follows from (2.1) and (2.15)—(2.17) that

E(0) < P° ( + PQHM) : (2.17)

|F3+(9)| < PE(P3H+P*1Q5)1/2(P9/5HM2 +P2HM)1/2 < P5/2+6HM1/2,
whence by (2.14),
sup Fl-f-(‘g) < P3/2MH2 +P7/4+6M3/4H2 < P7/4+6M3/4H2.

fem

In view of (2.6), (2.9), and (2.13), we therefore deduce that
sup Fy(0) < P*M + P73/ H?,

fem

whence by (2.1) we obtain

sup Fy(0) < P*™M. (2.18)
0cm
The conclusion of the lemma is immediate on combining (2.12) and (2.18). O

We augment the previous estimates with a final mean value estimate that provides, in
essence, a major arc bound.

Lemma 2.4. Suppose that u > 5/2 and C' = A or B. Then one has
1
/ Ac(0)[" d6 < PF(P2H2M) Q.
0

Proof. This estimate follows by applying the argument of the proof of Lemma 4.10 of
Vaughan and Wooley [17]. One has merely to note that the function Aq(6) defined above
carries all the variables save p with twice the weight appearing in the corresponding
expression in the latter lemma, and that the constant C' affects only the implicit constant
in the claimed upper bound. O
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The moment has arrived to unleash our forces on the proof of Theorem 2.1. We begin
by extracting the efficient difference, and here we follow a routine originating in work of
Vaughan [13] and applied in a situation similar to that at hand in Wooley [19]. Suppose
initially that p is a fixed prime number with M < p <2M and p = —1 (mod 5). Write

£uo) = [ [ 1,040 B, (BO) P15 (1) (") e,
[0,1]2

By a change of variable, one finds that
p10 // | Fy( Aap™® (Bﬁp75)|2|f(A1)f(A2)|157tdozdﬁ,

[0,p%]2

But A (a, 8) and As(a, 3) are linear forms in o and § with integral coefficients, so by the
periodicity modulo 1 of f (f) with respect to 6, one finds that

o (25 (25

_ / Gy (o p; A)G1 (B: pi B)| f () f(A9)|™ 3, (2.19)

(0,1]?

710

(A1) f(A2)[ P dardp

ulvl

where G (0;p; C) is the exponential sum defined in (2.5).
Observe next that on recalling (2.6), an application of Cauchy’s inequality reveals that

Y Gilasp; A)Gi(B;p; B) < (Fy(a)F7(5))"*.
p=1 (mod 5

By Lemma 2.3, therefore, we deduce that
> Gilasp; A)Gi(B;p; B) < (P*°M + Ayu() (PP M + Ap(B))'/*.

M<p<2M
p=—1 (mod 5)

Thus, on substituting into (2.19) and recalling (2.4), we conclude that

/ Fi(a,B)dadB < PP MI, + P MY?(I, + I3) + I, (2.20)
[0,1]2
where
= [ [ 150> dads (2.21)
[0,1]2
I, = // Aa()Y?f(A) f(A) [Pt dadp, (2.22)

Iy = // (B)V2F(AL) F(A)|P~t davd3, (2.23)

[0,1]?



8 S. T. PARSELL AND T. D. WOOLEY

and
14:/ AA()2AR(B)Y2)f(Ar) f(A2) [Pt dadp. (2.24)

[0,1]2

The integral [ is easily disposed of by an application of Lemma 2.2. Since the linear
forms A; and A, are linearly independent, we may combine a non-singular change of
variables in (2.21) with Holder’s inequality to deduce that

< [fironor fd&dc<(/ fa |14da) (/01|f(5)|16d6)

[0,1]2
< (Q9.272729) 1+t (Q11.077363) 1—t'
Consequently, on recalling our assumption that 0 <t < 1073, we find that
[1 < Q20.3503—2t' (225)

We estimate the integral I, by applying Holder’s inequality once more. Thus, from
(2.22) we obtain

1-t

3/5—t B
L ( s |fA)l) BPRETOLOR, (2.26)
(a,3)€[0,1)2
where
I = / / Aa(@)2] f(As)[ devdB, (2.27)
[0,1]2

Is = / If(A)®f(A2)®|dadB and I; = /yf DB f(A) M| dadB.
[0,1 [0,1]2

By a change of variables, we again deduce from Lemma 2.2 that

o< ([ 1st@san) ([ 1smas) < grrom (229)
b ([ @) ([ iopas) < g (220)

Also, by another change of variable, our assumption that d # 0 leads to the identity

/|f )[9d5 = /|fd6|16dﬁ /|f B)I%dp.

Thus we deduce from (2.27) and Lemmata 2.2 and 2.4 that

and

[5 < Q11.077363/ AA(O&)S/QdCK < Ps(pQHQM)5/2Q6'O77363. (230)
0

On substituting (2.28)—(2.30) into (2.26), and employing a trivial estimate for f(A;), we
find that

IQ < Pe(P2H2M)1/2Q20'17515_2t. (231)
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Here again we make use of the assumption that 0 < ¢ < 1073,
Plainly, on interchanging the roles of @ and 3, and of A and B, in (2.23), the argument
applied in the previous paragraph establishes in like manner that

1'3 < ps(PZHQM)1/2Q20.1751572t' (232)
Finally, applying Holder’s inequality yet again, we find from (2.24) that
3/5—t
L (s |FANF)) T R, (2.33)
(a,B)€[0,1]2
where
fe= [[Ga@au) " dads 1= [[1ranrao®dads
[0,1]2 [0,1]2

By a change of variables, Lemma 2.2 on this occasion leads to the estimate

e ([ i) ([ o) < o (230

On the other hand, by Lemma 2.4, one has

Is < (P*(P*H>M)*?Q7%)* < P (P2 H>M)°Q"". (2.35)
Thus, on substituting (2.34) and (2.35) into (2.33), we arrive at the estimate
I, < PPPEHPMQ* 2 (2.36)

We now combine the estimates (2.25), (2.31), (2.32), (2.36) and (2.20) to find that

/ Fila, B) dadf < p2te g (Q20.3503—2t + QT2 H2Q20—2t) .
[0,1]2

On recalling (2.1), the desired conclusion

/ Fila, B) dadB < MPe°Q* 2
[0,1]2
follows with a modicum of computation.

