SOME IDENTITIES BETWEEN BASIC
HYPERGEOMETRIC SERIES DERIVING FROM A NEW
BAILEY-TYPE TRANSFORMATION

JAMES MC LAUGHLIN AND PETER ZIMMER

ABSTRACT. We prove a new Bailey-type transformation relating WP-
Bailey pairs. We then use this transformation to derive a number of new
3- and 4-term transformation formulae between basic hypergeometric
series.

1. INTRODUCTION
Bailey’s transform can be stated as follows:

Lemma 1. Subject to suitable convergence conditions, if

ﬂn::js:aWUﬁ—rV%+r and Vn::jiiérv}—nv;+n7

r=n

then
oo o)
EE:QHVHZZEE:ﬁ%5n
n=0 n=0

The proof follows by switching the order of summation (see [2], pages
583-584, for example). Bailey set

1 1 z\"
7N ‘%::‘444477 5n:: yZyq)n | — 5
(45 On (3 q)n (9, 74) <92>

and used the ¢g-Gauss sum,
(c/a,c/b; q)oo

n =

(1‘1) 2¢1(aab;c;Q7c/ab) = (c,c/ab;q)oo

to get that

(1.2)
0o . 31 n ::($/y7$/z q y,z q <ﬂ§>n
nz:;)(y’z’% <y2> o= oy 0o Z (@/y /%@ \yz) "
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where og = 1 and

n

(1.3) fn=3"1 N

r=0 q; Q)nfr (:U; Q)n+r .

Here we are employing the usual notations. Let a and g be complex
numbers, with |¢| < 1 unless otherwise stated. Then

n—1
(@o=(a;9)0:=1,  (a)n=(a;q)n = [J(1 —a¢’), forn €N,
j=0
(a1;@)n(a2; On - - - (ak; Q)n = (a1, a2, . .., Qx5 @)n,
(a; @)oo == [ J(1 = ag’),
7=0
(15 9)00(a2; @)oo - - - (Ak; Qo = (a1, a2, ..., ak; ¢)oo-

An ,¢s basic hypergeometric series is defined by

al,ag,...,aT' .
T'(;SS[ bl,...,b aQa$:|_

S

3 (a1;9)n(a2; @)n - - - (ar; @On _1\n,n(n—1)/2 s+1—rxn
nz;) (q;q)n(bl;Q)n-..a)s;q)n (( 1) q > )

In modern notation, the pair of sequences (o, 3,) above are termed a
Bailey pair relative to x/q. Slater, in [10] and [11], subsequently used this
transformation of Bailey to derive 130 identities of the Rogers-Ramanujan
type.

The first major variations in Bailey’s construct at (1.2) appear to be due
to Bressoud [5]. Another variation was given by Singh in [9]. All of these
variations were put in a more formal setting by Andrews in [1], where he
introduced a generalization of the standard Bailey pair as defined at (1.3)
(see also equation (9.3) in [4]).

Definition. (Andrews [1]) T'wo sequences (o, (a, k), Bn(a, k)) form a WP-
Bailey pair provided

n
(14) ﬁn(aa k‘) — Z (k;/a)n—J(k)n-‘r] aj(a, k?)

=0 (Q)nfj (GQ)nJrj

Note that if k = 0, then the definition reverts to that of a standard Bailey
pair.

In the same paper Andrews showed that there were two distinct ways
to construct new WP-Bailey pairs from a given pair. If (ay,(a, k), B,(a, k))
satisfy (1.4), then so do (a/,(a, k), £, (a,k)) and (én(a, k), Bn(a, k)), where

/ o (P17,02)n E Tba a.c
(15) a(a. k) = (aq/p1,aq/p2)n (C) n(a.©),
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(kp1/a, kpz/a)n
(agq/p1,aq/p2)n

~ (1 —cg*)(p1,p2)j(k/n—j(k)ns; (K ’ (a,c
XZ (1 —=c)(kp1/a, kp2/a)n(q)n—j(qC)n+j <C> e

with ¢ = kpjp2/aq for the pair above, and

10 e B (R (0

(k) 2n qa2

n k2 . k2 J 2
-3 50 () 5 ()

=0 Jn—j

Br(a, k) =

Andrews two constructions can be shown to imply the following Bailey-
type transformations for WP-Bailey pairs, assuming suitable convergence
conditions.

