SOME FURTHER TRANSFORMATIONS FOR WP-BAILEY
PAIRS

JAMES MC LAUGHLIN

ABSTRACT. Let (an(a,k),Bn(a,k)) be a WP-Bailey pair. Assuming the
limits exist, let

(@@, 530) = Jimy (o), 2200 )
be the derived WP-Bailey pair. By considering a particular limiting
case of a transformation due to George Andrews, we derive some trans-
formation and summation formulae for derived WP-Bailey pairs.
We then use the formula to derive new identities for various theta se-
ries/products which can be expressed in terms of certain types of Lam-
bert series and various other series-product identities.

1. INTRODUCTION

A WP-Bailey pair is a pair of sequences (ay,(a, k, q), Bn(a, k, q)) satisfying
ao(a, k,q) = Po(a, k,q) =1 and

n

(k/a;q)n— J(k Q)nﬂ
1.1 Bnl(a,k,q) i(a,k,q).
( ) ]ZO q q n—j a%‘])n—l—j J( )

In what follows, we define, for a WP-Bailey pair (an(a, k), Bn(a, k)) and
n>1,

(1.2) ay = a(a) = a)(a,q) :== lim a,(a, k),
k—1

8= Bi(a) = Bila,q) = im OH)

assuming the limits exist. For ease of notation we call such a pair of se-
quences (o), ) a derived WP-Bailey pair. The main result of the present
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paper may be described as follows. Define
(1.3)  fala,q) Zcﬂ"q”ﬂ Zaznqnﬁ

q)2n—1 4:9)2n-1
+Z qa2 n-1.2n na;( a)_Z( )n a2nqna2(a)'

7q 2n n—1 (QCLQ; Q)Qn

Theorem 1. Let (an(a, k), Bn(a, k)) be a WP-Bailey pair and a and b com-
plex numbers such that all of the derived WP-Bailey pairs (o, 5y) below
exist. Let fa(a,q) be as defined at (1.3) and suppose further that each of

series f2(a7Q)7 f2(b7 Q); f2(1/a’7 Q)} f2(1/b7 Q) converges. Then

(1.4)  fala,q) — f2(b,q) — f2(1/a,q) + f2(1/b,q)
_ 2Aa—b)(1+ab) . (b/a,qa/b, —ab,—q/abi q)o (4%, 4% 4%

- (a®,q%/a®, 0, ¢*/b?; )

We remark that one reason this result is of interest is that the right side is
independent of the particular WP-Bailey pair (ay,(a, k), Bn(a, k)) employed
on the left side. We give some explicit examples below.

We apply this identity, and others proved below, to derive new series-
product identities. For example, if @ and b are non-zero complex numbers
such that aq™, bg" # +1, for n € Z, and |q| < max{|a?|,1/|a?|, |b?|,1/]b?|},
then

i [((1/7; Dn (:1/§; q)n) a2"q’;

I\ (@ @) (—qa;q)n 1—q

- ((é?a(‘];) q/a q) ) a?( 1 —q")
<(1/b ;@O (=1/b; Q)n> b*g"

(b;q)n  (—qb;q)n /] 1—q"

(b;@)n  (=bi@)n q"
" <<q/b; Dn (—a/b q>n> b1 - qn>]
2(a - b)(l + ab) ) (b/aa qa/bv _aba _Q/ab§ q)oo(q27 q2; qz)oo

) R (a?,¢?/a?,b%,¢%/b?; ¢%) o

To set these results in perspective, we recall some of the history of WP-
Bailey pairs, which were defined by Andrews in [1], where the concept of
a WP-Bailey chain was also introduced. Andrews showed that if the pair
(an(a, k), Bn(a, k)) satisfies (1.1), then so does (dn(a, k), Bn(a, k)) where

) Wz EN" e
(1.5)  dapla k) = (a/y,aa)% 0 <c> n(a,c),
(ky/a,kz/a;q)n
(aq/y,aq/z;q)n

