m-DISSECTIONS OF SOME INFINITE PRODUCTS AND
RELATED IDENTITIES

JAMES MC LAUGHLIN

ABSTRACT. For integers t and m with m > 5 relatively prime to 6 such
that 1 <t < m/2 and ged(t,m) = 1, define

2t m—2t m, m
R

(@', a™ " 9™
The m-dissection of this quintuple product is given in terms of other
quintuple products. Hirschhorn’s 5-dissections of Ramanujan’s function
R = R(q) and its reciprocal follow as special cases of this general result.
Define the sequence {cy }n>0 by

Q(t,m) . - n
@ 2
’ n=0

It is proven that
n=ng:= é(mf4)m(m+ 1)+ (m—1)

is the largest value of n for which ¢, = 0 (a slight modification to the
value of ng is needed if ¢ = (m — 1)/2). Further, it is shown that for
n > no, the signs of the ¢, are periodic with period m. In addition, a
formula is given for a polynomial f ., (q) (deriving from the m-dissection
of Q(t,m)) from which a second polynomial g;m,(q) of degree m — 1 is
derived, such that the coefficient of ¢ (either 1 or -1) in g¢,m (¢) indicates
the sign of all the coefficients in the arithmetic progression cmi+dq, for
0<d<m-—1and mk+d > no.

By using methods like those used to prove the results above, other
similar results are proved. We re-derive the result of Evans and Ra-
manathan giving the m-dissection of (¢; ¢)so in terms of quintuple prod-
ucts for any integer m = +1 (mod 6).

Other results include various Lambert series identities, such as the
following. Define

2 5 7 3 4 7
 (%4%5497) = (¢°,4%547)
A=4lo) = (4,4597) 00 B=5B):= (@%,4%q7) oo
Then
— 1— q7n — 1— q7n - A B (q37 q4; q7) OO’

where fi := (¢";¢")co-
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1. INTRODUCTION

In the present paper the quintuple product identity is used to derive m
dissections of various infinite products, where m is a positive odd integer that
is not a multiple of 3. These m-dissections are then used to derive various
results concerning the non-vanishing of coefficients in the series expansion of
certain infinite products, and also to show the m-periodicity in the pattern
of the signs of these coefficients.

One family of results gives the m-dissection of Euler’s product (¢; )~ in
terms of quintuple products for all positive integral m = £1 (mod 6). This
result was derived previously by Ramanathan [16, Theorem 1, pagel124] and
Evans [7] (see also [3, Theorem 12.1, page 274]). However, we include a proof
for completeness, and also because we use a slightly different formulation
of the result to derive results about the periodicity of signs in the series
expansion of a related infinite product. Specifically, by employing the idea
that Hirschhorn used in [I1], we show that if the sequence {¢,} is defined
by

(D)0 i -
: =- nq
(@50 ™) =

then for n > ng(m) (no(m) is explicitly computable) the signs of the ¢,
are periodic modulo m, and the pattern of +/— signs can be stated exactly
(although the ¢, in roughly half of all arithmetic progressions modulo m are
identically zero).

In [I1] Hirschhorn gave the 5-dissection of the Ramanujan function R(q)
(see (3.6))) and its reciprocal (which are both essentially quintuple products)
in terms of quintuple products (see Corollary for the statement of these
expansions). In the present paper this result is extended to all integers m
relatively prime to 6. Specifically, if m > 1 is an integer that is relatively
prime to 6 and ¢ is an integer such that 1 < ¢ < m/2 and ged(t,m) = 1,
then the m-dissection of the quintuple product

2t  ,m—2t ~-m._m
(1.1) Qe m) = 40" "0 e
(€5 a5 4™ )0
is given in terms of other quintuple products.

Remark: The restriction to ¢ satisfying ged(¢,m) = 1, while necessary for
the proof, still permits for the m-dissection of Q(t,m) to be found in the
case ged(t,m) = d > 1. To see this, observe that Q(t/d,m/d) will satisfy
the requirements of Theorem so that its m/d-dissection may be found,
and hence the m-dissection of Q(t,m) may be determined by applying the
dilation ¢ — ¢%.

Further, if the sequence {¢,}n>0 is defined by

Qtm) _ i o

(@™ ¢™) oo

n=0
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it is shown that

n=ngy:= é(m —4m(m+1)+ (m—1)t

is the largest value of n for which ¢, = 0 (the value for ny needs to be slightly
modified if ¢ = (m — 1)/2 - see Theorem [3.2)). Further, it is shown that for
n > nyg, the signs of the ¢,, are periodic with period m. In addition, a formula
is given for a polynomial f;,,(q) (which is derived from the expansion of
Q(t,m) in terms of quintuple products) from which a second polynomial
gt.m(q) of degree m — 1 is derived, such that the coefficient of ¢ (either 1
or -1) in g¢,»(q) indicates the sign of all the coefficients in the arithmetic
progression Cpk+d, for 0 < d <m — 1 and mk + d > nyg.

Remark: In [16], Ramanathan showed how to find, for each arithmetic
progression [ (mod m), an integer ng(l) such that if n = mk +1 > ng(l),
then ¢, # 0, and all integers in the set {cpi+i @ k& > 0,mk +1 > no(l)}
have the same sign. Thus Ramanathan’s result for the periodicity of the
signs of the coeflicients is more refined than ours, but ours is easier to apply.
Ramanathan did not provide the m dissection in terms of quintuple products
that we give.

If there is more than one representation for an m-dissection of some in-
finite product (for example, there are three such m-dissection for (q;q)3.),
then further identities may be derived by equating corresponding parts in
two representations. A number of Lambert series identities follow in this
way. One example of such an identity (which we believe to be new) is the
following:

e 3n © 4n 9
1+14 — 14 (g3 2B 00\ T
' "Zz:ll_qm ol ( T4 TB) @<
where
2 4% q" 3 4.7
,4°;q") (4% 4") .
A:A ::(7,_8:_3 ::7’ — 1;1 ]
@ (4,4%q") o (2) (0 fi=1(d"1q")

Another identity which follows similarly is

> 2 2
3 (1) ((14k: F1)g e Te 4 (14k + 13)q”§+1‘3’“+3>
k=0

We note that there are many other dissections of infinite products in the
literature which do not follow from the methods in the present paper (see
also the discussion preceding Theorem . Dou and Xiao [6], for example,
have given the 5-dissections of

(2, =% ¢")o(a, 4”43 and  (—¢* —¢"¢")o(d®. 4" ¢"0)5,
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and used their results to reprove results of Hirschhorn [I4] on vanishing
coefficients.

Another difference with the present paper is that elsewhere the authors
have often proved their results, as did Dou and Xiao in the paper mentioned
just above [6], by appealing to properties of Ramanujan’s general theta
function f(a,b) = (—a,—b,ab; ab)s and the properties of particular cases of
this function:

(1.2) oa) = fla9)= Y q*,

(1.3) V() == flq,¢°) = Z P2 = an(n-l-l)/Q,
n=-—00 n=0

(1.4) f(=q) = f(—q, _q2) - Z (_1)nqn(3n—1)/2‘

Yet another method of proving dissection results involves manipulation
of bilateral series, as was employed by Hirschhorn [13] to derive the 2- and
4-dissections of Ramanujan’s continued fraction and its reciprocal. This
method was not employed either in the present paper.

Yet another method, again different from the methods in the present pa-
per, is to use known dissections of simpler products to derive the dissections
of more complicated products. This was the method used by Hirschhorn
and Roselin [I5] to obtain the 2-, 3-, 4- and 6-dissections of Ramanujans
cubic continued fraction RC(q), where

(4,4% ¢%)os
(1.5) RC(q) := —5——F—.

(@3 6% ¢5) oo
1.1. Notation and Preliminary Results. Before discussing results, we
recall some notation.

o0
(a;q)00 == H 1—aqg"
n=0

(a1, 055 q)oo = (a1; @)oo * * + (@53 @)oo
For space-saving reasons, define
k k k. k i i
(@4 )00 = (a,¢"/a,4"1q" )0, fi=1(4"q")o-
For ease of notation, we refer to any quantity of the form (a; ¢¥) o as a Jacobi
triple product or triple product.

Frequent use is made of the Jacobi triple product identity, so we recall
two equivalent versions:

Theorem 1.1. For |q| <1 and z # 0,

o

(1.6) S (=" = (2050 .

n=—oo
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(1.7) o )" = (2 ).

n=—oo

Also central to the paper is the quintuple product identity (see [5] for
an excellent survey article on the quintuple product identity and its many
proofs):

(1.8) > @~ 2") = (2% @)oo — 2(—072% ¢P)oo

n=—oo

) 2 2. 2y _ (2% @)oo

(23 @)o0(927,0/271 ¢ )0 E——
Also for ease of notation we refer to a quantity expressed in any of the forms
in as a quintuple product. For later use, for integers ¢ and m, with
m > 5 and 1 <t < m/2, Q(t,m) will be as defined at (L.1). Note that
Q(t,m) is derived from the infinite product on the right side of by
replacing ¢ with ¢™ and setting z = —¢".