Before departing this section, we record a further auxiliary estimate of use in the pruning
argument described in §5. As an analogue of the exponential sum F;(«, ) defined in (2.4),
we now write

Fla.®)= > [F(Ad)PIf(Mp®) f(Aop”)[ . (2.37)
M<p<2M
p=—1 (mod 5)

Lemma 2.5. Suppose that t is a real number with 0 < t < 1073. Then whenever n > 0
18 sufficiently small, one has the estimate

/ Fila, B)dadB < PMQ®1T2,

[0,1]2
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Proof. We apply the argument underlying the proof of Theorem 2.1, making simple mod-
ifications as needed. Suppose first that p is a fixed prime number with M < p < 2M and
p = —1 (mod 5), and write

Lip) = / (Ey(A)PIf (M) f (Aop®) [ da dB.

[0,1]2

As in the argument leading to (2.19), a change of variables leads to the identity

D = [[ Gl Al A FA > dads (2.39)

[0,1]2
But an application of Cauchy’s inequality reveals that

> Gilasp A) < MVPF ()",

M<p<2M
p=—1 (mod 5)
whence by Lemma 2.3 we obtain
Z Gi(a;p; A) < PYM + M1/2AA(04)1/2.
M<p<2M

p=—1 (mod 5)

On substituting into (2.38) and recalling (2.37), we deduce that

/ Fila, B)dadB < PYMI, + MYV,

where I; and I are defined, respectively, in (2.21) and (2.22). We therefore conclude from
(2.25) and (2.31) that

/ -7:t da dﬁ < p1+6MQ20.3503—2t + P1+€HMQ20.17515—2L“

The conclusion of the lemma now follows from (2.1) with a smidgen of computation. O

3. PRELIMINARIES TO AN APPLICATION OF THE CIRCLE METHOD

Before applying the circle method to prove Theorem 1, we need to eliminate some
relatively simple cases. First of all, we may clearly suppose in (1.1) that for each i at least
one of ¢; or d; is non-zero. Further, we may assume that s = 34, since any superfluous
variables may be set to zero at the outset. Next we need some information about the
number of distinct coefficient ratios ¢;/d; present in (1.1).

Lemma 3.1. If there is an extended real number r such that ¢;/d; = r for 16 or more
values of i, then the system (1.1) has a non-trivial integral solution.

Proof. If some ratio r is repeated 16 or more times, then we may assume by relabelling
that ¢;/d; = r for 1 < i < 16. But then by taking a linear combination of the two
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equations, we find that the system (1.1) is equivalent to the new system
Clx? + e _}_0171'?7 + e —}-6341‘34 e O7

3.1
D17l'51)7 —f- s+ D34ZE§4 = O, ( )

where D; = dy¢; — ¢1d; for 17 < i < 34. From Gray [11], one knows that for every prime
p, any diagonal quintic equation in 16 or more variables necessarily possesses non-trivial
p-adic solutions. It therefore follows from the fifth power technology of Vaughan and
Wooley [17] that a single additive equation in 17 or more variables is non-trivially soluble
over the integers. Thus we can find yq7,...,yss € Z, not all zero, such that

Dizyir 4 -+ + Dyay3y = 0.
Moreover, if we let Ci7 = ci7yf; + - - - + 3493, then we can find integers z1, ..., 217, not
all zero, satisfying
12 + -+ cipzng + Crrzi, = 0,
and it is easy to see that x = (21,..., 216, 217Y17, - - - , 217Y34) 1S & non-trivial solution of

(3.1). This completes the proof of the lemma. O

For each i, write r; = ¢;/d;. Tt is immediate from Lemma 3.1 that there are at least
three distinct values among rq,...,7r3;. We may therefore rearrange variables in such a
way that 1 # o and r3 # r4. Since we then have cidy # cody, it follows by taking linear
combinations of the two equations that (1.1) is equivalent to a system of the form

clx? + c3x§ + 041'2 + -+ 034x§4 =0,

doxh + dsx) + dya’ + - - - + dsya, = 0,
where c¢1dy # 0. We therefore assume from now on that ¢, = d; = 0. After replacing one
or both of z; and x5 by —x; and —ux», if necessary, we may further assume that ¢; > 0
and dy > 0.

In our application of the circle method, we will be concerned with the linear forms
Suppose that 1 <i < j <4 and 5 < k < 34. It is clear that whenever r; # r; we can
write

Ve = UKYi Uk (3.2)

for some uy, v, € Q, but we would often prefer to be able to take uy, vy, € Z. To this end,
we write

D= H ’Cidj — dei’
1<i<j<4
AT
and make the change of variables zy — Dz (5 < k < 34). Then we may replace the
coefficients ¢; and dj, by D°c, and D°dy, and this ensures that in (3.2), one may take
U, Vi € 7.
Finally, we need to consider some local solubility issues. Since ry # ry, the linear system

121+ -+ cgursa = dizy + -+ dggzgs =0 (3.3)
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has a 32-dimensional space of real solutions. But for each i, the space of solutions with
z; = 0 has dimension 31, since there are at least three distinct values among rq,. .., 3.
Hence there is a real solution (z1,...,234) to (3.3) with no z; equal to zero, and a real
solution n = (11,...,7m34) to (1.1) is now obtained by taking fifth roots. Moreover, by
replacing x; by —z; if necessary, and hence (¢;,d;) by (—¢;, —d;), we may assume that
1; > 0 for each ¢, and by homogeneity we may further assume that n; < 1 for each .
Notice that our earlier assumption that ¢; > 0 and d2 > 0 may be preserved here by
replacing (c,d) by (£c, £d), for a suitable choice of signs. Clearly, such an 1 provides a
non-singular real solution to the system (1.1).

With regard to p-adic solubility, we know from work of Cook [8] that the system (1.1)
has a non-trivial p-adic solution whenever p # 11. Since 11-adic solubility is imposed as
a hypothesis in Theorem 1, we may henceforth assume that (1.1) has a non-trivial p-adic
solution for each prime p. Moreover, the argument of Davenport and Lewis [9], pages
114-115, shows that the latter implies the existence of a non-singular p-adic solution for
each prime p, provided that every form in the pencil of the two forms in (1.1) explicitly
contains at least 16 variables. However, if this latter hypothesis fails to hold, then a
simplified version of the argument used in the proof of Lemma 3.1 may be applied to
produce a non-trivial rational solution to the system (1.1).

For future reference, we summarize the results of this section so far in the following
lemma.