Bula, k) =
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. g . i i
xz(“ 0w, 7 0); (ks i (R @) (’“) B(a,0),

“(1—c)(ky/a, kz/a; )n(q; On—j(aC; O)n+j \ €

with ¢ = kyz/aq. Andrews also described a second method for deriving new
WP-Bailey pairs from existing pairs. If (an(a,k), Bn(a, k)) satisty (1.1),
then so does (ay(a, k), Bn(a,k)),

(1.6) an(a, k) = (a9 /K)on (H)nan (a, QZQ) :

(k) 2n qa2

ﬁ<k>=ZW<qk22)ﬁ< s >

= (@ny

Each of these processes may be iterated, so that a single WP-Bailey pair
gives rises to a chain of pairs, and all WP-Bailey chains together give rise
to the WP-Bailey tree or lattice.

WP-Bailey chains were further investigated by Andrews and Berkovich
[2], Spiridonov [13], Warnaar [14], Liu and Ma [8] and Mc Laughlin and
Zimmer [10]. Previous work on WP-Bailey chains had appeared in the
papers of Bressoud [7] and Singh [12] (although of course not using the
terminology introduced by Andrews [1]).

In a recent paper [9], the present author investigated the implications of
letting y — 1 in the WP-Bailey chain at (1.5), and found, amongst other
results, a number of new transformations relating WP-Bailey pairs, some
similar transformations for standard Bailey pairs, and new expansions in
terms of basic hypergeometric series for several theta products described by
Ramanujan.

It is not difficult to show that (1.6) implies (see Corollary 1 in [11], for
example) that if (ay,(a, k), Bn(a,k)) satisfy (1.1), then subject to suitable
convergence conditions,

10 3 () e

_ (qa/k, g0/ q)oc Z (k3 )an (q“Q>nan(a, k).

(qa,qa?/k?;q)so (qa?/k; q)an \ K2

The results in the present paper are derived as consequences of letting
k— 1in (1.7).
We employ the usual notations:
(a;@)n = (1 = a)(1 —aq) - (1 —ag"™"),
(a17a27" ajv ) (al Q)n<a27Q)n(a37Q)n7
(a;¢)oo == (1 = a)(1 —ag)(1 —ag”)--- , and
= (

(a17a27'~ y 54 ) ah‘])oo(aQ;(Doo”'(QﬁQ)oo
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We also make use of the g-Gauss sum

= (AvB;q)n C n_ (C/A7C/B7q)00
(18) 2 Caa) (45) = Conp s

Unless stated otherwise, we assume throughout that |g| < 1.

2. PROOF OF THE MAIN IDENTITIES
We now prove the main results.

Lemma 1. Let (an(a, k), Bn(a,k)) be a WP-Bailey pair and (), 3}) the
derived pair. For |q|, |qal, |qa®| < 1 and assuming suitable convergence
conditions,

[o@)
QQ2n 1 9 %
2.1 a®"q" a”"q"o a
(2.1) Z q" B 2 g n(a) = fia,q),
where
o0

(1/a; q)na®"q"
2.2
(22) nzlaqq (1—q")

o (= ag*)(a,a;9)n(g; @)2n-10"¢"
a Z (1 —a)(¢, 4 9)n(qa; @)2n

n=1
_Zl—a2 gl—aq”'

We remark that the right side in the above identity is independent of the
particular derived pair (o}, 5;) inserted on the left side. Also, for later use
we note that

(2.3) fla,) = filaa) = fil-a,0) == 3 b
n=1
where fa(a,q) is as defined at (1.3).
Proof of Lemma 1. Rewrite (1.7) as
(2.4)
. [ qa? nﬁn(a,k) (k7 e ’q)oo (kq; @)on—1 [ qa®*\"
Z{ <k‘2> L—k  (qa,90%/k? q)oc nzz‘{ (qa*/k; @)an <k2> (0, K)