If a g-product is expressible as a sum/product of Jacobi triple products, it
is easy to derive an m-dissection in terms of other Jacobi triple products. As
is well-known, the following m-dissection arises from separating the bilateral
series in Theorem |1.1]into m arithmetic progressions.

Corollary 1.1. If |q| <1, z # 0 and m is a positive integer, then

m—1

(L9) (0 q%)oe = D (=2)7q ((—1) g gt

r=0

m—1

(1.10) <Z; Q>oo = (_z)rq(TZ_T)/z <(_1>m+1zmq(m2—m)/2+mr; qm2> .

i

r=

However, m-dissections arising directly from these expansions often do
not provide much information about, for example, the vanishing- and sign-
periodicity of the coefficients in the series expansion of the original infinite
product. While it is not hard to see that the m-dissection of the general
quintuple product at may easily be derived in terms of triple products,
by applying to the two triple products on the left side of , it is
not possible to express the m-dissection of this general quintuple product
in terms of other quintuple products (or at least not in a straightforward
manner). However, somewhat surprisingly it is possible to do this for quite a
large class of quintuple products derived from this general quintuple product,
when ¢ is replaced with ¢ and z is specialized to be a power of ¢ (see
Theorem 3.1)).

Identities of the following types, particularly the third (which combines
the first two) are used often in what follows:

(1.11) (@ "0")0e = (1= ¢* )" ¢") oo,
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b. k

oo = (4°50") o

[e o] 1 _ qb )

@ o = 70" " ") o

2. THE m-DISSECTION OF (¢;¢)so IN TERMS OF QUINTUPLE PRODUCTS

A special case of (1.10]) follows upon making the “dilation” ¢ — ¢* and
then making the substitution 2z = ¢ (noting that (¢,¢%, ¢ ¢*)o = (¢;@)0):

[aary

m—

. — 1\, (3r2=r)/2 [ 1\m+1 _(3m2—m)/24+3mr. 3m?
2D (s = (1) ((-)m*1q )

[e.9]

As remarked above, Evans [7] and Ramanathan [16] derived an alternative
expression, in terms of quintuple products, for the m-dissection of (¢;q)eo
in the case m > 5 is an odd integer relatively prime to 3. For complete-
ness and because we require a slightly different formulation of this result to
prove statements about the signs of coefficients, we also give a proof here.
The method of proof is essentially that given by Berndt [3, Theorem 12.1,
page 274], although our formulation is a little different (different summation
variables and we have ¢ where Berndt has ¢!/™, for example).

The aim is to combine pairs of terms in the sum using the quintuple
product identity, so the next thing is to examine when

(2.2) (3r2 —7)/2= (35> —5)/2 (mod m),

when s # r and 0 < r,s < m — 1 and m > 3 is relatively prime to 6. It
turns out that the behaviour for integers of the form 6¢ — 1 is different from
that for integers of the form 6t + 1. As illustrations, we consider the lists

{37«2 T mod m)}"H

2 r=0

for m = 17 and m = 35 (a prime and a composite of the form 6 — 1) and
m =19 and m = 25 (a prime and a composite of the form 6t + 1).
For 17, this list is

{0,1,5,12,5,1,0,2,7,15,9,6,6,9,15,7,2}.

It can be seen that the list contains two palindromic sublists, the first being
fromr = 0tor =6 (= (m+1)/3), and the second being from r = 7
(=(m+1)/3+1) tor =16 (= m —1). Note that the first sublist has
an unmatched term, 12, at » = 3 (= (m + 1)/6), while the second sublist
does not. The same decomposition into two palindromic sublists occurs for
composite integers of the form 6¢ — 1, the difference being that some integers
occur more than twice, in contrast to the situation for primes. For m = 35,
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for example the list is

{0,1,5,12,22,0,16,0,22,12,5,1,0,

2,7,15,26,5,22,7,30,21,15,12,12, 15,21, 30, 7, 22, 5, 26, 15,7, 2}

However, this multiple occurrence of some integers does not affect the com-
bination of terms via the quintuple product identity.
For 19, this list is

{0,1,5,12,3,16,13,13,16,3,12,5,1,0,2,7,15,7,2}

Here also it can be seen that the list contains two palindromic sublists, the
first this time being from r = 0 to r = 13 (= 2(m — 1)/3 + 1), and the
second being from r = 14 (= 2(m — 1)/3+2) to r = 18 (= m — 1). Note
this time that the second sublist has an unmatched term, 15, at r = 16
(=5(m —1)/6 + 1), while the first sublist does not. For m = 25 the list is

{0,1,5,12,22,10,1,20,17,17,20,1,10,22,12,5,1,0,2,7,15,1, 15, 7, 2}

It will be seen that pattern of decomposition into palindromic sublists
exhibited by 17 and 35 is replicated for all positive integers m of the form
m = 6t — 1, and the pattern exhibited by 19 and 25 is replicated for all
positive integers m of the form m = 6t 4 1.

Theorem 2.1. Let |¢| <1 and Q(t,m) be as at (1.1)).
(i) If m is a positive integer of the form 6t + 1, then

(23) (g30)oe = (~1)" /0020 (g7 o

(m—1)/3
+ Z (—1)rq7'(3T_1)/2Q (m(m +6r —1)/6; m2)
r=0
(m~1)/6

+ Z ““3““/2@( (m — 6u —1)/6;m?).
(i1) If m is a positive mteger of the form 6t — 1, then

(2‘4) (q; Q)oo — (_1)(m+1)/6q(m271)/24 (me;me) o
(m—5)/6

- j{: )" Cr2Q (m(m — 6r + 1)/6;m?)

(m=2)/3
+ Z (—1)%qGutD/2q (m(m + 6u + 1)/6;m2) .
u=1

Proof. We prove (ii) and omit the proof of (i) as it is similar. First consider

when holds. Since (372 —7)/2 — (35> —s5)/2 = (r — s)(—=1+3r +3s5)/2
then ( —7)/2 = (352 —5)/2 (mod m) if m|(—1+ 3r + 3s). Further, given
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the restrictions on the size of r and s and the fact that m is a positive
integer of the form 6t — 1, this implies that there are two possible cases.
The first is that —1 + 3r +3s = m, or s = (m + 1)/3 — r, giving the
matching pairs of values in the sum of terms in the first palindromic sublist,
forr=0,1,...,(m+1)/6—1 (the unmatched central term, for r = (m+1)/6,
also needs to be determined).

The second possibility is that —1 4+ 3r 4+ 3s = 4m and since s < m — 1,
then r > (m+1)/3 + 1. So writing r = (m + 1)/3 + u, then s = m — u, for
u=12...(m+1)/3 —1, for the sum of terms in the second palindromic
sublist.

The term in corresponding to s = (m + 1)/3 — r is (noting that
(_1)1—m — (_1)1+m =1, (_1)(1+m)/3—fr — (_1)7‘)

(_1)rq(m737‘)(m73r+1)/6 <qm(5m76r+1)/2; q3m2> -
Thus adding the terms for » and s in the first palindromic sublist in
together, one gets

(—1)rg3rn)/2 <q(3m2—m>/2+3mr; q3m2>oo

+ (_1)rq(m73r)(mf3r+1)/6 <qm(5m76r+1)/2, q3m2> ~

?

o0

_ (_1)rq(3r27r)/2 |: <q(3m27m)/2+3mr; q3m2>

)

4 gm(1+m—61)/6 <qm(5m76r+1)/2, q3m2> OO}

<qm(m—6r+1)/3; qm2> .

_ 1\, (3r2=r)/2
(=1)"q (qm=6r1)/6 qm{Em+6r—1)/6; gm?

where the last equality follows from the quintuple product identity
with ¢ replaced with ¢™* and z = —gm(1+m—67)
at (2.4) above.

The term in corresponding to s = m — u is

/6. This gives the first sum

i

(2.5) (—1)mugBm—3u=1)(m—u)/2 <q*m(3m76u71)/2‘ q3m2> N

_ (_1)uqu(3u+1)/2 <qm(3m—6u—1)/2_ q3m2> ..

I

Here the elementary identities of the type at (1.11]) have been employed.
Thus adding the terms corresponding to r = (m+1)/34+u and s =m—u
gives

G 2
qm(m 6u 1)/2;q3m >oo

+ (_1)uqu(3u+1)/2 <qm(3m—6u—1)/2_ q3m2> -

(_1)uq(m+3u)(m+3u+1)/6 <

I

— (_1)uqu(3u+1)/2
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y |:<qm(3m6u1)/2; q3m2> o + gMmHOuF1)/6 <qm(m76u71)/2; q3m2> oo]

<qm(m+6u+1)/3; qm2> o
(qm(m+6u+1)/6’ qm(5m—6u—1)/6; qm2) oo’

_ (_1)uqu(3u+1)/2

where once again the last equality follows from the quintuple product iden-
tity with ¢ replaced with ¢™ and this time with z = —gm(m+6u+1)/6,
This gives the second sum at (2.4)) above.