Lemma 3.2. Suppose that the conclusion of Theorem 1 holds when all of the conditions
(i)-(iv) below are satisfied. Then the theorem holds in general.
(1) One has s = 34, Cy = d1 = 0, Cl,dg > 0, and C3d4 — C4d3 7& 0.
(ii) Fach distinct ratio r; = ¢;/d; (in the extended real numbers) occurs for at most 15
different indices 1.
(iii) For each k with 5 < k < 34 and all i and j with 1 < i < j <4 and r; # r;, there
exist integers uy and vy such that v, = upy; + vy
(iv) The system (1.1) has a non-singular p-adic solution for every prime p and a non-
singular real solution m with 0 < n; < 1 for each i.

Assuming from now on that conditions (i)—(iv) of Lemma 3.2 are satisfied, we are now
ready to describe our strategy for proving Theorem 1. Recall the definitions of F,(6) and
f(0) from (2.2) and (2.3). When 9B is any measurable subset of the unit square [0, 1)
define

N®B) = ) // () -+ Fp(va) F(0°5) - - - f (°y34) dax dPB. (3.4)

M<p<2M
p=—1 (mod 5)

Further, let N(P) denote the number of solutions of the system
arh + -+ ez + P (esyl + -+ eaayly) =0, (35)
dyxf + -+ dyx + p°(dsyl + - + daayy) = 0, '
with
1<z; <P (1<i<4), y; € AQ,R) (5b<j<34),

M <p<2M, (p,rix97314) =1 and p=—1 (mod 5).
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Notice that by orthogonality one has N(P) = N([0,1)?). We aim to establish the expected
lower bound N(P) > MP~%Q*(log P)~! by an application of the Hardy-Littlewood
method. Since every solution of (3.5) automatically satisfies (1.1), this conclusion suf-
fices to prove Theorem 1. We complete our initial skirmishing by describing the Hardy-
Littlewood dissection underlying our application of the circle method. Write § = 1/100,
and define the major arcs 91 to be the union of the intervals

M(q,a,b) = {(a, B) €[0,1)*: |ga — a| < P°Q7° and |¢B — b| < P°Q7°}, (3.6)

with 0 < a,b < ¢ < P°M® and (q,a,b) = 1. Tt is clear from (2.1) that these intervals are
pairwise disjoint. Further, write m = [0, 1)?\90 for the minor arcs. We remark, as will
become apparent in due course, that while this set-up allows the minor arcs to be handled
rather easily, the treatment of the major arcs entails a non-trivial pruning process.

4. THE MINOR ARCS

The estimation of the minor arc contribution A (m) is easily accomplished with the aid
of Theorem 2.1, and so we sally towards the desired estimate

N(m) < MQ* P57, (4.1)

for some positive number v, without further comment. First of all, it is easy to deduce
from condition (ii) of Lemma 3.2 that there is a partition P of the set {5,6,7,...,34}
into 15 two-element blocks, with the property that {k, ¢} € P = r; # r,. Hence by using
the trivial inequality

|Zl"‘Zn| S |Zl|n+"'+ |Zn|n,
one finds that
1F(ys) - FPP)l < > 1F 0P F(0° )l

5<k<(t<34
TRFETY

It therefore follows from (3.4) that for some k and ¢ with ry # ry one has

Nm< 3 // Ey() - By || f (0%) () B,

M<p<2M
p=—1 (mod 5)

and, by interchanging the roles of k and ¢ if necessary, we may suppose that c,d, # 0.
When 9B C [0,1)? and t is a real number with 0 < ¢ < 1, write

Now®) = 30 // Fy ) B0 PGP f 0 dads (42)

M<p<2M
p=—1 (mod 5)

and

N = 3 /rF ) Fy ) PP f P[Pt dads. (43)

M<p<2M
p=—1 (mod 5)

Then after two applications of the Cauchy-Schwarz inequalities, we find that

N(m) < Noo(m)2N1 ([0, 1)3)2, (4.4)
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Now by condition (iii) of Lemma 3.2 we can write

Ve = ukYs + opya and v = ueys + vea
for some integers wuyg, vy, uy and vy. Moreover, a simple calculation shows that

crdy — dicy

40,

URVy — VpUg =
c3dy — dscy

so that on making the change of variables («, 3) — (73,74) in (4.3), we find that Theorem
2.1 applies (with £ = 0) to show that

Nio([0,1)?) < MQ* P5, (4.5)

It therefore suffices to bound Njo(m), and for this we require an estimate of Weyl-type.
Although bounds of somewhat higher quality may be obtained by working harder, the
following estimate is adequate for the purpose at hand.

Lemma 4.1. For every integer p with M < p < 2M, one has

sup | f(p°ve) f(p°ve)| < Q°77,

(a,8)EM
where 0 = 3 x 107°.

Proof. Suppose that (a,3) € m. By Dirichlet’s Theorem, there exist integers ag, as, g
and ¢ satisfying (g, ax) = (qe, a¢) = 1,

1< qe,qe < QP2 |pPPweqr — ax| < PP2Q™° and  [pPyeqe — af) < P°2Q7°.

On applying Lemma 3.1 of Wooley [20], and making use of Lemma 2.2 above, one obtains
the estimate

FP) < Q7 (g7 + Q772 + Q") (i =k, 0). (4.6)
Write
A = cpdy — cody, and  C = 8(|ex| + |col)(|di| + |de])| Al

If g, > C~'P%2 or ¢y > C~'P%?, then the lemma follows at once from (4.6). Suppose,
on the other hand, that ¢, < C~'P%? and ¢, < C~'P%? and write ¢ = |A|qeqep®. Then
since

a = A" (yede — yedy) and B = AN ey — com),
we find that
ol = llaraep” (vede — vedi)|| < |delqellarp® vl + |dlarllaep®yel] < P°Q,

and similarly for ||g3||. Thus, on noting that ¢ < P°M?®, we obtain a contradiction to our
assumption that («, 3) € m, and this completes the proof of the lemma. O

We can now complete our analysis of the minor arcs. Let t and o be positive numbers
with ¢ < 1072 and ¢ < 3 x 107°. By applying Theorem 2.1 and Lemma 4.1, one finds
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that

Noo(m) < (| max - sup 17(5%) f0)l)

M<p=2M (a,p)em

. / / > BO)E) P f (0 )| dads

M<p<2M
p=—1 (mod 5)

< Qt(Q—U) MQ30_2tP6_6.

[0,1]2

Thus we obtain
Noo(m) < MQ*° P67, (4.7)

for some positive number 7, and on recalling (4.4) and (4.5), one arrives at the desired
conclusion (4.1).