_ 1 ((qa/kf ,q0% k3 4) o 1>
1k \ (qa,90?/k* @)oo '
The left side of (2.1) now follows upon letting & — 1. To get the first
expression for fi(a,q), use (1.8) to expand the infinite product on the right
side as an infinite series (set A = k, B = k/a and C = ga) and then once

again let k — 1.
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The second expression for f1(a, q) follows upon substituting the unit WP-
Bailey pair
— E:q)n (E\"
(25) an(ak) = (9v/a, —gv/a,a,a/k; q) <> ’
(\/aa_\/&7Q7kQ7q)n a
1 n=0,
0, n>0,

Bn(% k) = {
into (1.2) and then inserting the resulting pair

1—ag®™ (a,a;q)n (1\"
(2:6) an(ah) = (4.4 9)n <a> ’
Br(a, k) =0

on the left side of (2.1).
For the third representation of fi(a,q) define

(qa/k,qa?/k; q)oo

G(k) =
*) (qa,qa® /k?; q)oo
and then
: 1 (qa/k,qa®/k; q)oo . G(k)—G(1) ,
1 -1)=lm ——==-G'(1
Pl — & < (qa, qa?/k?; q) oo kol 1—-k G(),
and logarithmic differentiation now easily gives the result. U

Remark: The first expression for fi(a,q) above also follows from inserting
the “trivial” WP-Bailey pair

(2.7) an(a, k) = {1 n=0,

0, n>0,
(k, k/a;q)n
/Bn a? k = TN
(@ 5) (4, aq; q)n
into (1.2) and then inserting the resulting derived pair
(2.8) ay(a) =0,
i L/a;q)n
Brla) = /)

(ag; q)n(1 —q")
on the left side of (2.1).

One way of viewing Lemma 1 is as supplying a large number of represen-
tations of the difference of Lambert Series

§ove S
1 —a2q" 1—aq"

n=1 n=1

Indeed, such a representation arises if any pair (o, 5%) deriving from a
WP-Bailey is inserted in (2.1), assuming the limits exist and the resulting
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series converge. We give two example below. The first arises from Singh’s
WP-Bailey pair [12]:
. 2 k . k n
(29) an(a,k) _ (Q\/av Q\/aﬂ%ﬂlv/’%a Q/ PlPQaQ)n <> ’
(Va, —/a,q,aq/p1,aq/p2, kprp2/a; q)n
_ (kp1/a,kpa/a, k, aq/p1pa; )n
Bnla, k) = : )
(aq/p1.aq/p2, kp1p2/a, ¢ q@)n
This gives the derived pair

(2.10) o (a) = (¢v/a, —qv/a, a, p1, p2,a*q/p1p2; O)n (1)n7
(Va, —va,q,aq/p1,aq/pa, p1p2/a; Q)n
B (a) = (p1/a; p2/a,aq/prp2; @n
(ag/p1,aq/p2, prp2/a; @)n(1l — q")
The parameters p; and po are free, but for simplicity we let pi, ps = 00 to
get the derived WP-Bailey pair

. 1 —ag® (a;q)n (n—1)/2
2.11 o (a) = —1)*qg™"
(2.11) (@) = T e g
(71)nqn(n—1)/2

I

Brla) =
The WP-Bailey pair
(2.12)  an(a, k) = (o —avi oo} o - aq’§7q> <k>n
(va. ~va, ¢, vk, vk, avk, ~VE %5q) @
(v ),
(VR )

provides the derived pair

an

1-— n a‘7a7_a71a; na2; 2 1\"
l—a  (¢,9,—1,q90%9n(g;¢?), \a
. 1/a%q
Bnla) = ( )y

2(¢:q)n(1—q")
Corollary 1. If |q|, |qal, |qa®| < 1, then

(2.14)
— a2, _
n:11 asq" n:11 aq"

e8] o8] 1—a 2n (a. ) ( . ) _
_ n, n(n+1)/2 2 : q ;9)n\454)2n—1 n_n(n+1)/2
B —a _ —a