Finally, the isolated term i follows from setting r = (m + 1)/6 in
the general term in , and simplifying.

The proof of (i) is similar, and the details are omitted. We remark however
that since this time m has the form m = 6t 4+ 1 for some integer ¢, then
m|(—143r+3s) implies that either —1+43r+3s = 2m, or —14+3r+3s = 5m.

O

The well-known 5-, 7- and 11-dissections follow immediately from Theo-

rem 2.1

Corollary 2.1. If |q| < 1, then
(2.6)

10 ,15. .25
sl = [W‘q aorrosl
= (4" ¢") [(QM’Q%’Q) (@ 49)00 2 WWLQ)O@},

—q — ¢+ q°
(47, 4% ¢") oo (¢'4 (®1, %5 ¢*)

(q121 q121) |:(q441q77;q121) (q 7(] ,q
- 9

—q
(¢22,¢%; ¢21) o (¢!, q110 )
oo

2 (6%, 4% ¢"*") oo Fid (6%, 4%;q S (¢"d"% ¢ }
(QSS, q88’ q121)oo (q44’ q77’ q121)oo <q55’ q66, q121)oo

121)

Proof. The 5- and 11-dissections follow from setting m = 5 and 11, respec-
tively, in (2.4)), and the 7-dissection follows from setting m = 7 in (2.3)). O

Remarks: (1) From the representation
oo
(2.7) (26700 = Y (—2)"q" = 1+Z )i (2" 42
n=-—00

it can be seen that the series expansion of any trlple product derived from
(2q;¢%) oo by a dilation of the form ¢ — ¢™ (m > 1 a positive integer)
followed by a replacement of the form z — +¢' (¢ a positive integer) is
lacunary. This means that the series expansion of any quintuple product
Q(t,m) is also lacunary, since any such Q(¢,m) is derived from a sum of two
triple products. This applies to each of the quintuple products in the m-
dissections in Theorems 2.1 and 3.1}, and thus in particular to the quintuple
products in the 5-; 7- and 11-dissections in Corollary 2.1} the quintuple
products in Corollary [3.1] and elsewhere..
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Remark: By applying (1.11)) to the m —r-th term in (2.1)), for r = 1,2,...
|(m —1)/2], one also derives that

(2.8)

(4; @)oo = (qmTH3M/2, 3%y

(m—1)/2
+ Z (_1)r|:qr(1+3T)/2<qm(1+3m+67‘)/2;q3m2>oo
r=1

n qr(1+3r)/2<qm(71+3mf6r)/2; q3m2>oo:| , m odd,

_<7qm(—1+3m)/2;q3m2>oo + (71)m/2qm(3m—2)/8<7qm/2,q3m2>

m/2—1
+ Z (_l)r |:q1ﬂ(—1-i-31“)/2<_qm(—1-i-3m-§—67“)/2;q3m2>Oo
r=1

+ qr(l+3r)/2<_qm(fl+3m76r)/2; q3m2>oo]7 M even.

This expansion has the advantage that it is not limited to m = £1 (mod 6),
but has the disadvantage that it gives just an m/2-dissection when m is even.

We next prove a result about the periodicity of the signs of the coefficients
in the series expansion of (¢;¢)co/(¢™;¢™)0o, Where m > 5 is relatively
prime to 6. It is also shown that in those arithmetic progressions modulo
m in which the coefficients in the series expansion of the above product are
not all identically zero, that the coefficients are all eventually non-vanishing.
These results follow easily from Theorem[2.1] but as far as we are aware, they
have not been written down (possibly because Theorem was previously
stated in terms of ¢/, rather than ¢, as in the present paper).

Theorem 2.2. Let m > 5 be relatively prime to 6 and define the sequence

cn by
(2.9) % =: icnq".
(@™ =

In both the cases m =1 (mod 6) and m =5 (mod 6), define
1
(2.10) ng := é(m + 1) (m+2).

If m =1 (mod 6), define
(2.11)

m—1 m—"7

fnlq) = (=1)5 g2a (1) 4

(-
—~
_
~—
3
L)
N[
2
w
i
=
—
=
~—
S
)
N[
£
w
S
+
=

ﬁ
Il
o
IS
Il
—
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If m =5 (mod 6), define
(2.12)

-5

3
3
N

3

fm(q) = (—1)%qi(m2_l) 4+ (_1)rq%r(3r—1) + Z(_l)uq%u(iiu-&-l)‘

° ‘

ﬁ
Il
o
e
—

In either case, let

m—1

(2.13) gnl@) = 3 dif

j=
be the polynomial derived from f,,(q) by reducing all the exponents modulo
m (extended to have degree m — 1 by introducing zero coefficients where
necessary). Let j be an integer satisfying 0 < j < m — 1.

(i) If dj = 0, then cppyj = 0 for all integers k > 0.

(i1) dj # 0, then cmp4; 7 0 for all integers k > 0 such that mk + j > ng.
Moreover, for all such k, sign(d;) = sign(cmi+;)-

Proof. Observe that for each of the cases m = 1 (mod 6) and m = 5
(mod 6), that f,,(q) is derived from the corresponding m-dissection in The-
orem [2.1| by setting each Q(_,_) = 1.

Note also that since all of the non-zero coefficients in f,(¢) have the
form (—1)" for some integer u, then each d; € {—1,0,1}. (Recall that the
exponents of the powers of ¢ in front of the Q(_, _) in the corresponding m-
dissections in Theorem are all distinct modulo m by construction, and
thus all the powers of ¢ in f,,,(¢) are distinct modulo m also.)

Next we consider the case m =1 (mod 6) and examine an arbitrary term
in the m-dissection of the quotient (¢;q)eo/(¢™;q™)oo derived from
(similar reason applies to the case m = 5 (mod 6) and (2.4), so the proof
in this case is omitted). We consider a term coming from the first sum in

&3):

(2.14) (71),4617(37"_1)/27@ (a,m%)
(™5 4™)oo
_ (_1)rqr(3r—1)/2 (q2a72qm272a;qm2; me)oo
(g% d™ 7% 4™ )oo (@5 4™ oo
where for ease of notation we have written a for m(m + 6r — 1)/6. Since
(@™ ¢ = (@™, ¢, ..., qu_m, qm2; qm2)oo, the product may be rewrit-
ten as

1
(%, 4™ ¢™)oo TV (@™ ¢ o
where the (*) indicates that jm # 2a, m? — 2a or m?. From this represen-
tation it may be seen that all coefficients in the series expansion (regarded

as a series in powers of ¢"") of the last infinite product are non-negative.
In fact, in all but one exceptional case (r = (m — 1)/3), all coefficients are
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strictly positive. This is the case since the factor (¢™; me)oo is not cancelled
in the expansion of (¢™;¢™ ), since neither 2a nor m? — 2a is equal to m,
the reason being that 0 <r < (m — 1)/3, and therefore
(2.15) Lnm—1)<q=mmor=1 1. 4

6 6 2

It can thus be seen that in the series expansion of (¢;¢)so/(¢™;¢™) oo, all
terms in the sub-sequence {cyp4r(3r—1)/2} (apart from r = (m —1)/3) are
non-zero for k > 0 and all have sign (—1)", and all terms vanish for any &
for which 0 < mk +r(3r —1)/2 < r(3r —1)/2.

It may be seen from that the one exceptional case is r = (m—1)/3,
at the upper end of the summation, and in this case a = m(m — 1)/2 and
hence m? —2a = m. In this case the term on the right side of becomes
(m-1)(m-2)/6 (4" a™ " "™ o
(qm(m—l)/27 qm(m+1)/2; qmz)oo(qm; qm)oo ’

q

Thus the factor (qm;qm2)Oo is cancelled from the denominator of this ex-
pression, the coefficient of ¢(m—1Dm=2)/6+m — (m+1)(m+2)/6 — gno (where
ng is as defined at ) in the series expansion of this product is zero, and
the coefficients of all higher powers of ¢ in the same arithmetic progression
module m are non-zero (since (qu,q‘gm;me)oo is not cancelled from the
denominator).

Two additional facts are needed to complete the proof in the case m =1
(mod 6), both of which are easily checked. The first is that the exceptional
situation just described does not occur with any term in the second sum at
. Thus a situation similar to that described following holds for
all terms in this second sum.

The second fact is that the value of r in the exceptional case described
above, namely, r = (m — 1)/3, is the value that gives the largest of any of
the powers of g of the form ¢""~1/2 or quGu+1)/2 found in the two sums at
23).

From what has just been shown, it can be seen that in those arithmetic
progressions modulo m in which ¢, is not identically zero for all n, that
cn # 0 if n > ng.

The claims at (i) and (ii) above now follow from what has already been
shown above.