5. PRUNING THE MAJOR ARCS

Although we have precise knowledge concerning the asymptotic behavior of the ex-
ponential sums F,(7;) throughout the set of major arcs defined by (3.6), such detailed
information for the sums f(p°y;) is currently available only on a much thinner set. We
must therefore perform a substantial amount of pruning. Specifically, we let L = (log P)?,
and define 9 to be the union of the intervals

N(q,a,b) = {(a,3) € [0,1)* : |a —a/q] < LP~® and |3 — b/q| < LP~°}, (5.1)

with 0 < a,b < ¢ < L and (¢,a,b) = 1. Also, we take n = [0,1)?\0M. We aim to show
that

NN < MP5Q* (log P) ™" (5.2)

for some positive number 7. In order to establish this bound, we first apply Cauchy’s
inequality as in the argument at the beginning of §4, thereby obtaining

N (M) < Ny oI\ ([0, 1)2)1/2,

where No; and N;; are defined as in (4.2) and (4.3), and where the indices k and ¢
occurring in those definitions satisfy r, # r,. But by making the change of variables
(o, B) — (73,74) in (4.3), just as in the argument leading to (4.5), we find that N7 o([0,1)?)
is transformed into a mean value of the shape (4.2), and moreover the coefficients of the
generating functions in this new mean value satisfy the same hypotheses as those imposed
on the corresponding coefficients in (4.2). With a modicum of contemplation, therefore,
one finds that whenever one can establish the estimates

Noo([0,1)%) < MP79Q*(log P)™'  and Ny o(9\M) < MP°Q*°(log P)™'"7, (5.3)

for some positive number 7, with sufficient uniformity in the underlying coefficients, then
the estimate

Nio([0,1)?) < MP=°Q»(log P)~,
and hence also (5.2), will follow immediately. In the remainder of this section we estab-

lish the desired estimates (5.3) with the claimed uniformity, and hence achieve the hard
pruning required to complete the analysis of the major arcs.
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We begin by considering the major arc approximations to the functions F,(;), and this
requires some notation. When 1 < < 34, write

q

Si(q,a,b) = Z e((cia + d;b)r®/q), (5.4)
Si(q,a,b;p) = Si(q,a,b) — p~1S;(q, ap®, bp°), (5.5)

and
w6.GB) = [ ellag +dicr) (5.6)

We define the function =;(p) = Z;(a, §; p) for (o, 3) € [0,1)? by taking
Zi(a, B;p) = ¢ ' Silg, a, b p)vi(e — a/q, B — b/g; P),
when (o, 5) € M(q, a,b) C M, and otherwise by taking Z;(cv, §;p) = 0.

Lemma 5.1. When p is an integer with M < p < 2M and (o, 3) € M(q, a,b) C M, one
has

|Fy(vi) — Ei(e, B;p)| < ¢°(q + P°lga — a| + P®|qB3 — b])Y/2.

Proof. When (a, ) € M(q,a,b) C M and M < p < 2M, it follows from Theorem 4.1 of
Vaughan [15] that

F(v)= Y ellca+diB)a®) — D elp’(cia+diB)y)

1<z<P 1<y<P/p

= ¢ 'Si(q,a,b)vi(a — a/q, B = b/q; P)
— ¢ 'Sig, ap®, bp°)ui(p°(a — a/q), p°(B — b/q); P/p)
+O(¢°(q + P°|qa — a| + P°|qB8 — b])"/?).

But a change of variables demonstrates that

vi(p’€, G B) = p~ i€, G pB), (5.7)
and the lemma now follows on recalling (5.5). O

As our first step in the pruning procedure, we replace the exponential sums F,(7;) by
their major arc approximations Z;(«, 3;p). In this context, when ¢ is a real number with
0<t<1and®B C|[0,1)% we write

No(B) = > //\El(a,B;p)Ez(a,B;p)IQ\f(pSVk)f(pSVz)!15tdozdﬂ-
e s B

Lemma 5.2. Suppose thatt is a real number with 0 < t < 1073, Then whenever B C N,
one has

Nou(B) = NGy (B) + O(MP7Q™™™),

for some positive number 7.
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Proof. Suppose that («, 3) € M(q,a,b) C M. Then by Lemma 5.1, we have the estimate
|Fy(7:) — Eile, B p)| < PPMP? (i =1,2).
On substituting into (4.2), we find that
Not(B) — NG, (B)] < PYMYTy + P M (Ty + To),

where

L= Y [l tdads
M<p<2M (5 1y

and for i = 1,2, we write

S // 1By (30) P (7P30) £ (5P [ dB.

M<p<2M

p=—1 (mod 5) (0,1}

A change of variables reveals that

< M / / FE)F(Q)15 " de dC.
0,12

Thus, as in the argument leading to (2.25), we find that
Ty < MQ23303-2t

On the other hand, since ¢3 = d; = 0, it is apparent that 7; (i = 1,2) is a mean value of
the type estimated in Lemma 2.5, whence

t]'i‘ < PMQ20.3517—2t (Z — 17 2)
We therefore conclude that
NoA(B) — N, (B)| < PRMILQ0-3503-2 | pl+26 ) 6()20.3517—21
» 0,t 9
and the desired conclusion follows from (2.1) with a smattering of computation. O
Lemma 5.3. Suppose that t is a real number with 0 <t < 1073, Then for each positive

number €, one has
5([0,1)?) < MPe0Q3~2,

Proof. Under the hypotheses of the lemma, Theorem 2.1 shows that Ny.([0,1)?) <
M P=5Q30=2 The desired conclusion is therefore immediate from Lemma 5.2. O

It transpires that a non-trivial analysis is required to establish (5.3). In particular, we
need estimates for f(p®y;) that are valid over a somewhat larger range than has previously
been dealt with in the literature. Fortunately, such estimates are obtainable by a simple
modification of the argument of Lemma 7.2 of Vaughan and Wooley [16]. For ease of
comparison with [16], we temporarily adopt the notation

gla)="Y  elazh),
z€A(P,R)

and write £ = log P and L, = loglog P. The following provides the required extension of
the aforementioned lemma.
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Lemma 5.4. Suppose that 2 < R < M < P, and suppose also that a € Z, ¢ € N and
a € R satisfy (a,q) =1 and ¢ + P¥|lqa — a| < TM. Then one has

g(a) < L3¢ (P(q + Pqu& — @])71/% + (P/\/IR)U2 + PRl/Q(T/M)1/4) )

Proof. We apply the argument of the proof of Lemma 7.2 of [16], noting that in view of
the first part of Theorem 4.1 of Vaughan [15] the estimate (7.5) of [16] may be replaced
by the upper bound

Sy < Sy + LoUV + RUE (q + (AUV)¥|ga —a]) ">

Moreover, one has U < P/V, so it follows from the hypothesis in the statement of the
lemma that

Sy & S5+ LoUV + RU¢F(T M)V, (5.8)

It now suffices to note that the upper bound provided in (5.8) differs from that in (7.5) of
[16] only insofar as the third term of (5.8) is replaced by RU?¢*?*¢ in (7.5) of [16]. Since
M <V < MR, one finds from (7.1) and (7.3) of [16] that

g(a) < L% (P(q + P*lga —a])™V** + (PMR)'?) + 3,
where the new term X is bounded in the shape
Y < LAV LyRUPE(TM)YHY?: < L3F PRYVA(T ) M)V,
and the claimed version of the lemma now follows. O
We are now in a position to obtain estimates for f(p°y;) when («a, 3) € 9.