(Ca)e l—a (g:9)n(aq;q)2n Ja

n=1 n=1
2n . n

i 1/a,q) a*"q
n=1 1_qn)

l\')\»i
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B Z 1—ag™ —ag,1/a;q),, (¢*;¢*)n-10"¢"
l-a (¢,9,—1,qa%q), (a®¢? ¢*)n

Proof. Insert the derived pairs, respectively, at (2.11) and (2.13) into (2.1).
O

Before proving Theorem 1, we recall the result from Lemma 4 in [9]: if
(2.15)
[e.e] [e.e]

k"~ _d'a/z N~ ad" a"k/z
k,z,q) = - Ll — k)2
f(a, aZ7Q) Zl_kqn+z — g nz::ll—aq” n:ll_an/z’

n=1 n=1 1 q CL/Z

then

111 (a—Fk)(1—-1/2)1—ak/z)
2.16 kzq)—f (= —.=q) =
2 (2.9/z,k/a,qa/k, ak/z, qz/ak,q, q; ¢) o
k(z/k,qk/z z/a,qa/z, a,q/a, k, q/k; @)
Proof of Theorem 1. Replace k with b and set z = —1 in (2.16), to get (after
some simple rearrangements) that

flab=10) = f (o5 -10)

2(a—b)(1+ab) , (b/a,qa/b,—ab,—q/ab;q)oo(q®, ¢* @)

T T (@R PP
The result now follows, upon noting that (2.15) and (2.3) imply that

= 2bg" = 2aq"
f(a,b,—1,q) = Z W - Z 1_a22n fala, q) — f2(b, q),

2
—a
n=1 n=1 q

f(l/a” 1/b’ *1’(]) = f2(1/a’a Q) - f2(1/b7 Q)'

0

As remarked earlier, any derived WP-Bailey pair (), 8%) may be used
n (1.4), providing the various series involved converge. We note that the
left side of (1.4) contains sixteen different infinite series, so for space saving
reasons we give two example that uses relatively simple derived pairs. Upon
inserting the pair at (2.11) in (1.4) and performing some simple collecting
and rearranging of terms, the following identity results.

Corollary 2. Let a and b be non-zero complex numbers such that a’q”,
b2q" # 1, forn € Z. Then

2
e q2n +3n+1

2n+1 a2n+1 + 1 _ 1
a2n+l p2n+1
n=0

S g 1
(G Dn (1 - a)(qa® q)2n
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(14 ag®)(=a;Q)n o0n (1 =b*")(b;5@)n 00 , (1+b6*")(=b; @)n 9,

_
(

(14 a)(ga*; q)2n 1 —b)(gb* q)2n (1 +b)(gb* q)2n
(1 =¢"/a)(1/a;@)n 2, , (L+¢™/a)(=1/a;q)n _o,
(1—1/a)(q/a? q)2n (1+1/a)(q/a?; q)2n
(L= /0) /b0, 20 (L+ ¢ /0)(=1/bi@)n, 2n
(1 —1/b)(q/b% q)2n (L+1/b)(q/b% q)2n
_ (a=b)(+ab)  (b/a,qa/b,—ab, —q/abiq)eo(4®, 4% 4%)oo
S (1=a?)(1-0?) (a?,¢%/a, 2,62 /b?; ) o '

One fact about the identity above, and indeed Theorem 1 generally, that
is somewhat interesting, is that while the series involving “a” and “b” on
the left side of the identity are completely separated and distinct, “a” and
“b” are closely bound together on the right side (for example, in the infinite
product (b/a,qga/b, —ab, —q/ab; q)o). The same comment likewise holds for
the next identity.