Theorem 1. If (ay,(a, k), Bn(a, k)) satisfy

ﬁn(a; k‘) _ Z (k/a)n—](k)n-‘rj Oéj(a, k),

= (@n-j(a@)n+;

then

e}

(1 — qun)(phP% Q)n aq n -
(1.7) nz:% (1 —k)(kq/p1,kq/p2: O)n <P1p2> Bula, k) =

(kq, kq/p1p2,aq/p1,a9/p2; q) Z (p1, P21 4 < 4 >na (a, k)

(kq/p1,kq/p2,aq/p1p2,aq; q) QQ/PI7QQ/PQ @n \ P1P2
and

o N
(1.8) Z(q;) Bp(a, k)

n=0
_ (aa/k, g0’ [k @)oo g~ (K5 @)on qga®\"
 (qa,qa?/k?;q) oo Z a2/k: Don \ K2 an(a, k).

We had initially derived the transformation at (1.7) in a way that was
similar to the way Bailey derived (1.2), before finding that it followed from
Andrews’ first construction at (1.5). A result equivalent to the transforma-
tion at (1.8) was also stated by Bressoud in [5].

In the present paper we prove the following transformation for WP-Bailey
pairs.

Theorem 2. Subject to suitable convergence conditions, if

(1.9) By = zn: (k/a;@)n—r (k;@)ntr o

— (G Dn—r (G Dntr
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then

(gab/k, kq/b; q)oo(q, k*q/a, ¢*a, *a® /K% ¢*)
(kq,qa/k; q)co

% i (Q\/E, _Q\/Ey k2/ab7 b? m’_m; Q)n <_qa>nﬁ
n=0 (\/Ev _\/Ea qab/kv kQ/b’ k\/%7 —k q/a; q)n k "

k .2
qk? b ?a®b ¢*a i (@al%q )n —qa 2n
= _— _— (87
ab’ q, ]{2 5 b 3 q . (q2ka22b ‘JQTa;q2> L 2n
n

k*q . 2
k2 q3a?b ¢Ba 00 i 0aq . —qa 2n+1
+ ( b b;q2> Z ( > ( > Q2n41-

ERAS) )
ab k2 ?a’b ¢a. k
OOnzO( ) 7T7q2
n

We use this transformation to derive some new 3- and 4-term transfor-
mations between basic hypergeometric series.

(1.10)

2. A TRANSFORMATION DERIVING FROM A ¢-ANALOG OF WATSON’S 3F5
SUM

We recall the following g-analogue of Watson’s 3F5 sum (see [6, (I1.16),
page 355]),

A, qVA, —qVA, a, b, A\/q/ab, —A\\/q/ab, ab/X_ gX
VA, —VA, Aq/a, A\q/b, N2q/ab, \/qab, —/qab 0
_ (Mg, A\q/abiq)s (ag,bq, >N /a®b, ¢> N /ab®; ¢*)
(Aq/a, A\q/b; @)oo (¢, abgq, A2 /ab, ¢ N2 /a2b%; %)

We now prove the main theorem.