Lemma 5.5. Suppose that (a, 3) € M(q,a,b) C M and that p is an integer with M <
p < 2M. Write A; = c;a + d;b, and suppose in addition that n is a sufficiently small
positive number, and that o is a positive number with o < 1/10. Then the estimate

Q(q’pSAi)l/IO—a
q + PPlgy; — Ny )10~

f0°y) < ( +QP

holds uniformly for ¢ < PM®.
Proof. Write A =40"" and D = (¢, p°A;), and suppose first of all that
¢+ P’lgvi — Ai| > D(log Q)" (5.9)

We seek to apply Lemma 5.4 with M = P°M%? and T = CM?®/?, for some suitable
positive constant C'. On writing ¢ = ¢/D and A} = p°A;/D, we find that

q + Q°lq'p’yi — Aj| < PPMP + 32P°(|c;(qa — a)| + |di(gB — b)]),

so that on taking C' = 14 64(|¢;| + |d;]), it follows from (3.6) that Lemma 5.4 applies with
M and T as above. We therefore deduce that

J) < (log @' ((q’ + Q5|q’p?7 — Aj])1/10 + RY2(PPRQYP MO + Ql_m)) :
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and the lemma now follows under the assumption (5.9). Now suppose instead that (5.9)
does not hold. Then by Lemma 8.5 of Vaughan and Wooley [16], one has

5. (¢)Q _ 5

frv) < T lap — N +Qexp(—cy/log Q)(1 + Q°[p°(vi — Ai/q)]),

where the constant ¢ may depend on 1 and A. Since (5.9) fails to hold, one sees easily
that the first term in the above expression dominates the second, and the lemma now
follows easily in this case as well. O

We are now ready to replace the functions f(p°y;) by the approximations given in
Lemma 5.5. For convenience, we take o = 1/110 in our application of Lemma 5.5, this
being sufficient for our purposes. We also introduce the function A,(~;), which we define

for (o, 3) € [0,1)? by taking
Q(g, p"A)M

when (o, 3) € M(q,a) C M, and otherwise by taking A,(v;) = 0. Here, as in the
statement of Lemma 5.5, we write A; = c;a + d;b. The following lemma allows us to

replace f(p°i) by Ap(7:).
Lemma 5.6. Whenever B C 9N, one has

Noo(®) < 3 / [ 2020 P(000) 8y (0)) P d + QPP

M<p<2M
p=—1 (mod 5)

for some positive number T.

Proof. Suppose that B C 9, and let ¢ be a positive number with ¢ < 1072, By Lemma
5.5, one has for each prime p with M < p < 2M,

LF @) F PPl < (B (1) + QU (A ()" + Q" 19),
whence it follows from the trivial estimate A,(y;) < @ that

N < Y / [ IE 2 P60 £GP0 (1) 8y 00) dar 3

M<p<2M
p=—1 (mod 5)

+ Qt (2— 6/5)./\/'&15([0, 1)2)'

If the second term on the right hand side of this inequality dominates the first, then
the proof of the lemma follows immediately from Lemma 5.3. Otherwise, following two
applications of Holder’s inequality, one finds that

t/15
(;io<%)<</voio<%>1—f/15< 3 // |51(p>z2<p>|2<Ap(vk>Ap<w>>15dadﬁ) ,

whence
W® < Y / / 1020 () P (A (10) Ay () P der .

p=—1 (mod 5)
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The conclusion of the lemma is now immediate from Lemma 5.2. O

Before concluding our pruning operation, we pause to evaluate a sum and an integral
that are critical to the remainder of our analysis. Define

7 q
S(q) = Z Z q 3" (q, era 4 dib) M (g, coa + dgb) P (5.10)
a=1 b=1
(g,a,b)=1

Also, when 20 denotes either 9t or MM\, define

I(q. a,b: 20) / / (14 PPy — Afal) ™/ (1 + Pl — Aofal)/ N dards,  (5.10)
W(q,a,b)

where 20(q, a, b) denotes M(q, a,b) when 20 = M, and W(q, a, b) denotes
M(q, a,b)\N(q, a,b)

when 20 = 9MM\N. Here again, we write A; for ¢;a + d;b (i = k, ().

Lemma 5.7. The function S(q) is multiplicative, and one has

S(q) < ¢ 2.

Proof. Suppose that ¢ and r are natural numbers with (¢,r) = 1. Following the pattern
provided in Lemmata 2.10 and 2.11 of Vaughan [15], given integers a and b, we may apply
Euclid’s algorithm to obtain unique integers u, v, x, y, with 1 <wu,x <rand 1 <wv,y <g,
such that

a=uq+vr (mod gr) and b=uxzq+yr (modgr).

Furthermore, one has (¢r,a,b) = 1 if and only if (¢,v,y) = 1 and (r,u,z) = 1. On
changing variables in (5.10) and noting that (¢r,Cq + Dr) = (q, D)(r,C), it now follows
easily that S(qr) = S(q)S(r). This establishes that the function S(q) is multiplicative.