As already mentioned above, the proofs of the statements for m = 5
(mod 6) are similar, and are omitted. O

We consider f3;(q) as an example.
Example 1. Let m = 31 in (2.11)) to get

(2.16) f31(q) =1—q— @+ +q" — ¢*2 — ¢ + 22 + ¢*°
_ q35 _ q40 + q51 _ q70 + q92 _ q117 + q145'
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Reduce the coefficients modulo 31 to get
217) ga(g)=1—q—-—q"+"+¢" —¢* —¢" — ¢
AL (RS- RS- S - . 1)

From the value ng = (31 +1)(31+2)/6 = 176 and the pattern of signs/zero
coefficients in g31(q), it can be seen that if the sequence {c,} is defined by

(4:9)oo :,ic .
@) nds

then the pattern of the signs of the ¢, in the arithmetic progression 31k +d,
ford=10,1,...,29,30, respectively, and 31k + d > 176, are given, respec-
tively, by

+7 ) 07 ) +7 07 +7 ) _70707 ) 07 07 )
07 O’ 0’ 07 +7 +’ +7 07 _’ 0’ +7 07 07 07 +'

Here a “07 in a particular position indicates that all coefficients in the arith-
metic progression corresponding to that position are identically zero. Note
that the statement above also means that if n > 176 and n = a (mod 31),
where

a€{0,1,2,4,5,7,8,9,12, 15,20, 21, 22, 24, 26, 30},
then ¢, # 0.

3. m-DISSECTIONS OF QUINTUPLE PRODUCTS IN TERMS OF OTHER
QUINTUPLE PRODUCTS

We next turn to the question of when the m-dissection of a quintuple
product may be expressed in terms of other quintuple products. It is not
difficult to see that this cannot be done (or at least not in a straightforward
manner) for the general quintuple product on the right side of . How-
ever, it can be done in a large class of special cases, as demonstrated in the
next theorem.

Before coming to this theorem, we note that it gives the m-dissection
of Q(t,m) only in the case where m > 5 and m is relatively prime to 6.
Other methods may give dissections for other m. For example, Xia and
Yao give the 4-dissection of Q(t,m) in the case 4|m, by using properties of
Ramanujan’s theta function f(a,b) = (—a, —b, ab; ab) .

Further, not all products for which dissections have been given fit the
pattern of Q(¢,m). For example, Hirschhorn and Roselin [15] have given the
2-, 3-, 4- and 6-dissections of Ramanujans cubic continued fraction RC(q)

(see (L.5)).
Theorem 3.1. Let m > 5 be an integer relatively prime to 6 and let t €
{1,2,...,(m —1)/2} such that ged(t,m) = 1. Let Q(t,m) be as defined at

(L.1).
(i)If m =1 (mod 6), then
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ﬁ Mw\

m(3r—1) +6t)Q ((13 (m2 +m(6r — 1) —|—6t) ,m3>

Z (m—3r— 2)(m —m(3r+1)— 6t)Q <;m (m2 — m(2’r —+ 1) — Qt) ,m3>
r=0

-7

3

1 1
—1) 5 (3r+1)(mr+2t) -
(=1)"q> Qg

[

+ m(m(m — 6r — 1) — 6t), m3>

o

3
s

+ (_1)é(m+6r+11)q24(m 6r— 1)( 2 6mr+m712t)Q (m(mr+t),m3) ]

<
(=]
=)

(ii) If m =5 (mod 6), then
(3.2)

m—5

6

37“ 1 +6t)Q <]‘

6 (m2—6mr+m—6t),m3>

r:D

3
&

(_1)é(m+6r+1)q2—14(m76r71)(m276mr+m712t)Q (m(mr +1), mS)

[

_l’_

i
wﬁ S
M

1
+ (=" q%(?’”l)(m?"”t)Q <6m (m?* + 6mr +m + 6t) ,m3) +

r

Il
=)

—5

‘ 3
w

(_1)r+1q%(m—3r—2)(m(m—3r—1)—6t)Q <;m(m<m — 9y — 1) - Qt), mS) )

I
=)

r

Proof. We first apply (1.10) to the two products on the left side of ([1.8]) to
get that

3

(33) (~2’aiq

— 2_ 2
z3rq (3r2—r)/2 <_23mq(3m m)/2+3mr;q3m >OO’

MilM

z3r+1q(3r2+r)/2 <_Z3mq(3m2+m)/2+3mr; q3m2>

2(—22¢% %)

o0

[e=]

r=

The next step is to replace ¢ with ¢™ and then set z = —¢' to get that

(3.4) mz: la, + by
r=0

where
(35) ay = (_1)rqmr(3r—1)/2+3rt <qm2(3m—6r+1)/2—3mt; q3m3> ’
oo
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_ (_ 1\, mr(3r+1)/2+(3r+1)t / m2(3m—6r—1)/2—3mt. 3m3
by = (-1)"q <q iq >Oo.
The next step is to combine pairs of terms containing powers of ¢ in the same
arithmetic progression modulo m, using the quintuple product identity. It is
easy to see that all the powers of ¢ in the series expansion of each of a,. and b,
lie in a single arithmetic progression modulo m. Further, it can be seen that,
in the case of a,, which arithmetic progression is determined completely by
the value of 3rt (mod m), where the 3rt comes from the exponent of the
power of g in front of the Jacobi triple product. Likewise the powers of ¢
in the series expansion of b, lie in the arithmetic progression determined by
(3r + 1)t (mod m).

Since m is relatively prime to 3 and ¢ is an integer, 1 <t < (m — 1)/2
such that ged(t, m) = 1, then if

A={3rt:0<r<(m-1)} (modm),
B={@Br+1)t:0<r<(m-1)} (modm),

then
A=B={0,1,2,....m—2,m— 1},

and each term in the sums at (3.1 and will contain powers of ¢ in a
distinct arithmetic progressions modulo m, and all m arithmetic progressions
will be represented.

Thus each term in the set {ar}:,":_o1 may be matched with a term in the set
{b.}7;!, such that the series expansion of both terms contain just powers
of ¢ in the same arithmetic progression modulo m.

To determine this matching pattern, we examine the situation for some
prime values of m, and then it will be seen that this matching pattern will
carry over to the case where m is composite.

The pattern of this matching for primes = 1 (mod 6) is different to that
for primes = 5 (mod 6). Suppose that for a certain value of ¢, some a, is
matched with a certain bs, so that 3rt = (1 + 3s)t (mod m). Since 1 <
t < (m—1)/2 and ged(t,m) = 1, then 3r = (1 + 3s) (mod m), and thus
each such pair (7, s) is the same for all values of ¢, and thus it is enough to
consider the case t = 1. We first consider primes = 1 (mod 6), and take
m = 19 as an example. The entries in the body of the table are reduced
modulo m = 19.

r ‘ 012 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
3r 0 36 9 12 15 18 2 5 8 11 14 17 1 4 7 10 13 16
3r+1(1 4 7 10 13 16 0 3 6 9 12 15 18 2 5 8 11 14 17

The content of the above table is meant as illustration/aid in under-
standing the following analysis. If 3r = 3s + 1 (mod m), then 3(r —s) =1
(mod m). Also, given that 0 < r,s <m — 1 it follows that

—3m+3<3(r—s)<3m-3.
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Upon putting these bounds together with the previous congruence and re-
calling that we are now considering the case m = 1 (mod 6), we have that
either 3(r —s) = —m +1or 3(r —s) =2m + 1.

From the first equation (this pairing is shown in bold in the table)

-1 2(m—1
s—m3+r§m—1:>0§r§(m3).
From the second equation (this pairing is shown in regular font in the table)
2m+1 m—4
T =

+s<m-1=—=0<s< T
Hence terms are combined as follows:

ar + bim—1)/3+r; 0<r<——-—

a(2m+1)/3+s + bs, 0<s<

In what follows, we again allow m =1 (mod 6) to be composite, and using
the same matching works to allow terms to be combined via the quintuple
product identity, as it is clear that nothing in the next few paragraphs is
dependent upon m being prime.

It is a straightforward (if slightly tedious) check that

: : Im(3m2—6rm+m— m
ar + bim—1)/34r = (—1)"q’”(m(57“—1)/2+5t) [<q2 (3m>—6rm+ 6t);q3 3>Oo

?

n qém(m2+m(6r71)+6t) <q%m(m276rm+mf6t),q3m3> ]
(o)

_ (1) ml-Lran /2430 (émw (=1 + 6r) + 66); m3>

where the last equality follows from the quintuple product identity (|1.8))

q1/6m(m2+m(6r—1)+6t) )

(with ¢ replaced with qm3 and 2 = — . Similarly,

A(2m+1)/3+s T bs

_ (_1)rq%(m—3r—1)(m2—3m7’—6t) |:<q§m(m2+6rm+m+6t); q3m3>
00

i qém(—m2+6mr+m+6t) <q%m(m(3m76r71)f6t), q3m3> }
o0

1
= (—1)rg!/0(-1Hm=3r)(m*=3mr=61) ¢y <6m(m —m? 4+ 6mr + 61); m3) :

where this time the last equality follows from the quintuple product identity
([[.8) with ¢ replaced with ¢™ and z = —g!/6m(m—m*+6mr+6t) \What has
been shown at this point is that if m =1 (mod 6) then

Q(t,m)
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2(m—1)/3
1
— Z (_1)7’qr(m(—1+3r)/2+3t)@ (Gm(m2 + m(—l + 67“) + 6t);m3> +
r=0
(m—4)/3 ] .
Z (_1)rq(—1+m—3r)(m —3mr—6t)/6Q <6m(m - m2 + 6mr + 6t);m3> )

r=0

The problem with this representation is that both sums contain infinite
products with negative powers of g for values of r that lie in the upper half
of the range of summation. The reason this is a problem is that it that
in this form there are minor complications when one examine sign patterns
modulo m in the next theorem.