(2.1) s¢7

Proof of Theorem 2. In Lemma 1, set
_ (ab/X;q)r
T (@
N
" (N2q/absq),
(aVA, —aV/A, a,b,2/q/ab, —\\/q/ab; q), <qk)r
(VA =VA, Ag/a, Aq/b, \/qab, —/qab;q), \ ab /

5, =

Then

Tn = io: 67"U7"—n‘/r+n

r=n

- Z 5m+n Um Vm+2n

m=0
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i ,—qV\, a,b, M/ q/ab, —A\/q/ab; @) min (ab/X; @)m
=0 f —V\, Aq/a, Aq/b,\/qab, —\/qab; @)min (@ Dm
(A Qmt2n <—q>\>m+n
(A2q/ab; @)mr2n \ ab
_ (@A —avx a0, 0/q/ab, —A/q/ab;q)n  (Xiq)2n <—q/\>”
(VA, =V, Aq/a, A\q/b, /qab, —/qab; q)n (\2q/ab;q)an \ ab
y i (@ VX, =g VX ag", bg", M/ q/ab g, —A\/q/ab ¢ @)m
= (VAG, VNG A a, A b, \/qab ¢, —\/qab ¢ q)m
(A", ab/X; @)m ( )m
(A2g'+2n [ab, q; q
_ (aVX, —aVX,a,b,\\/q/ab,—\\/q/ab;q),  (N; q)Qn g\
(VA =V, Aq/a, Aq/b, \/qab, —/qab; q), (N2q/ab; q)an < ab >
(Ad""2", Ag/abi @)oo (ag™*",bg ™", T N? [ab, ¢* TN [ab®; ¢*) oo
(Ag 7 /a, Ag 7 /b @)oo (g, abg' 27, 2 APT27 [ab, g A% [a2b?; ¢%) oo

(Mg, Aq/ab; @)oo (ag' ™ bt A2¢2 T [a?b, N2 Jab?; g7 oo
— (Ag/a, Aq/b, @) (¢, gab, \2q? /ab, \2q%/a2b?; ¢2) oo

_ A n
X (a,b;q)n <a,(§)>

_ (A, Ag/ab; g)so <_q/\>n

"~ (Ag/a,Aq/b,q)o \ ab
(ag, bg, \2¢? /a?b, \2¢* /ab*; ¢*) (a,b; q2) eve
(¢, qab, \q*/ab, \q*/a®b?; ¢%) oo (\2q?/a?b, N2 2/ab2 By T

2’ § 2q? 242 (QQ7 bq7 );
(a’baAq/a b7)\q/ab7Q)OO = nOdd'

(q,qab, \2q% /ab, \2¢% /a?b?; ¢?) s (N2q3 /a?b, N2q3 [ab?; q%) n—1’
2

The fifth equality comes from applying (2.1) to the sum from the line before,
after replacing \ with A\¢?”, a with a¢™ and b with bg" in this identity.

We next make the substitutions A\ — k, a — k?/bc followed by ¢ — a,
and again suppose the sequences {«a,} and {3,} are related by

S - (k/a§ Q)n—r (k§ Q)n—I—r
Bn = § arUp— Vg = g Q.
= - — (G Dn—r (G Dntr

The result now follows. O

We can use this theorem to re-derive some known identities between basic
hypergeometric series, and also to derive some new identities. For example,
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inserting the “trivial” WP-Bailey pair

an(a7k): {1 n=0

0, n>0,

(k/a,k;q)n

Onlar k) = (¢,a9;9)n

n (1.10) leads to a version of (2.1) (perhaps not surprisingly, since (2.1) was
used to prove Theorem 2). We also note in passing that applying Andrews
first construction at (1.5) to this trivial WP-Bailey pair leads to a variant of
Jackson’s sum of a terminating g¢7, while applying his second construction
at (1.6) leads to a variant of the ¢-Pfaff-Saalschiitz sum.

