A CONVERGENCE THEOREM FOR CONTINUED
FRACTIONS OF THE FORM K a,/1.
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ABSTRACT. In this paper we present a convergence theorem for con-
tinued fractions of the form K;2a,/1. By deriving conditions on the
an which ensure that the odd and even parts of K;2,a,/1 converge,
these same conditions also ensure that they converge to the same limit.
Examples will be given.

This paper is dedicated to Professor Olav Njastad on the occasion of his
70th birthday.

1. INTRODUCTION

In this paper we derive a convergence theorem for continued fractions
of the form K °,a,/1. This is achieved by using Worpitzky’s theorem to
derive conditions on the a, which ensure that the odd and even parts of
K2 1a,/1 converge and, furthermore, converge to the same limit. We will
assume ap, 7 0 for any n, since otherwise the continued fraction is finite and

converges trivially in C.

We begin by summarizing definitions and basic properties for continued
fractions that are needed. We write Ay/By (the N-th approzimant) for
the finite continued fraction by + Kflv:lan /by, written as a rational function
of the variables ai,...,an,b1, ..., by. It is elementary that the Ax (the
N-th (canonical) numerator) and By (the N-th (canonical) denominator)
satisfy the following recurrence relations:

(1.1) AN =bNvAN_1 +anAN 2, A 1=14=0,
By =byBn-1+anBny-—2,B_1=0,By = 1.

It can also be easily shown that

N
(12) ANBN—l - AN—lBN = (—1)N_1 Hai.
i=1

We call dy + K22 ¢ /dy a canonical contraction of by + K22 ay /by, if

Cr = Ay, Dy = B, for k=0,1,2,3,...,
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where C,,, D,, A, and B,, are canonical numerators and denominators of
do + K22 ¢ /dy and by + K2 ay /by, respectively.
From [5] (page 83) we have the following theorem:
Theorem 1. The canonical contraction of by + K2 ay /by, with
Ck:AQk Dk:BQk fOTk:0,1,2,3,...,
exists if and only if boy, # Ofork =0,1,2,3, ..., and in this case is given by
bgal a2a3b4/62 a4a5b6/b4
boby +ao — a4 + bsby + a3b4/62 — ag + bsbg + a5b6/b4 —

The continued fraction (1.3) is called the even part of by + K52 ay/by,.
From [5] (page 85) we also have:

(1.3) bo +

Theorem 2. The canonical contraction of by + K2 a,/b, with Cy =
Al/Bl, D() =1 and

Cr = Agpq1 Dy = Bog1 Jork=1,2,3,...,

exists if and only if bop11 # 0 for k=0,1,2,3,..., and in this case is given
by

(1 4) b[)bl + al B a1a2b3/b1 a3a4b5b1/b3
’ by by (a3 + bgbg) + agbs — as + bybs + a4b5/b3
a5a6b7/b5 a7a8b9/b7

— ag + beby 4 agbr /bs — ag + bgbg + agbg /by — -+
The continued fraction (1.4) is called the odd part of by + K2 an/by.
We also make repeated use of

Worpitzky’s Theorem ([5], pp. 35-36) For alln > 1, let
1
4

Then K2 an/1 converges. All approximants f, of the continued fraction
lie in the disc |{w| < 1/2 and the value of the continued fraction f is in the
disk |w| < 1/2.

|an‘

2. BACKGROUND

Of course the idea of using the convergence of the odd and even parts
of a continued fraction K°° a,/1 to show that the continued fraction itself
converges is not new. The following system of inequalities, called the fun-
damental inequalities by Wall [8], ensures the convergence of the odd and
even parts of K2 a,/1.

(2.1) 1|14 a1| > |aq],
ro|l + a1 + ag| > |aal,

rn‘l +an—1+ an’ > ann—2|an—1‘ + ‘anla n=3,4,5,...,
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where 7, > 0. These inequalities are obtained by applying the Sleszyr’lski—
Pringsheim criterion stated below to continued fractions equivalent to the
even and odd parts of K°°,a,/1. This approach has been the starting point
for several important lines of research (see [8], Chapter III and [2], section

4.4.5, for more details of these).

