FURTHER RESULTS ON VANISHING COEFFICIENTS IN
INFINITE PRODUCT EXPANSIONS

JAMES MC LAUGHLIN

ABSTRACT. We extend results of Andrews and Bressoud on the vanish-
ing of coefficients in the series expansions of certain infinite products.
These results have the form that if
r—tk _mk—(r—tk), ;mk e
)= =S g,
(g™, g™ "5 g™ ) o =

for certain integers k, m s and t, where r = sm+t, then cgn—rs is always
zero. Our theorems also partly give a simpler reformulation of results
of Alladi and Gordon, but also give results for cases not covered by the
theorems of Alladi and Gordon.

We also give some interpretations of the analytic results in terms of
integer partitions.

1. INTRODUCTION AND BACKGROUND

In the present paper we prove some new results on vanishing coefficients
in the series expansion of certain infinite g-products. These results have the
form that if
T’—tk’ mk:—(r—tk);qu:) N io:c .

(@ ) =

n=0

(q

(where k, m s and t are integers to be defined in more detail below, such
that » = sm +t) then cg,_,s is always zero. Some new theorems on integer
partitions, which follow from these analytic results, are also given. Before
coming to these new results, we first recall some prior work by previous
authors on the topic.

In [3], Richmond and Szekeres proved that if

(@, %)~
F(q) = ———— = cmq™,
(4,47 ¢%) 2 em
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then cgn43 is always zero. They also showed that if

1) =: Z dmq™
m=0

then dg,+2 is always zero. These results were derived by Richmond and
Szekeres from Hardy - Ramanujan - Rademacher expansions they developed
of the infinite products. They also conjectured that if

G(Q) = M Z amq

(¢, q"

then agn+5 is always zero, and if
1 (o ¢]
G = 2 bm
m=0

then bgn 43 is always zero.
In [2], Andrews and Bressoud proved the following general theorem, which
generalizes the results of Richmond and Szekeres as special cases.

Theorem 1.1. If 1 < r < k are relatively prime integers of opposite parity
and

r 2k—r. 2k >
(1.1) (¢" ¢ " 4™ ) =S g,

k— k+r. 42k
(@7 ¢ M)

then Prpir(k—r+1)/2 15 always zero.

Andrews and Bressoud derived their result from Ramanujan’s 111 sum-
mation formula,

— (a;,9)n2" _ (b/a,q,a2,q/az;q)
(1‘2) Z (b; Q)n B (q/a>b7zab/a/ZQQ)oo

after replacing ¢ with ¢*, specializing a, b and z and employing some g-series
manipulations. The cases (k,r) = (4,3), (4,1), (6,5) and (6, 1), respectively,
give the two results proved by Richmond and Szekeres, and the two results
conjectured by them.

Alladi and Gordon [1] prove a yet more general theorem (we modify their
notation to state their results in the same language used elsewhere in the
present paper).

n=—0o0

Theorem 1.2. Let 1 < m < k and let (s,km) =1 with 1 < s < mk. Let
r* =(k—1)s and r = r*( mod mk), with 1 <r < mk.
Put ' = (%J( mod k) with 1 <1’ < k. Write

<qr7 qufr; qu) o0
( s amk—s. mk)oo = Zanqn'
q°,q 5 q 00 =0

Then a, =0 for n =rr’( mod k).
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Note that while there is certainly some overlap with our Theorem 2.1
below, the result of Alladi and Gordon in Theorem 1.2 does not provide any
information about vanishing coefficients in the cases where k < m or k = m.
In contrast, our Theorem 2.1 below has no such restrictions.

Alladi and Gordon [1] also prove a companion theorem to Theorem 1.2
above.

Theorem 1.3. Letm, k, s, r*, r, v’ be as in Theorem 1.3 with k odd. Write
(qr qufr mk
(_q37 qu s m Z a”q

Then a,, =0 for n = rr’( mod k).