Before going further, we introduce some standard space-saving notation:

ai, g/a1, —q+/a1, 4, ..., Qr41
r+1Wr(a1§a4a---ar+1;qa Z) =r41 Or [ ’\/CT i\/ch @ ’ G’vlqr ;q,z] .
9

5 a4""’aT+1

Inserting the “unit” WP-Bailey pair (see [3] for example, where this WP-
Bailey pair, and others employed below, may be found),

_ (@eva,—qva,a,a/k;q)n (K"
an(a7 k) B (\/a’ _\/a7q7kQ;Q)n <a>

By (a, k) = {1 n =0,

0, n>1,

in (1.10) and replacing ¢ with ,/q leads to the following identity:

k ) k ) b b) b ) k k/’ ) q7
(kq, k\/T; @)

kQ\f a’bq qa a a\/q k2
= ,b b
< f k’2 ’ aq>oo 8W7 <CL CL\/> k A ’ ab’ 3 4, Q>

el (i ot g7,

- - — ab’ 2 v 7

11— o)1 —Fkyg) \ab’" & b )
q aq k*\/q

x gWy (aq, a\f T T ab b\ Q5 q, q> .

<\/§ab qab k\/q kq a\f aq k?\/q qa'q)
a ) ) -

This identity is a particular case of Bailey’s nonterminating extension of
Jackson’s g¢7 sum (see [6, page 356, I1.25]).

We now state some transformations which we believe are new. Upon
substituting Singh’s WP-Bailey pair [9] (see also [3], where one of Andrews’
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constructions was used to derive Singh’s pair from the unit pair),

(¢v/a, —av/a,a,y, z,a°q/kyz;q)n <k>"
(Va, —va,q,aq/y,aq/z, kyz/a; q)n ’
(ky/a> kz/av k, QQ/Z/Z§ Q)n
(aq/y,aq/z,kyz/a, q; q)n

into (1.10), we get the following transformation.

(2.2) ap(a, k) =

Bnla, k) =

Corollary 1.

(qab/k, kq/b; q)oo(q, k*q/a, ¢*a, *a® /K% ¢%)

2.3
(23) (kq,qa/k; q)oo
k: ky kz a a
X 10W9( ,b, \/qa, —\/qa, 7@/,; ;Z q, —qk)

_ (K, @ o,
- a,b, Q’ ]{f2 ) b 7q ~

k? a2q a2q2
X 19Wi ( —:0,00,9, 54, 2,20, 1 r e 7, q2>

4 (1—ag®)(1 —y)(1 — 2)(1 — a®q/ky=) <k2 . a’*bg® ¢’a 2)
(1—¢q)(1 —aq/y)(1 —aq/2)(1 — kyz/a) )

%7 3 kz 9 b
k2q 2q2 a2q3

x 12Wi | ¢?a; —=,bq, aq,yq, 4%, 2q, 24>, : D% q7 ).
ab kyz " kyz

Remark: The identity above may be regarded as an extension of (2.1),
since substituting y = 1 in (2.3) leads to a variant of (2.1).

We next apply the theorem to some WP-Bailey pairs found by Andrews
and Berkovich [3].

Corollary 2.

(qab/k, kq/b; q)oo(q, k*q/a, ¢*a, *a® /K% ¢%)

24 (kq, qa/k; @)oo

2
X 76 qf _qu%’ b, V4a, —4/4a, qa2 o qa
76 b k y @y
f \/E qg 7 qu 57 —k q k

k2q 2bq2 q2a 5
= E’bq’ 12 aT;q
k2 k k 3 3 2
x 16Wi1s (a,, \/7 q X —atz % T % —\/EHZZMIQ)
aa

~ (1-ag® )(1—qa2/k)(1—q 02/k)(1—k/GQ)< b, a’bg® ¢’a. 2) 8
bRy )

(1=q) A= k)1 - kq)(1 — a?q>/k)
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oWis [ag® Bl by ag ¥ F o |0, |0 ad® —ed® e [¢ ad’ —ad’ s o
6 5 ’ab’ B -,ava-, k}’ k?’\/E’ \/E k}’ k?’\/E, \/E’ 9 .

Proof. Insert the WP-Bailey pair
on(a k) = (©9V0 —0V/0, F/ag ) (qa®/k; q)2n <k>"
e (¢, Va, —va, a2 [k;q)n (k3 q)2n ’
(k*/qa*; q)n
(¢ @)n
from [3] into (1.10). O

Bnla, k) =

9

Corollary 3.