Sleszynski-Pringsheim Theorem ( [6], see also [2], page 92) The con-
tinued fraction K (ay/by) converges to a finite value if

(2.2) |bn| > |an| + 1, n=12,3,....
If f,, denotes the n-th approrimant, then
(2.3) 1l < 1, n=123,....

Rather than working with very general implicit inequalities, such as those
at (2.1), we have looked for simple explicit inequalities. This approach allows
us to state some quite general, simple criteria for the convergence of certain
classes of continued fractions of the form K2°,a,/1. We have the following
theorem.

3. MAIN THEOREM AND EXAMPLES

Theorem 3. Let {c,}72, and {3,}72 be sequences of numbers, with ¢, > 0
and 0 < B, <1 for n > 1. If the terms in the sequence {a,}°2 satisfy, for
n > 1, either

cn+1
3.1 >
31 ol > 2L

. Ccny1 +1 e+ 1
< Ol T L _nt-
|azn+1| < min {Cm Cn+1, Bn6n+14(1 — ﬂnJrl)’ ﬁnﬁn+14(1 — By }’
or
cn+1 Cp+1 + 1 }

3.2 agp| = max ) )
(3:2) lazn] 2 {1—ﬂn = Bur

: Cn+1 + 1
< e
|a2n+1| > Imin {Cru Cn+1, ﬂn/ﬁnJrl 4(1 _ ﬂnJrl) } s

then the continued fraction K2 a,/1 converges to a finite value.

Proof. By Theorem 1 the even part of K22 a,/1 is

(3.3)
ai a2a3 a4as a2na2n+1
l+ay —as+1+4+a3 —as+1+as — - = amqz2+ 1+ a2 —

a1/(1+az) agas/((1+a2)(ag + 1+ a3))
1 —
asas/((as + 1+ as)(as + 1 + as))
— 1 —_ e e
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a2na2n+1/((a2n + 1 + azn—1)(az2n+2 + 1 + azn41))
The second continued fraction arises from the first after applying a sequence
of similarity transformations. We now show that a tail of this continued frac-
tion satisfies the conditions of Worpitzky’s Theorem. From the conditions
at (3.1) or (3.2) above, it follows that |ag;| > ¢; + 1 > |agi—1| + 1 and so,
using the conditions at (3.1) or (3.2) several times, we have that

a2na2n+1
(a2 + 1+ asn—1)(aznt2 + 1+ azny1)
< |azn||agn+1]
= (lagnl = (en + 1)) (lazn+2] — (eny1 + 1))
< |azn||agn+1]
= (lagn| = (1 = Bn)laznl)(lazn+2| — (1 = Bnt1)lazn+2|)
lazni1] |a2n+1] 1

B ﬂnﬁn+1‘a2n+2‘ - ﬂnﬁn—i—l(cn—i-l + 1)/<1 - /Bn—i-l) - 4‘
Thus, by Worpitzky’s Theorem, the even part of K2°,a,/1 equals
a1/(1+a2) agaz/((1+ az)(as + 1+ a3))
1 - 14+«

for some a with |a| < 1/2. Likewise,

)

|as]|
= = 1/[aa])Blaa]
< B1B2(c2 +1)/(4(1 — B2))

- <1— 1_ﬁl>ﬁ252_+1

azas
(1 + az)(a4 +1+ a3)

c1+1 B2
_ Bi(er +1) 1
dler+p1) 2

Hence the even part of K °a,/1 converges to a finite value.
From Theorem 2, the odd part of K2 a,/1 is

(3.4)
ar aiaz azaq a5a6 a2n—102n
I az+1l4as —as+1+as —ar+14a6 — a1+ 1+ag —

a1 aag/(as+1+4as) asas/((as+1+az)(as +1+ as))
1 1 — 1 —
agn—102n/((a2n—1 + 1 + agn—2)(azn+1 + 1 + azy))
_ 1 — ..