Corollary 3. Let a and b be non-zero complex numbers such that aq™,
bq" # +1, for n € Z, and |q| < max{|a?|,1/|a?|,|b?|,1/|b*|}. Then

(2.18) i [<(1/a; Dn  (—1/a; q)n> fz_n(f;

=\ (ea;q)n  (—qa;q)n

_< (@;9)n  (=a;9)n > q"
(¢/a;@)n  (=q/a;q)n /) a®(1 —q")
B <(1/b; On  (=1/b; q)n> b*"q"

(@b;q)n  (—ab;q)n ) 1—q"

(b; @)n (=b;@)n q"
* ((q/b; ODn  (—a/b; Q)n) b>(1 — q”)]
_2a—b)(1+ab) ., (b/a,qa/b,—ab,—q/ab;q)oo(a®, 4% ¢*)oo

A=) 0=0) " (@)W )
Proof. Insert the derived pair at (2.8) into (1.4). O

3. q—SERIES/PRODUCTS THAT ARE REPRESENTABLE IN TERMS OF
CERTAIN LAMBERT SERIES

Many g-series and g-products have been represented by Ramanujan and
others in terms of Lambert series of the types encountered earlier. The var-
ious expressions for fi(a,q) and fa(a, q) stated previously now permit these
g-series and g-products to expressed in several ways as basic hypergeometric
series, one way for each derived WP-Bailey pair (or arbitrarily many ways,
if a derived pair contains one or more free parameters). We give several
examples to illustrate the different ways in which this may be accomplished.

Let

o0

)= Y g

m,n=—00
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Here we are using the notation for this series employed in [6].

Corollary 4. If p1, p2 7& 0 and 0 < |q| < 1, then

(3.1) a —1+62 44

1—q)

1—q6" H(1/q, 1/q, )n(q3,q )on—1¢*"
_1_62 (1—1/9)(a® ¢% @®)n(a: 6®)2n ’

_ +GZ (014, 024, 4>/ p1P2; @ )nq"
(a%/p1, 4%/ p2, prp24; ¢°)n(1 — ¢*"

3

o

(1 — ¢ Y(1/q, p1. p2, 4/ p1p2; @ )n (@ ) 2n—14"
(1 —1/9)(a?/p1, 4%/ p2; P1P20, @35 @3 )n (45 ¢3)2n
nq(3n2+n)/2

1
= (-1
=1+ GZ ( )1 _ q3n
o (1= ¢ ) (1/:4%)n (6% ¢ )21 (—1)mg B2
(1= 1/9)(¢% ¢*)n(q; ¢*)2n '

Proof. The following result is Entry 18.2.8 of Ramanujan’s Lost Notebook
(see [3, page 402]):

72 3n & qflq?m
_1+6Z 1_q—2q3n —6

Thus a(q) = 1+6f1(1/q,¢ ), where fi(a,q) is as defined at (2.2).. The first
two equalities follow from the other two representations of 1+ 6f1(1/q,q>)
that derive from the right side of (2.2). The last two equalities follow from
substituting the derived pairs at (2.10) and (2.11) into 1 + 6x(the left of
(2.1)) (with ¢ replaced with ¢® and a replaced with 1/q). O

Recall that

n=1

ann+1 (¢ 4%) o

T (6P
Corollary 5. Let |p1| > 1 and i =+/—1. Then

(3.2)
o, a4y 0 [~ (L +ig" ) (=i/q, —i/q;¢*)n(d%; ¢*)2n—1(—ig)"
Vi) = 2Q<nzl (1+14/9)(42 4% ¢®)n(=1;¢%)2n
o (=gt i/q,i/q, (g% )2n 1 (iq)"
; (1—i/q)(a? @2 ®)n(—1;¢%)2n )
_ b - (ip1¢; ¢*)n (=1)" = —zplq, )n (—1)”
- 2ig (; (—ia/p1;¢*)n(1 — ¢*" nz::l (iq/p1; @2)n(1 — ¢27) p7
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(l/%m, )(qZ, 2)on—1(=1)"
( 5 q 2>2np7ll