(qab/k, kq/b; q)oo(q, k*q/a, ¢*a, ¢*a® [k?; ¢*)
(kq,qa/k; q)oo

—Q\/E, ICCT?)’ b7 ma _ma Zél qa]

(2.5)

—VE, 1 e _kﬁ’q’ k
k3q a’bg®> ¢*a 9
<ab 9y q7 k2 Y b 7q > X

o
\/? \/? @ @ a aq aqg ag® ,
say/ o —ay /e[ o ey o == - == aP g
k k k E'VE VE VE Vk

><6¢5[

Q|

k2 k
16Wis (a; —,b,aq, 7q7
ab a

- (1—aq2)(1—§) (1—%) (1—}-%) (kQ , a2bg® qia. 2) .
O 00—k — VR +vE) \ab’” k00T

16Wis | ag®; L’ bg, aq ka LqQ a z —a z a il —a L 2 7aq2 7—aq2 _aq3‘¢12 ¢
k) ab b 9 9 a 9 a il k 9 k k) k 9 k b \/E? \/E’ \/E k) \/E 9 9 .

Proof. This transformation follows similarly, after inserting the WP-Bailey
pair

. (a,q\/a,—Q\/aa\/%_a\/%’ﬁ’_%’%q)n k\"
on(a, k) = (q,\/aj_\/a, \/q*k,—\/qfqu\/ﬁ,—\/ﬁ,%;q) <“> 7

(@ 9Vk; @)n
from [3] into (1.10). O

n

Bnla, k) =

We next consider two WP-Bailey pairs found by Bressoud [5] (see also
[3], where these pairs are also investigated). We do not consider Bressoud’s
first WP-Bailey pair, since, as remarked in [3], it is a limiting case of Singh’s
WP-Bailey pair at (2.2).
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Corollary 4.

(gab/k, kq/b; q)oo(q, k*q/a, ¢*a, ¢*a® [k*; ¢%)
(kq,qa/k; q)oo

o (1 v . o)

_ (¥a , @b fa
- ab’q’ k2 b b ?q -

x 10Wy <\f

(2.6)

k a\/q aq
e v VYo L )

(1—qf)<1 i) 2 a2bd® dda
(1- a1 -5 <w”’k§’%;f>m

X 10Wo <Q\f k‘\/7

Proof. Insert Bressoud’s second WP-Bailey pair

- Vi

I 9 i il

f q>

aula k) = LY Lo ), )”
U (),
 (k, %), (;—’g;\/a) w (kN
BA%@—<%§wlﬁfﬁm¢5%<%@>’
into (1.10). .

Corollary 5.

(qab/k, kq/b; q)oo(q, K2q/a, ¢*a, *a® /k?; ) o
(kq,qa/k; q)oo

k:
,b,\/a
><8VV7< 7k \/>7Q7 \/&)
]{?2 2bq2 q2a 5
<ab b4 =2 ,b,q>oo><

12Wi1 <\/5; iga'/* —igat/t,

(2.7)

ko —k Va
\W@N“@fkk%@
<1—aq (—%)
a) 1+

12W11 (Q\/a Zq3/2 1/4 ’L 3/2 1/4 \[ \/7 V ’ \/ ) 7 f A 7Q)
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Proof. Insert Bressoud’s third WP-Bailey pair
wn(ak) = Lo ae" (Vo iiva), < k )
1—a (\/‘j) k %; \/a) aﬂ
k% —ky/L —=L n
a’ \f’ k
Bnla, k) = < \/> ) < > ’

%
(%_\f_\/}q> a\/a

into (1.10). O

Finally, we apply the theorem to three WP-Bailey pairs found by the
present authors in [8]:

o (o gy — 4/ 0)n (EN"
(2.8) D(a k) = L (a> |

(1)(a k‘) _ (qa/kv k; Q)n (k2/a; q>2n
" (k%/a,q,q)n (aq,q)2n

29)  a®(ak) = @ WG —0Va ko aVak, —a/alkidn 0
(Va, —va, ga? [k, V/ak, —V/qk, ¢; q)n
(k, k2/a2;q2)n/2
B (a, k) = 4 (2, %% /k; %), 0] Ve
0, n odd.