By similar reasoning to that used above,

a2n—102n |a2n71| <
(a2n—1 4+ 14 agn—2)(azn1 + 14+ a2n)| = Bnbn—1lazn—2| —

1
1
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Thus, again by Worpitzky’s theorem, the odd part of K32, a,/1 equals

al alag/(ag + 1+ CLQ)
1 1+
for some o' with |o/| < 1/2. Thus the odd part of K2°,a,/1 converges to
a finite value provided |as + 1 + ag| > 0, and this follows easily from the
inequalities satisfied by |as| and |ag| in the statement of the theorem.
We next show that the conditions at (3.1) and (3.2) are also sufficient
to show that the odd and even parts tend to the same limits. From the
recurrence relations at (1.1) and Equation 1.2, it follows that

2
_ Hzgl |ai
| Ban+1Ban—1]

Since the sequence {Ag;t1/Bai+1} converges to a finite value, it follows that
the expression on the right tends to 0 as n — co. Next,

'Azn Aot | TI% el Tl  |Bonsa

?

(3.5)

‘ Aopy1 Az

Bont1 Bon—1

(3.6)

Bon  Bon_1| |BayBon—1|  |Bant1Ban-1| |Ban|

Thus, if it can be shown that the sequence {Ba,11/Bay} is bounded, then
the left side of (3.6) tends to 0, the odd and even parts of K°° a,/1 tend
to the same limits and the continued fraction converges to a finite value.

From the second equation at (1.1) and Theorem 1 we have that

B2n+1:1+a2n+1 a2n  G2p—1 az
Bon 1 + 1+ 1 +--+1

a2n+1 a2na2n—1 a2n—2a2n—3
1+ags, — aspo+1+ag,—1 — azp—g+1+ag,—3 —
a2n—2;j02n—2j—1 asa3
— agp-2j—2+1+agm-2j1 — " —ax+1+as

=1+

a2n+1/(1 + a2n) a2na2n71/((1 + a2n)(a2n72 +1+ CLanl))
1 — 1
asn—2a2n—3/((agn—2 + 1 + azn—1)(azn—a + 1 + azn—3))
an—2j02n—2j—1/((a2n—25 + 1 + agn—2j41)(a2n—2j—2 + 1 + a2p—25-1))
— 1
asaz/((as + 14 as)(ag + 1 + az))
— e — 1 :

These equalities are valid since the given continued fraction expansion of
Bont1/Bay, is finite. Once again using the conditions at (3.1) or (3.2), we
have that

-1+

a2n—2502n—25—1
n— n—25+ n—2j5— n—27—
(agn—2j + 1+ azn—2j41)(a2n—2j—2 + 1 + agn—2j-1)
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< |a2n—2;||a2n—2j—1]
= (lagn—2j| = (en—j + 1))(|azn—2j—2| — (en—j-1 + 1))
< |aon—2j|la2n—2;—1|
= (lagn—2j] — (1 = Bn—j)lazn—251)(lagn—2—2| — (1 — Bu—j—1)|azn—2;2|
_ lagn—2j—1] < laon—2j—1|
Bn—iPn—j—1lazn—2i—2| = Pn—jPn—j—1(cn—j—1 +1)/(1 = Bn—j-1)
Similarly,

)
1
7

a2na2n—1 < |a2n71 |
(14 agn)(azn—2 +1+azn-1)| = (1 —1/[aza])Bp-1|azn—2|
< ﬁnﬁn—l(cn—l + 1)/(4(1 - /Bn—l))
- cn + On Cno1+1
et 1T
_ Br(cn +1) < 1
T A(cn+Bn) " 4
Thus, by Worpitzky’s theorem, there exists o with || < 1/2 such that

Bont1| _ 1 aznt1/(1 + azn) <142 |a2n+1] <3
B2n 1+a |a2n\ —1
Thus the sequence {Bay+1/Bay} is bounded by 3 and K2 ,a,/1 converges
to a finite value. O

If {¢,} and {5, } are increasing sequences, the statement of the theorem
is simplified a little and we get the following corollary.