To overcome this, the first sum is split in two as follows:

2(m—1)/3  (m—1)/3  2(m—1)/3

2= 2t D

r=(m+2)/3

then is applied to the infinite products in the numerator of the terms
in the second sum, and then the summation variable in this second sum is
shifted so that it also starts at r = 0.

Likewise, the second sum is split as

(m—4)/3 (m="7)/6 (m—4)/3

20T 2t 2

r=(m-—1)/

then is applied to the infinite products in both the numerator and de-
nominator of the terms in the second sum, and then the summation variable
in this second sum is shifted so that it also starts at » = 0. This completes
the proof of .

The proof for integers m =5 (mod 6) essentially follows the same general
idea, with m = 17 used as an illustrative example. This time the entries in
the table are reduced modulo 17.

7"‘012345678910111213141516
3r 036 9 12 15 1 4 7 10 13 16 2 5 8 11 14
3r+1|1 4 7 10 13 16 2 5 8 11 14 0 3 6 9 12 15

This time the terms are combined as follows (the first pairing is shown in
bold in the table, and the second is shown in regular font):

ar+b(2m—1)/3+rv r:(],l,...,(m—Q)/?),
a(m+1)/3+r+br, T:0,2,72(m—2)/3
Here the sums are split as

(m—-2)/3  (m—5)/6 (m—2)/3

20 = 2t 2

r=(m+1)/
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/3 (m=2)/3  2(m
Z 2 Z
r=(m+1)/3
The sums in the upper half of each summation range are treated similarly to
the sums in the upper half of each summation range in the m =1 (mod 6)

case, resulting in the expansion at (3.2)). O
The 5-dissections of Ramanujan’s function
2 3.5
q,497;q
(3.6) R(q) := %
(4, 4% ¢°) o

and it reciprocal, which were proven by Hirschhorn [11], follow from Theo-
rem [3.11

We remark that one difference between the method of proof employed by
Hirschhorn in proving the results in Corollary and the method employed
by the present author in proving Theorem [3.1]is that Hirschhorn worked with
the series form of the quintuple product identity and produced the 5-
dissection of the resulting series, before recombining the resulting series into
quintuple products. By contrast, here we worked with the triple product
form of the quintuple product identity throughout, producing m-dissections
of Jacobi triple products and then recombining pairs of triple products into
quintuple products.

Corollary 3.1. If |q| < 1, then

(q125; q125) o (q407 q ’q125) (q607 q 7ql25
(q5. q5)oo (QQO, q105 q125) o q (q30 q95 q125

(3.7) R(q) = )
) 0o
(@P.000) 0 L (6900P) 0 1, (00700 o
—q (@, 45 ¢1%5) —q (@, 120; q125) —q' (@, 47 ¢1%5) o |’
and

(38) R(q)—l _ (q125; q125) o |: (q307 q95; q125) . ( 20 125) -

—q
(q5. q5)oo (q15’ q110. q125) ( 115 125)
55 125 5 125 125
qg(q 4% ¢"%) o _qls(q,q 10" _q4(q %% ¢") o ]
(q35, q90’ q125) 0o (q60’ q65’ q125) 0o (q407 q85’ q125) o

Proof. These follow directly from the m = 5 case of (3.2) upon setting ¢ = 1
and ¢ = 2 respectively, and dividing both sides by (¢°; ¢°)oc- O

As an example of a dissection we believe to be new, we give the 7-
dissection of the product Q(1,7)/(q"; ¢")so, which follows from setting m = 7
and t = 1 in (3.1)), and then dividing both sides by (¢7;¢")oo

Example 2

(3.9)
(q27 q5; q7) o _ (q343’ q343) (q112 q ’q343) . ((]847 q259; q343) .
(4,45 47) oo (00 00 | (€°%,¢%7;¢3%) o (¢*2, @301, ¢313)
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N q30 (q637 q280; q343) o q10 (q133’ q210; q343) o qll (q14’ q329; q343) .
(q140’ q203; q343) o ((]105, q238; q343) o (q7’ q336; q343) o
5 ((]1617 q182; q343) . " (q35’ q308; q343) o

-9 q
(¢91, ¢252; ¢343) o (q154, q189; ¢343)

Hirschhorn [II] was able to use the 5-dissections in Corollary to
prove an observation of Richmond and Szekeres [19] about the eventual
non-vanishing and 5-periodicity of the signs of the coefficients in the series
expansion of R(q) and R(q)~!. A combinatorial proof was given by Andrews
[1]. Both of these (non-vanishing and 5-periodicity) follow from writing

(q57 q5)oo = (q57 qu, q157 s )q1207 q125; q125)007

cancelling the products in the various numerators in the 5-dissections of
R(q) and R(q)~!, and then interpreting each of the resulting products as
generating functions for certain kinds of restricted partition functions (with
some parts coming in two flavors). Similar reasoning applied to the m-
dissections produced in Theorem allows a similar statement to be proved
about the series expansion of any product of the form

(@™ ¢ Q(t,m)

(@ a5 (€™5¢™)s0

where m > 5 is an integer relatively prime to 6 and ¢ is an integer in the
interval 1 <¢ < (m—1)/2. In fact it is quite easy, for each such product, to
state explicitly what the pattern of +/— signs is, and also to state explicitly
where the last vanishing coefficient occurs. The main idea behind the proofs
of these statements may be seen by examining Hirschhorn’s 5-dissection of
R(q) = Rs,1 at above. If all the infinite g-products are dropped from
the right side, one gets the polynomial

fs1(q) =1+q—q —¢*— ¢
5_.9

This tells us that the last vanishing coefficient is that multiplying ¢*—° = ¢°.
Next, the exponents are reduced modulo 5, one gets the polynomial

951(q) =14+q—¢* —¢* — ¢

(3.10) Ry i(q) ==

This tells us that the sign of the coefficient multiplying ¢°"*7 for n > 2 and
7 =0,1,2,3,4 is, respectively, +, +, —, —, —.

Likewise, it is now possible to drop the infinite ¢g-products in Theorem
to derive polynomials which predict the sign pattern in the series expansion
of the product Ry, +(q) at (3.10), and also to determine explicitly the exact
order of the last vanishing term. We restrict to the case where t is relatively
prime to m, so that, as remarked above, each term in the sums at and
(3.2) will contain powers of ¢ in a distinct arithmetic progressions modulo
m, and all m arithmetic progressions will be present.

If ged(t,m) = d > 1, then by setting ¢; := t/d and m; := m/d it can be
seen that my is also relatively prime to 6, gcd(¢1,m1) = 1, and that R(¢,m)
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may be derived from R(t1,m1) (for which information may be acquired using
Theorem [3.2)) simply as a consequence of the dilation ¢ — ¢%.

Theorem 3.2. Let m > 5 be an integer relatively prime to 6, and let t €
{1,2,...,(m—1)/2} be such that ged(t,m) = 1. Define the function Ry, +(q)
and the sequence ¢, by

m—2t

(3.11) R i(q) == (((Iqt’gm—t ’qq )zo = (q?n(t(;gb))oo = chqn'

In both the cases m =1 (mod 6) and m =5 (mod 6), the largest value of n
for which ¢, =0 is

—1
(m—4)m(m+1) + (m — 1)t, 1<t < ™=,

o=

(3.12) n=ngy:=
Hm—4)m(m—+1)+ (m— 1)t +2m, t="=7L

If m =1 (mod 6), define

(3.13)
m—1 m—4
3 3
fm,t(Q) _ (71)rq%r(m(3r—1)+6t)+2(7 (m 3r— 2)(m —m(3r+1)— 615)Jr
r=0 r=0
m=7 L
6
1(3r+1) (mr+2t) Z %m+6r+11)qi(m—6r—l)(m2—6mr+m—12t).
7”:0 =

If m =5 (mod 6), define

(3.14)  fmelq) =

3

(=2}

(—1)"q2 Lr(m(3r—1)+ )+6t) | Z %m+6r+1)q (m—6r—1)(m2—6mr+m—12t)

o

r=
—2

3
3
&

w‘
w‘

+ (_1>rq%(3r+l)(mr+2t) + (_1)7‘+1q%(m737“72)(m(m73r71)76t).

|
=
3
|
=

r

In either case, let
m—1
(3.15) gmal@) = 3 dja
§=0

be the polynomial derived from fm +(q) by reducing all the exponents modulo
m. If mk + j > ng, where k is some integer and j is an integer such that
0<j7<m—1, then cppyj # 0 and

(3.16) sign(cmi+5) = sign(d;).
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Proof. As in the proof of Theorem observe that for each of the cases
m =1 (mod 6) and m =5 (mod 6), that f,+(¢q) is derived from the corre-
sponding m-dissection in Theorem [3.1| by setting each Q(_,-) = 1.