iq/p1, 4% ¢*)n(—1; %) 2n P}

2—TL

)
) (-1

_Z 1+Zq4” 1))((—2/61 Yot 2)n(q?,ql)% 1(= 1)”>7
(

i ) g +an Y (Z 1 — g™ N(i/q;¢*)n(d? ¢*)2n-1q"
4n+2 2igq (1 —i/9)(¢% ¢*)n(—1;¢%)2n

n=0

Lo (L +ig™ Y (=i /542 (@? 4P 2n—1g" "
Z T e ),

Proof. By Example (iv) in Section 17 of Chapter 17 of Ramanujan’s second
notebook (see [4, page 139]),

(o)
20 2\ _ q
w(q)izl_i_q%ﬁ-l’
n=0
so that
: 22 1 & —2(%)q2n
3.3 L
33) v z::H—q‘*”2 qugl_(;)quxn
iq

= %fQ <.1,q2> : (fl (,1,q2) - fi <_,1,q2>> :
1iq 1iq 2 1q 1iq

The first equahty now follows from (2.2), using the second representations
for f1(1/iq,q?) and fi(~1/ig.q?).

The second equality is a consequence of letting pa — oo in the derived
pair at (2.10) and substituting the resulting derived pair into the expression
for fo(1/iq,q*)/(2iq) that follows from (1.3).

The third equality is a consequence of letting p; — oo in the second
equality. ([l

For a third example, we recall another identity of Ramanujan (see Entry
3 (i), Chapter 19, page 223 of [4]):

o q6n—1
(34) q Z 1— 12n 10 Z 1— q12n72’
n=1 n=1

From (2.3),
a(®)(¢°) = % (f2(qa™1,4%) = fa(a ", ¢%))

= % (filg " d%) = Ail=a7"¢%) = fila™®,¢") + fi(—=47°,¢"))

Thus any derived pair () (a,q), % (a,q)) inserted in Lemma 1, with ¢ re-
placed with ¢® and a taking the values ¢~ !, —¢~',¢7°, —¢~® will give an

expression for qi(¢?)1(¢%) containing 8 series. However, for simplicity, we
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use the pair at (2.6) (so 5} (a) = 0, reducing the 8 series to 4) to get the
following identity.

Corollary 6.

20 (1) = i 1+ ¢ (=1/q,-1/¢;¢%)n(d% ¢%)2n—1(—q)""

= 1+1/g (4%, 4% ¢%)n(q*; ¢®)2n
_Z 1— g1 ( l/q,l/q, %) (g% ¢%)2n—14""
— 1-1/q (4% 45 ¢°)n(q*; ¢5)2n

N i 1— ¢ (1/¢°,1/¢% ¢°)n(¢% ¢°)2n—14"
= 1-1/¢  (¢°¢%a%)n(1/a% q%)2n
B Z 1+¢"" 7 (=1/¢° =1/¢% ¢°)u(d®; ¢®)2n-1(=@)"
1+1/¢° (4% 4% ¢%)n(1/q% q%)2n

There are a number of other identities, for example Entry 34 (p.284)
in chapter 36 of Ramanujan’s notebooks (see [5, page 374]),

3n—2 -1

Zq6n4 ZqﬁnQ’

where theta functions are expressed in terms of certain Lambert series, which
may be treated similarly to derive results like those in this section.

(3.5)

4. CONCLUDING REMARKS

In the present paper and its companion [9] we considered limiting cases of
the two WP-Bailey chains described by Andrews in [1]. There are a number
of other WP-Bailey chains described in the literature (see the papers of
Warnaar [14], Liu and Ma [8] and Mc Laughlin and Zimmer [10]), and it may
be that a similar analysis of some of these chains may also have interesting
consequences.
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