We also prove a companion theorem to our Theorem 2.1, namely Theorem
2.4 below, which is similar in nature to Theorem 1.3 of Alladi and Gordon,
but as with Theorem 2.1, our result is not restricted to k > m, as is the case
in their theorem.

2. MAIN RESULTS

In the present paper our main result, in Theorem 2.1 below, is in part
a reformulation of Theorem 1.2 of Alladi and Gordon [1], but also extends
to cases not covered by Theorem 1.2. The proof of Theorem 2.1 also uses
Ramanujan’s 19; summation formula.

Theorem 2.1. Let k > 1, m > 1 be positive integers. Let r = sm + t,
for some integers s and t, where 0 < s < k, 1 <t <m and r and k are
relatively prime. Let

(qr tk mk—(r—tk). gm ) 0
(2.1) Y =: chq",
(q .4 ) oo ~

then Cgn_rs 1S always zero.

Proof. In Ramanujan’s 171 summation formula (1.2), replace ¢ with ¢™*
with ¢, b with ¢"™*~** and 2 with ¢" (note that these choices satisfy the
requirements needed for the series to converge, namely |b/a| < |z| < 1, since
r < mk). This gives, after a little simplification

(2.2)

mk _mk mk) r—tk mk—(r—tk)
)

R (g™, ¢ q O 14" ) oo
Z _ nmk th (qtk7qu tk:qu)oo (q ’quz—r;quz)oo

n=—oo

It is clear that to prove the result, all that is necessary is to show that if we
expand

o0

qrn o © _nmk+tk—rn
(23) > -

o0
T gkt > - nmk " Z q_ g > dng",
n=o

n=-—o00 n=0
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then dg,_,s = 0 for all n. Thus we just need to consider those n that lead
to powers of ¢ of the form ¢~ "% in the two sums in the middle expression
just above, and thus all that is necessary is to show that

o0 qr(nk—s) 0 q(nk—i-s)mk—i-tk—r(nk—i-s)
(2.4) 3 - — 0.
1— q(nkfs)mkftk 1— q(nkJrs)kartk
n=1 n=0

Note that if s = 0, then the first sum should start at n = 0 and the second
sum should start at n = 1, but it can be seen that if s = 0, then the term
corresponding to n = 0 in the first series is 1/(1 — ¢7%*) = —¢'* /(1 — ¢*¥),
while the term corresponding to n = 0 in the second series is ¢** /(1 — ¢'*)
when s = 0. Thus the assertion that all that is necessary to prove the result
is to show that (2.4), also holds when s = 0.

0 rnk—rs 0 0
q _ rnk—rs p(nmk?—smk—tk)
1— qnmk275mk7tk - q q
n=1 n=1 p=0

o0

00
p(—smk—tk)—rs § :qn(pmk2+rk)
p:D n=1
—smk—tk+mk?2)+rk—rs

> gl
= Z 1— qpmk2+7"k:

—(sm4+t)k+mk?)+rk—rs

Z &
- qpmk2 +rk

We now use the fact that » = sm+t, which easily implies that the last series
above and the second series at (2.4) are identical, giving the result. O

Remark: It may happen r < tk, in which case it will be necessary to use
the identity

7“—tk7 qu—(r—tk); qu)oo B -1 (qu—(tk—r)7 qtk—r; qu)oo

(qr, qu—r; qu)oo - qtk—r (qr’ qu:—r; qu)oo

if it is desired that all the exponents in the infinite products be positive.

We give the following example as an illustration of the result in Theorem
2.1, and also to highlight the differences between this result and that of
Andrews and Bressoud in Theorem 1.1. In each case mk =30, r =t =1
and s = 0, so that Theorem 2.1 gives that cg, = 0 for all n. However, since
r — k < 0 in each case, we modify the infinite products as described above,
so that the progressions containing zero coefficients are thus shifted.