One difference from Theorem is that fn,+(q), in contrast to fp,(q)
(which contained ~ m/2 distinct powers of ¢) contains m distinct powers
of ¢ (recall that the exponents of the powers of ¢ in front of the Q(_,.) in
the corresponding m-dissections in Theorem are all distinct modulo m
by construction). Since all of the coefficients in fi;, +(¢) have the form (—1)"
for some integer u, then gy, +(q) has degree m — 1 and each d; € {—1, 1}.

Next we consider the case m =1 (mod 6) and examine an arbitrary term
in the m-dissection of the quotient Q(t,m)/(q¢™;q™) derived from
(similar reason applies to the case m = 5 (mod 6) and (3.2), so the proof
in this case is omitted). We consider a term coming from the third sum in
(3.1) (similar analysis applies to terms coming from each of the other three
sums):

) Q (a,m?)
(@™ ¢™) o0
3__ 3 3
_ (_l)rq%(3r+1)(mr+2t) (q2a,qm 2a’qm ;g™ )OO
(g% 4™ % ¢ ) oo (¢ 4™ ) o

(3.17) (=1)rqa@r+lmr+2t

)

where for ease of notation we have written a for m(m(m — 6r — 1) — 6t)/6.
By an argument that is essentially the same as that employed in the proof
of Theorem it can be shown that if the infinite product in is
expanded as an infinite series in ¢"*, then all coefficients of powers of ¢"* are
non-zero.

It can thus be seen that in the series expansion of Q(t,m)/(¢"; ¢™)co, all
terms in the sub-sequence {¢,,x1(3r41)¢} are non-zero for k > r(3r +1)/2
and all have sign (—1)", and all terms vanish for 1 < k < r(3r +1)/2. A
similar statement holds for each of the other terms in fy, +(¢q), apart from in
the exceptional case when t = (m — 1)/2.

When t = (m—1)/2, then the » = (m—1)/3 term in the first sum in
and the r = (m — 2)/3 term in the third sum at each have the infinite
product (¢™; qu)oo in the numerator of the factor Q(—, m?), and by similar
reasoning to that used in the proof of Theorem the series expansion of
the quotient Q(—,m?)/(¢™;¢™)s has a zero coefficient for ¢, and this is
the only power of ¢ with a zero coefficient.

Let M denote the exponent of the greatest power of ¢ in fp, +(¢). It turns
out that this M comes from the terms that lead to the exceptional cases
described in the previous paragraph, namely, r = (m —1)/3 term in the first
sum in and the r = (m — 2)/3 term in the third sum at (3.2). It is
not difficult to see that this largest power must occur for either the upper
or lower value of r in one of the four sums, and by comparing all 8 possible
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values it is found that it does occur for the values of r stated, and that
—1)(m? — 2m + 6t)

5 .
From what has just been shown, it can be seen that when ¢ # (m —1)/2 the
largest value of n for which ¢, =0 is

non—m:é(m—ll)m(m—i—l)—l—(m—l)t,

="

and that ng = M +m when ¢t = (m — 1)/2, as claimed. The claim at
now follows from what has already been shown above.

As already mentioned above, the proofs of the statements for m = 5
(mod 6) are similar, and are omitted. O

As an example of the information the previous theorem provides, consider
the following example.

Example 3. Let

(3.18) Ri193(q) := (qq— chq

(¢3,q'% ¢

Upon substituting m = 19 and t = 3 into (3.12)), one gets that the largest
value of n for which ¢, = 0 is n = ng = 1004. After substituting m = 19

and t = 3 into (3.13)), one gets the polynomial

(319) le,B(Q) =14+ q3 _ q13 _ q28 _ q29 _ q50 + q80 + q113 + q115

4B 204 255 258 385 | 454 (623 TIO  018 | 1023

After reducing the exponents in fi93(q) modulo 19, one gets the polynomial

(3:20) gi03(q) =14+ ++¢" ++"—¢" - - ¢

g0 gl 12 1B 1A 15 16 1T 18
Thus the signs of the coefficients c,, for n > 1004, in the arithmetic pro-
gressions 0 (mod 19), 1 (mod 19), ... 18 (mod 19), respectively, are

respectively.
A second example illustrates the exceptional case when t = (m — 1)/2.

Example 4. Let

[e.9]

_ (@ g
(3:21) Ri7s(q) = W chq

Upon substituting m = 17 and t = 8 into the t = (m — 1)/2 case of (3.12)),
one gets that the largest value of n for which ¢, =0 is n = ng = 825. After



m-DISSECTIONS OF SOME INFINITE PRODUCTS 23

substituting m = 17 and t = 8 into (3.14), one gets the polynomial

(3.22) firs(@) =1-q+¢®—q" —¢* +¢" — ¢*® +¢™ +¢'*

_ M0 4 175 183 _ (335 | 346 L (546 _ 560 _ 808

After reducing the exponents in fi78(q) modulo 17, one gets the polynomial

(323) girs(@)=1-q¢++¢ "+ + -+
S R (R R E S L SN E e L

Thus the signs of the coefficients cn, for n > 825, in the arithmetic progres-
sions 0 (mod 17), 1 (mod 17), ... 16 (mod 17), respectively, are

+7 ) +7 +7 ) +7 +7 ) +) Ty T +7 T T +7 )
respectively.

Remark: These examples also permit us to point out another property
of the polynomials f,+(¢), namely that the terms encode more precise in-
formation about the signs of the coefficients in each arithmetic progression
than does g ¢(¢). (As indicated in the proof of Theorem [3.2] the situation is
slightly different for the largest exponent M in fp, +(¢) when t = (m —1)/2,
in that the last zero coefficient in that arithmetic progression is that multi-
plying ¢™*™.)

For example, consider the term 4¢3 in fi78(¢) in Example Since
346 = 17(20) + 6, then ci7x46 = 0 for k < 20, and cy7546 > 0 for & > 20.
In contrast, the term +¢% in g17,5(q) just tells us that the coefficients c7x46
are all positive from “some” point on.

4. LAMBERT SERIES IDENTITIES DERIVING FROM (q; q)2,

Once an m-dissection of (¢;q)s has been derived, then clearly an m-
dissection of (g;¢)2, can be found simply by multiplying out the cube of the
m-dissection of (¢; )~ and collecting together products that give terms in
the same arithmetic progression.

However, it is also possible to give an alternative m-dissection of (g; q)3,
in terms of Lambert series, and hence derive expressions for the individual
Lambert series in terms of infinite products by comparing corresponding
terms in the two expansions. We first derive the m-dissections in terms of
Lambert series.

Remark: For m even, the next theorem gives an m/2 - dissection, not an
m-dissection.

Theorem 4.1. Let |q| < 1.
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(i) If m > 3 is an odd positive integer, then

(41) (g: )% = (=1)m= D 2mglm* =078 (gm*, gm*)3 4
(m—1)/2 2
Z (_1)7~+1q7~(r—1)/2 <qm(m—1+2r)/2;qm >OO

r=1
km(m+1-2r)/ © _km(m— 1+27“)/2:|

q q
oo T oy T
k=1

(i) If m > 2 is an even positive integer, then

m/2

(4‘2) (q; q)3 _ Z(_l)ﬂrlqr(r‘fl)ﬂ <_qm(m71+2r)/2; qm2>

r=1 o

km (m+1-2r)/ k km(m 1+2r)/2:|

[r—1+2mz ka —2mz kmg

Proof. Tt can be seen that dividing the left side of ([1.10) by 1 — z and then
letting z — 1 leads to the left sides of ( and (4.2), and it will be shown
that performing the same operations on the right side of , in the cases
m is odd and m is even, will lead, respectively, to the right sides of
and .

Proof of ([4.1)). In the case of (1)), it will be shown, for 2 < r < (m—1)/2,
that adding the r-th term and m 4 1 — r-th term in the sum on the right
side of , dividing the resulting sum by 1 — z and letting z — 1 leads
to the r-th term in the sum on the right side of . Likewise, adding the
r = 0 and the r = 1 terms in the sum on the right side of , dividing
the sum by 1 — z and letting z — 1 leads to the r = 1 term in the sum on
the right side of . Finally, in the case m is odd, dividing the unmatched
r = (m+ 1)/2-th term in the sum on the right side of by 1 — z and

letting z — 1 leads to the term before the sum on the right side of (4.1)).
For 2 <r < (m —1)/2, the m —r + 1-th term in the sum at (1.10]) is

(_1)rq(m2—2mr+m+(r—1)r)/22mfr+1< —m(m—2r+1)/2 —m. m2>oo

q z 59

_ (_1)r+1qr(r—1)/2zl—r <qm(m+2r—1)/22—m; qm2> -

The equality above follows from applying transformations like those stated
at (1.11) above. Hence, adding the r-th term and m + 1 — r-th term in the
sum on the right side of ((1.10) gives

(71)rq'r(r—1)/2 |:ZT <qm(m—2r+1)/22—m; qm2> -

_ e <qm(m+2r71)/227m; qm2> oo:| )
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That dividing by 1 — z and taking the limit as z — 1 leads to the r-th term
in the sum on the right side of follows as a consequence of L’Hospital’s
rule and logarithmic differentiation.