Suppose next that 7 is a prime number, and let h be a positive integer. Consider the
sum (5.10) with ¢ = 7", and consider a fixed choice of a and b. Suppose that 74||(cra+dgb)
and 78||(cea + dgb). We may assume without loss of generality that A < B, and further,
in view of the condition (7", a,b) = 1 imposed in the sum (5.10), that = does not divide
b. On eliminating a between the congruences

cra+dp=0 (mod 7*) and ca+dib=0 (mod 7?),

we therefore deduce that cyd; —drc, = 0 (mod 74). But ry, # 7y, and so the left hand side
of this congruence is non-zero. Consequently, one finds that 74 is absolutely bounded in
terms of the coefficients ¢; and d; (i = k,¢). Next we note that c;a = —db (mod 7).
Since dy # 0, one finds that (77, d,) is absolutely bounded in terms of d,. But after divid-
ing through by (7%, d;) and fixing a, one sees that the residue class of b modulo 72 /(78 d,)
is determined. We therefore conclude from this discussion that when 7|(cya + dib) and
78| (coa + dyb), then there is no loss of generality in supposing that 7 < 1 and that the
total number of possible choices for a and b is O(7?"~F). We may thus infer that

S(wh) < Z 7T2h—B7T—30h/11(7TA+B)15/11 < h2gp—4h/11
A<B<h
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The final assertion of the lemma now follows from the multiplicativity of S(¢) already
established, since this yields S(q) < ¢~/ < ¢~1/3, 0

Lemma 5.8. Suppose that 20 is either M or M\N, and define Y by taking

v — 1, when W =M, or when W = M\N and ¢ > L,
)L, when 2 =9M\N and ¢ < L.
Then one has
I(q,a,b;2) < P~y 411,

Proof. Suppose that 20 is either 2 or M\, and define Y as in the statement of the
lemma. Then on setting W = 0 when 20 = 9, or when 20 = M\ and ¢ > L, and
otherwise setting W = L, it follows by making a change of variables that

I(q,a,b;20) < / / (1 + PPleré + diC|) 7M1 + PP g€ + d¢|) ™M de dc.

max{[{],[¢[} =W P~5

Since cpdy — cody, # 0, a second change of variables reveals that

Hg.abm) < P [ [0 ) 0 )
ma)?{u,u}%)\w

where ) is a positive number depending at most on ¢; and d; (i = k,¢). Thus we conclude
that

I(q,a,b;2) < P_IO/ (14 w) /M dw < P70y =411,
AW
as desired. -

As a final preparation for the impending pruning operation, we sharpen the information
concerning the function Z;(p)=Zs(p) available to us on the major arcs 9, paying particular
attention to those 9(q, a,b) with ¢ divisible by p. Recall from Lemma 3.2 (i) that ¢ =
dy = 0. It is therefore convenient to introduce the notation

q

S(q,a) = Z e(ar’®/q) (5.12)

r=1

and
S(q,a;p) = S(g,a) —p~'S(q,ap”).

Finally, we define the multiplicative function x(q) on prime powers 7" by taking

h 4712 when h =1,
A(m) = 7~ "5  when h > 1.

Lemma 5.9. Suppose that p is a prime number with M < p < 2M and p = —1 (mod 5).
Write
k(q), when p fq,
Yy(q,a,0) = ¢ p~*(ab,p)k(p~"q), when pllq,
0, when p?|q.
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Then whenever («, ) € M(q,a,b) C M, one has
’51(047 ﬂ; p)E2(047 ﬂ; p)‘ < PQTp(q’ a, b)

Proof. Suppose that («, 3) € 9M(q,a,b) C M. Then by making a trivial estimate for
v; (&, C; P), one obtains from the definition of Z;(a, 3;p) the estimate

1Z1(p)Za(p)| < P?q2S(q, c1a;p)S(q, dab; p). (5.13)

Observe next that when 9(q, a,b) C 9, then one has (¢, a,b) = 1. Since p > M, we may
therefore suppose without loss of generality that (p,cia) = 1. Also, since ¢ < P°M?®, one
finds that p® fg. Define j by taking p’ = (¢,p’), and write ¢; = gp~?. Then we deduce
from Lemma 4.5 of Vaughan [15] that

S(q, c1a) = S(qj, crap™)S(p, claq;-l).
Moreover, by two changes of variable, one finds that
S(q, crap®) = ' S(q;, crap®™) = p/ S(q;, crap”).
Thus we deduce that
S(g; c1a;p) = S(g5, c1ap™)(S(p, cragy) — ' ). (5.14)

When j > 2, it follows from Lemma 4.4 of [15] that S(p’,ciaqj) = p’~', whence the
relation (5.14) yields

q2S(q, c1a;p)S(q, dab; p) = 0. (5.15)

Suppose next that j = 1. Since p = —1 (mod 5), every element of (Z/pZ)* is a fifth-
power residue, and thus it follows that S(p,ciaq?) = 0 (or see Lemma 4.3 of [15]). We
therefore deduce from (5.14) that

S(g,c1a;p) = =S(q, crap?),
and with little additional effort one also deduces that
|S(q, dob; p)| < (b, )| S (a1, d2bp)]-
Thus we deduce from Lemma 4.3 and Theorem 4.2 of Vaughan [15] that
4725 (q. c1a3p) S (g, daby p)| < [p™2(b, p)ay *S(an, crap™) S(ar., dabp”)|

<) (n((ql:,(gllc)w“))) (ﬁ((qlf,(g;?)p4))) ‘

But since (q,a,b) = 1, one has (qi, ciap?, dobp?) < 1, and hence
£((q1, crap®))&((q1, dabp®)) > K(q1).

We therefore conclude that in this case

472S(g, c10; ) S (g, dab; p)| < p~2 (b, p)r(ar). (5.16)
Finally, when j = 0, it follows by a change of variable that

S(q, c1a; p)S(g, dab;p) = (1 — 1/p)*S(q, c1a)S(g, dob),

and we find, as in the treatment of the case j = 1 above, that
|a725(g, 105 p) S (g, dab; p)| < K(q). (5.17)
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The conclusion of the lemma follows immediately on collecting together (5.15)—(5.17),
and substituting into (5.13). O

Our collection of estimates now assembled, the end of the pruning process lies within
our grasp. We begin by estimating Noo(9M), noting that with 20 = 9, it follows from
Lemmata 5.6 and 5.9 that

Noo0) < Q¥P* Y~ > 0,(q) + MQPP T, (5.18)

M<p<2M ¢<pPSM5
p=—1 (mod 5) _pQXq

for some positive number 7, where

q q
= Z Z Tp(qa a, b)QI((L a, b; Qn)77110(% a, b)a

a=1 b=1
(g,a,b)=1

and
my(q, a,b) = ¢ %M (q, p° (cpa + di)) ' (q, p°(coa + dgb)) /M.
Suppose first that pl|q, and write ¢; = p~'¢q. Then by Lemma 5.8 and the definition of
Y,(g,a,b), we have

O,(q) < p k(g 102 Z p,ab)?q; ™M (qv, era + dipb)™ " (g, coa + deb)' M.
a=1 b=1
(g,a,b)=1
On making use of Lemma 5.7, one finds that the contribution to the double sum arising
from those terms with pla or p|b is at most p*S(q1) < p3q1—1/37 while the corresponding

contribution arising from those terms with (p, ab) = 1 is at most p*>S(q1) < p?q; Y3 Thus
we deduce that

Op(q) < p~ P~ k(1) .
It follows that the contribution to (5.18) arising from those terms with pl|q is of order

QSOP 6M 1 Z Z C]1 <<P 6QSO H (14_197_‘_74/3)

M<p<2M q1=1 T prime
—6,30
L P7°Q™.