—qv/a, d, q/d, —a;q),
(2.10) @0 = (o = aai ad —a g, Y
( Z/adv dQ/aaq )n/2 n even
33 (a,q) = (adq,aq?/d; q)ns2 ’
e _a(q/ad,d/a; qz)(n+1)/2
(ad,aq/d; ¢*) (ny1)/2

Note that the third pair is restricted in the sense that it is necessary to
set k = ¢ for (1.9) to hold.

Corollary 6.

n odd.

(2.11) (gab/k, kq/b; q)oo(q, k*q/a, ¢?a, *a® /K% ¢*)
(kq,qa/k; q)oo

2 _ _
x gWr (k l; b,% L qa)

k2q a2bq2 q2a ab k2 T2
= (ab L i YaN'E
oo
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1- 9 2 2p3 3 bg, L, G-
k2 k a bq q°a 9 ab7 ) k2 ) k2 9 9
— ¢~ b, 5 i g 193 147, q
(1—q) \ab k b ~ Fab Pa 3
k2 0 " p q

Proof. Insert the WP-Bailey pair at (2.8) into (1.10).

Remark: The substitution k = a,/q also gives a special case of (2.1).

Corollary 7.
(gab/k, kq/b; q)oo(q, k*q/a, ¢*a, *a® /K% ¢*) y

2.12
(2.12) (kq,qa/k; q)o
k2 k 2 a? q
12Wir ( k; pre bbq Vagq, —/aq, \/ag3, —/ ag?, 2761,
k%q 2bq 7%a
= bq 2702
<ab 7 k2 b b ’q> X

k2 k k
12Wi1 (a;,b ag, 7q \/7 —G\/7 a\ —av 27qa>
ab
+%(1—ac_[2)(1 ) ka a?bq® a4
k (1—q)(1—kq) \ab'” K2 b °

k2 kq kq? / / / /
12W11 <aq2;abqab7 ag, qa g %

)

Proof. Insert the WP-Bailey pair at (2.9) into (1.10). O
Corollary 8.
2 3
<ab, %; q) (q, L a,a? q2>
a
2.13 0 2 %
(2:13) (42,05q)
2 3
[14W13 (q;fw,fd),b,bq,\/qa —v/qa, v/ ¢3a, —/¢3a, ,q 7 a2>
d
+a2<1—q?’>(1—)(1—b><1—aq>(1—qd)( -0
1-q)(1-%) (1 -an)(1—ad (1-2) (1~ o)
3 q q q2d 2. 2 2
14W13<q,b ¢V Ba, —/ a,/Pa, —/ ¢, vt a,q;q,a>
2
2 q q q q q 2 2
= b, bg, —, — W, i —.b d,
(a , 04, b b yq )0012 11 (CL7 ab7 ,aq, — —aqg, dq?d’ d7q ,CL)

o0

A-e)1-d(1-§)1+a) @ da
) (- ) (- ad) (q“%’b’b’b’f <
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3

2.4 2 2 q2 q3 2 2
12Wi1 | aq”; =, bq, aq, —aq, —aq”,dq,dq”, —, —;q°,a" | .
ab d’d

Proof. Insert the WP-Bailey pair at (2.10) into (1.10), and set k =¢. O

Remark: The extra g-products inserted in the numerators and denomina-
tors of the terms in the two series on the left in the identity above are there
so as to give each these series the form of a .1 W, series.

1]

2l

B8l
[4]
5]
(6]

(7l
(8]
(9]
[10]

(11]
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