That adding the r = 0 and r = 1 terms in the sum on the right side of
, dividing the sum by 1 — z and letting z — 1 leads to the r = 1 term
in the sum on the right side of follows by similar arguments.

The remaining claim above about the unmatched r = (m + 1)/2-th term
in the sum on the right side of leading to the term before the sum on
the right side of follows after writing (z™; ¢™ oo in the r = (m+1)/2-
th term as (1 — 2=™)(z7™¢™"; ¢"™" )oe before dividing by 1 — z and taking
the limit as z — 1.

The proof of is similar, and so is omitted.

O

The Lambert series identities in the next corollary follow from Theorems
and They were first proven by Hirschhorn [12], who showed that
they followed from the pair of identities in Corollary

Corollary 4.1. With the usual notation, let f; = (¢*; ¢") and let R = R(q)

be as defined at (3.6). Then
(R
L—g  \R? (6%, 4% ¢°) oo’
and

(4.4) 3+10i < —1oiw—<3+q33) fs
’ n:ll_qu n:ll_qu R2 (

oo

o an
(4.3) 1+ 1OZW —10
n=1

n=1

0% ¢°) o

Proof. For ease of notation, let R5 := R(q®), so that by (2.6)),

N .
(q,q)oo—fz5[R5 q qR5]

Hence
3 3 1 5 2 3 53 3
(4.5) (5 Q)5 = 35 ﬁf&l R5) —q EJFQ R5 ) +5¢
5 5

The identities at and now follow by comparing the right side
of with the right side of the m = 5 case of , equating the parts
of each 5-dissection containing powers of ¢ congruent to 0 (mod 5) and 1
(mod 5) respectively (and cancelling a factor of ¢ in the latter case), and
finally replacing ¢° with g¢. ([

Similar identities may be derived from considering 7-dissections.
Corollary 4.2. As above, let f; = (¢';¢")s and define
(%% 4") s (2, ¢%4")

(46)  A=A(g):= (@50 (@ %47 o

, B=B(q) =
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Then
“n .
3n 4n 2
1414 — 14 (g3 229 29\ ___JT
! nZ:ll_q7n ol ( T4 B (@3,¢%47) oo’
4.8
( ) oo q2n oo q5n ) 6(] q2 f72
34145 L 1y :(3,43__ >
; 1—g™ l—g™m A A3B3) (¢%,4%47)
(49) .
qn q6n 3 3q f72
5+ 14 — 14 = (64B—-B
' nz::l 1—q™ —l—q™ < MV (4,45 97) oo
and
(4.10) A3B - A’B? = .

Proof. For ease of notation, let A7 := A(q") and By := B(q"), so that by
(2.6),

5
(45 @)o0 = fa9 [A7—B7q—q + ]

AB7
Then

411) (g:9)% = f3 351" + A3 007 o (22 _5u2p, 4 00
’ 1 YL\ A7 B, ) "1 A?B? T Ay

L2 (BT 3 ~342) 4+ 3" L 6a.B _ B

q A7 B, 7D7 q A7B$ D7 7

3¢7 37 34,

4 5 6
34 — 3B - 2827 3B} — 748,
v (g, 938+ (i + 7 -9 7

The remainder of the proof is similar to the proof of Corollary and
follows from comparing the expression above with the m = 7 case of .
The identity at follows since the 7-dissection of (g; q)3, given by the
right side of m = 7 case of contains no powers of ¢ with exponent
=2,40r 5 (mod 7). The details of the remainder of the proofs are similar
to those in the previous corollary, and are omitted. O

Remark: Sets of similar Lambert series identities may likewise be derived
for any prime p > 5, although the infinite product side of each such identity
gets increasingly more complicated as the prime p gets larger.

By considering the m-dissection of the series in “Jacobi’s identity”

[ee]
(4.12) > (D@0 + 1)g" Y = (g ),

n=0
other representations for the individual terms in the m-dissection of (¢; )3,
may be derived. The identities in the following two corollaries, which follow
from the 5-dissection and 7-dissection respectively, are given as illustrations.
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The identities in Corollary were stated by Ramanujan in the lost
notebook (see [2, Entry 1.3.1, pages 18-21]). The earliest proof that we are
aware of is that of Hirschhorn [12]. We were initially unaware of Hirschhorn’s
proof, and his method is essentially the same as that in the present paper.
Proofs of these identities were also given by Berndt, Huang, Sohn and Son
in [4]. The author was initially also unaware of these proofs, and again their
method of proof is essentially the same as ours, except they work with the
bilateral version of , and have ¢'/> where we have q.

Corollary 4.3. If |q| < 1, then
(4.13)

> w2 2

> (=1F ((10k + 1) T2 + (10K + 9)q5’5+92’“+2> = (P%S - 3qR2) ,
k=0

(4.14)

[e.o]

2 - 2
S () ((IOk +3)gT T2 + (10k + 7)q5’5+2’“+1> 73 ( T qR3>

k=0

Proof. These identities follow directly from comparing the 5-dissection at
(4.5)) with the 5-dissection of the series at (4.12). The details are omitted.
O

Corollary 4.4. Let A = A(q) and B = B(q) be as defined at (4.6).
lg| < 1, then

o0 2 9
(4.15) Z < (14k 4+ 1)q sy (14k + 13)q7§+1§’“+3>

k=0
6q 3Bq
— r3 A3 )

e 2 . 2
(4.16) Y (-1)* ((14k +3)g 5 4 (14k + 11)q7§+1§k+2>
k=0
6g ¢
_ r3 2
(- ).
o0 2 2
(417) D (-1)* <(14k £5)g Y 4 (14k + 9)q7’§+92’“+1>

B
Il
o

3q

3 3

= 6AB — B .
I3 ( * AB2>
Proof. The proofs here are similar to those in the previous corollary, this

time following from comparing the 7-dissection at (4.11]) with the 7-dissection
of the series at (4.12)). Once again, the details are omitted. O
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5. LAMBERT SERIES IDENTITIES DERIVING FROM m— DISSECTIONS OF
. 2 2. .2
(2,0/2,¢;9)0 (427, 4/ 2% 4% ) 0

Before deriving another family of Lambert series identities, another spe-
cial case of ([1.9)) is needed.

Corollary 5.1. Let |q| < 1.
(i) If m > 1 is an odd positive integer, then

(m-1)/
(5.1) <q; q2>oo = <qm2;q2m2>oo +9 ZI: 2(71)rqr2 <qm(m—2r);q2m2>oo‘
r=1

(i1) If m > 2 is an even integer then

2 2 2 2
(52) {g:¢%) = <_qm o >OO (—1)m2gm /4<_1;q2m >OO
m/2—1
+2 Z (_1)7"q7’2 <_qm(m—27‘);q2m2> )
r=1 o0
Proof. Set z =1 in (1.9) and observe that if

Fu(r) = (<17 ()7 )

then fp,(m —r) = fm(r), after once again applying transformations like
those stated at above. Thus f(r) + f(m —r) = 2f(r), for r =
1,2,...,|(m —1)/2]. The isolated g-product in (i) is f,,(0), and the two
isolated products in (ii) are f,(0) and f,,(m/2). O

Clearly it is possible to give an m-dissection (in terms of z) of the infi-
nite product (2,q/2, ¢; )0 (2%, /2% ¢*) in the quintuple product identity
, by applying (suitably modified) to the two triple products on the
left side of . However, it can be seen from that the m-dissection
derived in this simple manner has a sum in which r runs from 0 to m — 1,
and attempting to derive Lambert series identities from these sums (divid-
ing both sides of the m-dissection by 1 — z and letting z — 1) will lead to
Lambert series that do not converge for » > m/2. Hence it is necessary to
manipulate the terms in these m-dissections to get a sum that runs over the
range 0 < r < |(m — 1)/2], as described in the next theorem.

Theorem 5.1. Let |q| <1, z# 0 and m > 1 be a positive integer. Define
(5.3)

_ 2
ap = qr(3r 1)/2 |:Z3r < qm(3m 6r+1)/22 3m; q3m >
L1=3r < qm(3m+6r71)/2273m; q3m2> :| :

8, = r(3r+1)/2 [Z—3r <_qm(3m+6r+1)z—3m; q3m2> .
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_ 3+l <_qm(3m76r71)/2273m;q3m2> OO].