Suppose next that p fg. In this case Lemma 5.8 and the definition of T,(q, a,b) lead to
the upper bound

0,(q) < k(q)*P~1S(q).

On recalling Lemma 5.7, it follows that the contribution to (5.18) arising from those terms
with p fq is of order

QYP Y- Z ¢ P < MQPP(log P)™" T (14197743

M<p<2M g=1 7 prime
< MQ*P~%(log P)™*

We therefore deduce from (5.18) and the conclusion of the previous paragraph that
Noo(@) < MQ* P~%(log P) ™",
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whence by (4.7),
./\/’070([0, 1)2) = N(L()(S)ﬁ) + Novo(m) < MQ3OP_6(10g P)_l.

This confirms the first of the estimates recorded in (5.3).

Turning our attention next to Ny o(9MM\N), we conclude from Lemmata 5.6 and 5.9 that
when 20 = 9M\N, the estimate (5.18) again holds. The analysis of the contribution to
(5.18) arising from those terms with p||¢ is identical in this case to that above, and so

we concentrate on the terms with p fg. In such cases, Lemma 5.8 and the definition of
Y,(q,a,b) establish that

O,(q) < w(q)* P~V Y15 (g),
where Y is defined as in the statement of Lemma 5.8. On recalling Lemma 5.7, it now
follows that the contribution to (5.18) arising from those terms with p fq is of order

[e.o]

QP p6 Z <L—4/11 Z K(q)2q~ Y3 + Z(Q/L)I/ISK(Q)2(]_1/3)
M<p<2M q=1 q>L
< MQ* P~ S(log P) 'L T (1+197719/1%)

7 prime
< MQ3OP76(IOg P)71L71/15'

On recalling our comments concerning the terms in (5.18) with p||g, we therefore conclude
that

Noo(OM\N) < MQ*P~°(log P)~7,
for some positive number 7. This confirms the second of the estimates recorded in (5.3)

and completes our pruning operation.
We summarise the deliberations of this section in the form of a lemma.

Lemma 5.10. For some positive number 7, one has
N(n) < MPQ*(log P)~'7.

Proof. The desired conclusion is immediate from (4.7) and the discussion surrounding
(5.3) above, since n is the union of M\ and m. O

6. A NARROW SET OF MAJOR ARCS

Aficionados of the circle method will recognize that the arcs comprising the set 91 are
sufficiently few and narrow that an essentially routine analysis will suffice. We begin by
recording some notation. Recall the definitions of S;(q, a, b) and v;(§, ¢; B) from (5.4) and
(5.6). Further, define the functions W;(a, ) for 1 < i <4 and w;(a, §) for 5 < j < 34 by
taking

Wi, B) = ¢~ ' Si(q,a,b)vi(a — a/q, B — b/q; P) (6.1)
and
w;(a, B) = (pg) ' S;(q,a,b)v;(a — a/q, 3 — b/q; Qp), (6.2)

when (a, 5) € M(q,a,b) C N, and otherwise by taking W;(a, 5) = 0 and w;(a, 5) = 0.
The functions W;(c, 8) and w;(a, §) provide major arc approximations to F,(y;) and
f(p°7;), as the following lemma demonstrates.
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Lemma 6.1. When p is a prime with M < p < 2M, one has

s IR0 = (L= 1/pWiap) < 22 (1<i<d)
«,3)e

and, for a certain positive number ¢ depending at most on 7,

e |f(0°) — cwj(a, B < QLT (5 <5 < 34).
«,b)e

Proof. When (a, 3) € M(q,a,b) C N and M < p < 2M, one has p > M > L > ¢, so that
by a change of variable, the consequent coprimality of p and ¢ ensures that

Si(q,ap®,bp®) = Si(q,a,b) (1 <i<34), (6.3)

and the first conclusion of the lemma now follows instantly from Lemma 5.1 on noting
that when («, 3) € M(q, a,b) C N, one has

¢°(q + P°lga — a| + P°lgB — b))'/* < L' < L7,

Next, from Lemma 8.5 of Wooley [18] (see also Lemma 5.4 of Vaughan [14]) it follows
that there exists a positive number ¢, depending only on 7, such that whenever («a, 3) €
MN(q,a,b) C N, one has

F0°v;) = cq'S;(q, ap®, bp°)v; (p° (o — a/q), p°(B — b/q); Q)

+0 (ﬁ(q + Qg — al + QP — bl)) :

By employing (5.7) and (6.3), we find that when M < p < 2M and («, 5) € N, one has
[ ("5) = cw;(a, B)] < QL*(log Q)™/* < QLT
This completes the proof of the lemma. O

We are now prepared to replace the major arc contribution by the product of a truncated
singular series and a truncated singular integral. To this end, we write

34

T(q,a,0) = ¢ * [ [ Si(q. a.0), (6.4)
=1
4 34
up(€, ) = [[wil&, ¢ P) [ [ vi (6. ¢ @p), (6.5)
i=1 j=5
and then define
S(L)= > > > T(gab),
e

= [—LP—5,LP—5]2
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Lemma 6.2. One has

NM) = S(L)J(L) + O(MP~°Q*(log P)~'7),
for some positive number 7.