(q

Corollary 2.2. a) Let

2
@q— chq

(¢, 9%
Then cspi2 =0 for alln > 0. (Here k=3, sor —k = —2.)
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b) Let
(¢*,¢*°
M4 58 Joo cnd".
(q, q29 Z n
Then cspyqa =0 for all n > 0. (Here k= 5, sor—k=-4.)
c) Let

(@°, 0% _ <~
g0y = D o™
(,67¢%)00
Then cenys =0 for alln > 0. (Here k=6, sor —k = —5.)

d) Let
(¢, ¢*
<q q29 chq

Then cion+9 = 0 for all n > 0. (Here k= 10, sor —k=-9.)
e) Let

14 _16. 30 0
e ’gg 730 )= = chqn'
(¢,6*:¢") =
Then ci5n+14 = 0 for alln > 0. (Here k =15, sor — k = —14.)

Remark: The identity at e) is also given by Theorem 1.1 of Andrews and
Bressoud (k = 15 and 7 = 14 in their theorem), but none of the identities
a) - d) above follow from their theorem. Similarly, parts c¢), d), and e) are
given by Theorem 1.2 of Alladi and Gordon, but not parts a) and b).

We also give the following result with to further illustrate the difference
between Theorem 2.1 and Theorem 1.2 of Alladi and Gordon (which does
not imply the result in Corollary 2.3, since k = m). In each case in the
corollary below, kK =m = 3.

Corollary 2.3. a) Let

(4,4% ¢ Z end"

(qqq

Then c3ni2 = 0 for all n > 0. (Tak:es =t=1 s0r =13)+1 = 4,
r—tk=4—-1(3) =1 and —rs = 2( mod 3).)

b) Let
(> 4" ¢")
qu
(q,4%¢°) Z

Then c3pio = 0 for all n > 0. (Takes =t=2s0r =23)+2 =38,
r—tk=8—-2(3)=2 and —rs = 2( mod 3).)

c) Let
(¢" 6% ¢")
(02,47 4%)00 chq

Then c3py1 = 0 for all n > 0. (Tak:es = 2, t=1,s0r=23)+1=T1,
r—tk=7-1(3) =4 and —rs = 1( mod 3).)
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There is also a companion result to Theorem 2.1, in the same way that
Alladi and Gordon’s Theorems 1.2 and 1.3 are companions. However, in
contrast to Theorem 1.3, our Theorem 2.4 does not have the restriction that
m < k.

Theorem 2.4. Let k > 1, m > 1 be positive integers, with k odd. Let
r = sm +t, for some integers s and t, where 0 < s < k, 1 <t <m andr
and k are relatively prime. Let

r— tk mk—(r— tlc)

(_qrj_qu T m Zdnq ’

then dg,_.s 1s always zero.

(2.5) (g

Proof. The argument is essentially the same as that used in the proof of
Theorem 2.1, so details are omitted. The only additional facts needed are
that if & is odd, then (—1)*" = (—1)", and (—1)""% = (—1)"F*s, O

Corollary 2.5. a) Let

(@.6% ") _ S

(=" =)0 =
Then ¢y, o =0 for all n > 0.

b) Let
(@*.q":¢°)
= cn
(¢, —4¢% ) Z
Then ¢4, 5 =0 for all n > 0.
c) Let

(¢*, 4% ¢°) =
27 ) o] _ Zcilqn.

(=% —0"0%) =
Then ¢y, 1 =0 for all n > 0.

Proof. Let k =m = 3 in Theorem 2.4, and let s and ¢ have the same values
as in the corresponding parts of Corollary 2.3. [l

3. PARTITION IMPLICATIONS

Theorems 2.1 and 2.4 also have implications for certain types of restricted
partitions.