Corollary 1. Let {c,}22, and {3,}5°, be increasing sequences of numbers,
with ¢, >0 and 0 < B, < 1 forn > 1. If the terms in the sequence {an}7 4
satisfy, for n > 1, either

cn+1 . cp+1
> <
|a2n| = 1= ﬁn’ |a2n+1| > min {cn’ /Bnﬁn—i—l 4(1 _ Bn) } ,
or
Cny1+1 . { cnr1 +1
ag Z I ag 1 S min q Cp, /8 /8 177 5 (>
‘ n‘ 1- 571-1—1 | mt ’ " iy 4(1 - /Bn—i-l)

then the continued fraction K22 a,/1 converges to a finite value.

In Corollary 1 the numbers (¢, +1)/(1—0n), ¢n and By Bny1(cn+1)/(4(1—
Br)) increase with n and so the corollary gives a convergence criterion for
continued fractions K;°,a,/1 in which both the even- and odd-indexed
partial numerators can become arbitrarily large. The necessity to find the
minimum of ¢, and 3, 6n4+1(cn +1)/(4(1 — By)) or of ¢, and B, Bn+1(Cns1 +
1)/(4(1—(p1)) is a little cumbersome. We also have the following corollaries
which give cleaner conditions on the a,.

It is also of interest to be able to prove the convergence of continued
fractions where both the odd and even-indexed partial numerators become



CONTINUED FRACTIONS OF THE FORM K32 ,a,/1 . 7

unbounded. Many convergence theorems require that infinitely many of the
a, lie inside some fixed bounded disc for the continued fraction K2 a,/1
to converge. Hayden’s theorem [1] (see also [2], page 126) requires at least

one of a,, a,11 to lie inside the unit disc, for each n > 1. For K2°,c2/1 to

converge, Lange’s theorem [3] (see also [2], page 124) requires |cop,—1 £ia| <
p, where a is a complex number and p is real number satisfying

la| < p < |a+1].

Our theorem allows us to prove the convergence of certain continued frac-
tions K% a,/1, where the sequence {a,} does not contain any bounded
subsequence.

Corollary 2. Let {d,}5°, be an increasing sequence of positive numbers,
with d,, > 25 for n > 1. Suppose the terms of the sequence {an} satisfy

‘a2n| > dna
4
‘a2n+1‘ < % dn
Then the continued fraction K22 a,/1 converges to a finite value.

Proof. For n > 1, let ¢,, = d,,/5— 1 and 3,, = 4/5 in Theorem 3 and use the
conditions at (3.1). O

Example 1. Let the terms of the sequence {a,} satisfy
lagn—1| = 4n, lagn| = 25n.
Then K2 a,/1 converges.
Corollary 3. Let ¢ > 0. Suppose the terms in the sequence {a,} satisfy
|agn| > 14 3c+2yev2c+1,
lagni1] < c.

Then the continued fraction K22 a,/1 converges to a finite value.

Proof. In Theorem 3, let ¢, = ¢ and 3, = 2(y/cv/2c+1 —¢)/(c+ 1), for
n=1,2,3,.... 0

For large c this is clearly a weaker result than that of Thron [7], which
states the following (see [2], page 124):
For p>1, K2 a,/1 converges to a finite value provided that

’a2n—1’ < ,027 ’a2n‘ > 2(:02 — cosarg a?n)a n= 17 27 37 s

However, for small ¢ it is possible to prove the convergence of certain
continued fractions whose convergence cannot be proved by Thron’s result.
We have the following example.
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Example 2. Let the terms of the sequence {a,} satisfy

jaznl 2 50 aanit] < 5

2n| Z 237 2n+1| > 237

with agy, = —36/23 for infinitely many k. Then the continued fraction
K2 a,/1 converges to a finite value.

This follows from Corollary 3 with ¢ = 1/23. Thron’s theorem does not
give the convergence of the continued fraction in this example, since there is
no real p > 1 satisfying 36/23 > 2(p? + 1) (Hayden’s theorem [1] also gives
the convergence of this continued fraction).
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