Proof. On making use of the estimates from Lemma 6.1, one finds that whenever (a, ) €
N, one has

H Fy(v) H F(°) — (1 —1/p)* H Wi(a, B) H w;(a

But on recalling (5.1), one finds that the measure of 91 is O(L°P~'%), and hence it follows
that

) < P4Q30L710'

) // HF 20 [ F(5°) dadd — (L) I (L)

M<p<2M ':
p=—1 (mod 5)
< (L5P_10)(P4Q30L_10) Z 1.
M<p<2M
The desired conclusion therefore follows from the prime number theorem. O

Before completing the singular series and singular integral to infinity, it is convenient to
remark on some simple estimates for S;(q, a, b) and v;(&, (; B). Observe first that in view of
Lemma 3.2 (ii), one may relabel the indices i for 1 < ¢ < 34 so that for 1 < ¢ < 17 the two
coefficient ratios ro;_; and ry; are distinct. But then a change of variables demonstrates
that

ZZ}nglq,abqu,ab <ZZ’S%CU q,Div)]h,

a=1 b=1 u=1 v=1
(g,a,b)=1 (g,u,0) <A

where A, C; and D; are positive integers depending only on co; 1, ¢9;, do;—1 and ds;, and
where S(g,a) is the exponential sum defined in (5.12). But in view of Theorem 4.2 of
Vaughan [15], one has

S(g,a) < ¢"°(q,a)"/?,
so that whenever (¢, u,v) < 1, just as in the proof of Lemma 5.9, one has that
S(q, Ciu)S(q, D) < ¢*°(q,u)""*(g,0)"* < ¢, (6.6)

Suppose that the indices have been arranged as in the previous paragraph. Then by
making a suitable change of variables, and assuming that B and B’ are large real numbers
with B =< B’, one finds as in the proof of Lemma 5.8 that

/ / |va2i1 (€, ¢; B)uai(€, ¢ B ‘ dgd¢ < / / v(E;u; B)v(Fv; B')’hd,udy,

max{{,(}>H max{p, v} > NH
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where A\, F; and F; are positive numbers depending only on cg;_1, ¢9;, do;—1 and dy;, and
where we write

v(3;T) = /OT e(B7°) dy
But from Theorem 7.3 of Vaughan [15], for example, one has
(B T) < T(L+ 18T,
and hence
[0(Bip; Byo(Fv; B)| < BB'(1+ |u| B®)~Y*(1 + |v|(B')°)~°. (6.7)

We now complete the truncated singular series G(L) to the series

q q

G = iZZTq,ab

q=1 1 1
1

a=1 b=
(g,a,b)=

and extend the truncated singular integral J(L) to the infinite integral

J= Y - //upfédédc

M<p<2M 2
p=—1 (mod 5) 00,00J?

Lemma 6.3. One has
S -6(L)< L™ and J—J(L)< MP°Q*(log P)"'L~2.

Proof. Arranging the indices ¢ as in the preamble to this lemma, we obtain by an appli-
cation of Holder’s inequality the upper bound

S99 el | LI

g>L a=1 b=1

(g,a,b)=1
. 1/17
< Z H(Z q734}52i71(%@7 b)Sai(q; a, b)‘”) :
¢>L =1 b=1
(g,a,b)=1

Then in view of the discussion leading to (6.6), we find that

L) < Ziiql7/5 < L72/5’

¢>L a=1 b=1

as desired.



28 S. T. PARSELL AND T. D. WOOLEY

Proceeding similarly in our treatment of J(L), we now apply Hélder’s inequality in
combination with (6.7) to deduce that

NGRS (R O HvzéCPva(éCQp)dde

M<p<2M
p=—1 (mod 5) max{|£],|¢[}>LP~ 5

< M~ 29(10gp / / P34 1+£P5) 17/5(1+€P5) 17/5d£d€
max{&,(}>LP~5
< P34M—29(10g P)_I(P_IOL_12/5),

and the desired conclusion follows once again, on recalling that PM~! = (. O

The proof of our main theorem is now rapidly completed. We see from the argument
of the proof of Lemma 6.3 that both & and J are absolutely convergent. In particular,
it follows from the theory familiar to practitioners of the circle method (see for example
§2.6 of Vaughan [15], or §10 of Davenport and Lewis [9]) that & may be written as an

absolutely convergent infinite product & = [] w,, where
p

= lim p~**" M (p"),

h—o00

and where M (p") denotes the number of solutions of the pair of congruences

34 34
Z il = Z d;iz? =0 (mod p")
i=1 i=1

with 1 < z; < p". In view of Lemma 3.2 (iv), one finds via an application of Hensel’s
Lemma (as in Lemma 6.7 of [18], for example) that w, > 0 for all primes p. Moreover,
when p is large, the argument of the proof of Lemma 2.12 of [15], together with the
discussion leading to (6.6), shows that

M@p") = p*"(1+0(p~ ")),

whence @, =1 + O(p~"/). Consequently, one may conclude that

~(1m=)(11=).

where py is chosen large enough so that w, > 1 — p~%5 for p > py, and hence

&> [[a-p ) >1 (6.8)

As for the singular integral J, we observe that

// uprdde— I [ eeein + ceatmy s ac

—00,00]2 —00,00]2 D
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where we write
34

Li(v) = ZCH? and  Lo(y Zdz%,

=1

and where D denotes the box [0, P]* x [0, Qp]*°. Put p = P°¢ and v = P°(, and substitute
also \; = (P7'v;)® for 1 <4 < 34. Then with these changes of variables, we discover that

// up(€,C) d€ d¢ = 57 P // / “Ll J;;:iigA))d)\dudu,

—00,00]2 —o0,00]2 D’

where
L1 (A) = Cl/\l + -4 034/\34 and LQ(A) = dl)\l + -+ d34/\34,

and where D' = [0,1]* x [0, (p/M)?]*°. The equations L;(X) = Lo(A) = 0 define a 32-
dimensional linear space, which passes through the point (77, ..., n3,). Moreover, Lemma
3.2 (iv) ensures that the latter point lies in the interior of D’. Applying Fourier’s integral
formula twice, in the shape

/\lim / / e(tw) dw dt = V(0),
we therefore obtain

// uy(€,¢) dEd¢ > P / (A1) Y2 dNg - - - dhgy > P,

[—o0,00]2 D’
Li(A)=L2(X)=0

whence
730 -1 d d P24 —30 1—1 4
> (1-1/p)* up(§, ) dé d¢ > > p¥u-1/pt
M<p<2M 9 M<p<2M
p=—1 (mod 5) [-o00,00] p=—1 (mod 5)

The prime number theorem for arithmetic progressions therefore gives the lower bound
J > M (log P)'P* = MP~°Q*(log P)~". (6.9)

On arranging the conclusions of Lemmata 6.2 and 6.3 in concert with the lower bounds
(6.8) and (6.9), we finally deduce that

N(@) = (& + O(L™))(J + O(MP Q™ (log P) L))
+O(MP°Q*(log P)™'"7)
> Mp_6Q30(lng)_1

Thus, in view of the bound recorded in Lemma 5.10, we may conclude that
N([0,1)*) = N(N) + N(n) > MP°Q*(log P)*

Since N'([0,1)?) — oo as P — oo, the conclusion of Theorem 1 follows at last.
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