Theorem 3.1. Let k > 1, m > 1 be positive integers. Let r = sm + t,
for some integers s and t, where 0 < s < k, 1 <t < m, and r and k are
relatively prime. Let py, r(n) denote the number of partitions of n into
parts = 0,+r( mod mk). Then for each integer n,

> (=1 ppr(nk —rs —mkj(j +1)/2 — j(tk — 7)) =0,
J
where the sum is over those j with nk —rs —mkj(j +1)/2 — j(tk —r) > 0.
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Proof. The coefficient of ¢"*~"¢ in

—tk k—(r—tk k —tk k—(r—tk k. k
r ’m(r)m)oo r ’m(r)m m)oo

q 1q _ @y 4™ q
(qr’ qufr; qu)oo (qr’ qufr’ qu; qu)oo

is zero for all n, by the theorem. However

(q

r—tk mk—(r—tk) mk. mk)
) 00

q 4™ q
(q", @™k, gk ) o

_ Z gPRIGHD/2(_gth=ryi mek,r(i)qi

JEZ i>0

:ZZE:qN' 2{: @—1VQWMjU+le+ak_”j+%%mkm(U
N mkj(j+1)/2+(tk—r)j+i=N

(q

The result now follows upon setting N = nk — rs and solving for i. ([

As an example, take k = 15, m =2, s =0and t =1 (so r = 1) and
n = 20, so that

nk —rs —mkj(j +1)/2 — j(tk —r) = 300 — 1552 — 29j.

j | nj =300 —155% — 295 | (=1)/p2.15.1(n;)
-5 70 -13
-4 176 203
-3 252 -1654
-2 298 3838
-1 314 -5773
0 300 4673
1 256 -1654
2 182 393
3 78 -13
=0

Theorem 2.4 similarly has an interpretation in terms of certain restricted
partition functions.

Theorem 3.2. Let k > 1, m > 1 be positive integers, with k odd. Let
r = sm +t, for some integers s and t, where 0 < s <k, 1 <t <m, andr
and k are relatively prime.

Let pﬁl’k’syt(n) denote the number of partitions of n into parts (possibly re-
peating) = £r( mod mk) and distinct parts = £(r — tk)( mod mk), where
the total number of parts, counting multiplicities, is even.

Let pfn’kysi(n) denote the number of partitions of n into parts (possibly re-
peating) = £r( mod mk) and distinct parts = £(r — tk)( mod mk), where
the total number of parts, counting multiplicities, is odd.
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a) If r — tk > 0, then for each integer n,
P ke,s,t (K = 18) = Pl g g (nk —15) = 0.
b) If r — tk < 0, then for each integer n,
Pon st (k= 1(s + 1)) = pjy s (nk — (s +1)). = 0.

Proof. It is clear that if » — tk > 0, then

r—tk mk—(r—tk) mk) >
)

q 1q
— 2 = (P kst (1) = PO si(n))"
(=¢" =™ ¢ ) =

00
= Z dnqna
n=0

where the d,, are as defined in Theorem 2.4, and part a) follows. Part b)
also follows from Theorem 2.4, after writing (q" %, g™*=(=tk); gmk) _ ag
—(gth—r, qmh= (k=) gmk) /qth=" and then shifting the —g**~" to the series
side. (]

(q

As an example of this result, again take k =15, m =2, s =8 and t =1
(sor =17 and r —tk =2 > 0). Then —rs = —126 = 14( mod 15), and we
consider n = 9 x 15 + 14 = 149. Then p§ 15 ,(149) = p3 155 ,(149) = 6, as
indicated by the following table (each function counts partitions into distinct
part = +2( mod 30) and possibly repeating parts = £17( mod 30)).

Partitions counted by p§ ;5 5 1(149) | Partitions counted by p§ ;55 1(149)
2+ 134+ 17°+32 2+ 130417
24+ 177+ 28 24+ 13% 4+ 43
2+ 174 4+ 32447 138 +17 + 28
2+ 175+ 62 135 4+ 28 + 43
134178 139 + 32
17 + 47 137 4 58

It might be illuminating to provide combinatorial proofs of the two par-
titions theorems in this section.
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