If m is an odd positive integer, then

(m—1)/2
(5.4) (10)00 (12%,0/2% P o = a0+ Y (o0 +Br),
r=1
while if m is an even positive integer, then
m/2—1
(5.5) (210)00 (02%,0/2%1 D)0 = a0 + Cpa + D (o0 + Br).
r=1
Proof. Replace ¢ with ¢*?2 and z with —z3/¢'/2 in (T.9) to get that
m—1
(5.6) (=% ¢%) = > fn
r=0
where
(5.7) fo= qr(3r—1)/223r <_qm(3m—6r+1)/2z—3m; q3m2> ..
Likewise, replacing ¢ with ¢3/2 and z with —z3¢'/? in (1.9) gives
m—1
(5.8) (=a/2%¢%) = g,
r=0
where
(5.9) gr = qr(37‘+1)/223r <_qm(3m767“71)/2zf3m; q3m2> -

Note that (1.8)) now implies that

m—1 m—1
(5.10) (%0) 0 (02%,4/2% )00 = D fr=2 Y 9
r=0 r=0

By using (1.11)) and simplifying, it follows for 1 < r < |[(m — 1)/2, that

r(3r+1)/2 -3 <_qm(3m—67"—1)/223m; q3m2> .

r(3r—1)/2,-3r <_qm(3mf6r+1)/223m; q3m2> .

fmfr =4q

Im—r = ¢

Then for 1 <r < |[(m—1)/2],
fr — Zdm—r = O,
fmfr — Z20r = ﬁr-

Further, fo — 290 = ao, and if m is even, f,,/2 — 2gm/2 = Quyy2, and the
results now follows from ([5.10)) above. O

The following Lambert series identities are an easy consequence of Theo-

rem B.11
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Corollary 5.2. Let |q| <1 and m > 1 be a positive integer. Define
(5.11)

r(3r41)/2 <_qm(3mf6r71)/2; q3m2> .

Tr=dq
o (_1) qkm(3m 6r—1)/2 o ( 1)qum(3m+ﬁr+1)/2

X [67“ +1+6m Z | g —6m Z 1= g ;
k=1 k=1

5, = qr(3r71)/2 <_qm(3mf6r+1)/2; q3m2> .

k km 3m—6r+1)/2 k‘m 3m+6r— 1)/2]

|: r= 1+6mz 3k:m2 _GmZ Bkm2

If m is an odd posztwe integer, then
(m—1)/2
(5.12) (4 0%(56)3% =0+ Y
r=1

while if m is an even positive integer, then
m/2—1

(5.13) (403 (454*)36 = Y0 = Oz + Z

Proof. In each of the equations at (5.4)) and (5.5| , divide both sides by 1 — z
and let z — 1. The remainder of the proof is similar to the proof of Theorem
and the details are omitted. O

Remark: Note that (5.12) gives an m-dissection of (g; q)3,(q; ¢*)% for the
p.13

case of m odd, while (5.13) gives just an m/2 dissection in the case of m
even.

As with Corollaries[d.1and [.2] it is possible to refine the results in Corol-
lary [5.2] and derive expressions for some of the individual v, and 4, in that
corollary. The product (¢;q)2,(¢; ¢*)% may be written as (¢;q)oo <q, 2>
Theorem |2 - (in the case m > 5 is an integer relatively prime to 6) or
the identities at . ) may be used to get an m-dissection of (¢;q)s (an
m/2 dissection in the case m is even). Likewise, Corollary may be used
to obtain an m-dissection of <q; q2>oo, and hence by multiplying these ex-
pansions together, an m-dissection (or m/2 dissection when m is even) of
(¢;9) 00 <q; q2>io may be obtained. Thus if this expansion (in the case m is
odd) is denoted by

(4 9)o0 (g; %)° ZRW ,

and the right (Lambert series) side of ( is denoted by

(4 9% Z L (4™)q,
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identities involving individual . and 9, in Corollary may be obtained
by equating Ry, ,(¢") and Ly, ,(¢""), and replacing ¢™ with ¢. A similar
statement holds in the case where m is even, except that as noted above,
the dissections involved are m/2 - dissections.

Before stating some examples in the next corollary, we note that for the
most part these identities are not particulary elegant, as on the one hand
the R, usually involve sums of several infinite products, and the L,, , may
involve more than one of the v, and/or d,.

Corollary 5.3. Let |¢| < 1.

N (DR (DR i fe
5.14 1465 29 4 - .
o1 DB e i v T
k 4k ¢ 1\k 5k
(5.15) 1+18211)gk—182(11)3k
k=1 = -4
_ # 4 9 3 6\2
. [(q q0)  (ad)
+44(q,4°) [0 4”)  (¢*,4%) o, — (2, 4%) . (@ ") ]
k 5l~c k 10k f5
(516 5+BOZ 15k OZ 15k - <_q5’q15>
5 102, 4(d%a >oo<q ") (a°d")
, +
. [<q 7)o (4,6°)
49{(q.¢*)_(a.4"°)_{q°, ¢"°
+ < >oo < >oo < >oo _ 8q <q7 q10>oo <q37 q10>Oo

(¢, 6°)

Proof. With the notation defined above, the identities in the corollary fol-
low from comparing Ry, ,(¢™) with Ly, »(¢"") with (m,r) being respectively,
(1,0), (3,0) and (5,1) (with Theorem [2.1 being used for the 5-dissection of
(¢ 4)o)- u
The anonymous referee pointed out that the left-hand side of equation

(5.16)) is 5 times the left-hand side of equation (5.14) with ¢ replaced by ¢°.
This is not an isolated phenomenon. Indeed, if m =5 (mod 6), then

O(mr1)/6 =

( ) 1)/24 k km o (_1)kq2km2

m2—

mq < q" > 1+6Z 3km2 —62 1_q3k‘m2 ’
k=1

and if m =1 (mod 6), then Y(m—1)/6 is equal to the same expression. In

either case, the combination of Lambert series inside the () reduces to the

left side of ([5.14]) after making the substitution qm2 —q.



32 JAMES MC LAUGHLIN

Remark: The author initially thought that the Ramanujan-like Lambert
series identity at was new, but the anonymous referee also pointed out
that it follows fairly trivially from an identity in [3, page 229] (by expanding
the denominators of the Lambert series there as series, and then changing
the order of summation).

We next consider when 4|m and give an example of using (which
gives an m/2-dissection of (q;q)3.(¢;¢%)%) in conjunction with the m/2
case of (which gives an m/2-dissection of {g; q2>oo) and the m case of
(2.8)) (which gives an m/2-dissection of (¢;¢)s) to produce identities. As
in the previous corollary, the identities come from equating the expansion
coming from (¢q; q)eo X <q; q2>zo (using and (5.2))) with that coming from
(:9)2.(q; ¢*)?, (using (5.13))), setting equal components in each expansion
containing powers of ¢ in the same arithmetic progression (mod m/2), and
finally making the replacement ¢™/2 — ¢"/4.

Corollary 5.4. If |q| < 1, then

kllk k13k
(517) (—q ,q24>00(1+z4z 242 )

k5lc

5 .- (_1)kq19k
+q (¢ ¢ 7+24Z 24k —24) 1= %

= [<—q2; NETESE q4>i] [<—q11; ") —_q (~d’ q24>oo}

+2¢(-1;¢") _{-¢*q") . [(—q7; Y - (—adh) ] ;

k 7k k 17k
(518) (—¢":¢*) <5+24Z 24k: 242 24k )
k 23k
—l—q2<—q;;q <11+24Z 24k—24z 24k )
= [(—qZ; ¢ +q(-1; q4>oo] [<—q7; N - (- q24>oo]
+2(=1;¢")  (=a*4a") [(—q”; ) —a{=a"d*") ] :

Proof. In line with the discussion immediately preceding this corollary, these
identities follow from setting m = 4 in (which gives a 2-dissection of
(¢:0)3.(q:¢%)%), m =2 in (5.2) (which gives a 2-dissection of (g; q2>oo) and
the m =4 in (which gives a 2-dissection of (¢; q)o). The first identity
comes from equating the even part of each expansion (that of (¢;q)s X

<q; q2>io and that of (¢;¢)2.(¢; ¢*)2,), while the second identity comes from
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equating the odd parts, after making the replacement ¢?> — ¢ in each case.
O

There is another expression for the infinite product on the left sides of
(5.12) and (5.13), which is stated by Fine [8 p.83]:

o

(5.19) > (6n+1)g" 2 = (g;9)3 (g1 )2

n=—0oo

We had initially hoped to use the m-dissection of this identity in conjunc-
tion with the m-dissection of ([5.13] - ) to produce new identities with left sides
similar to those in Corollaries [4.3] and [£.4] Indeed it is possible to produce
identities such as the following:

(5:200 " (30K +7)g N/ 4 30k + 13)q(15k2+13k)/2+1>

k=—o0

1)kql1k
_< q* q15>oo(7+302 15k 302 15k >
kgl 4k
—|—q<—q;q <13+3OZ 15k_3 Z 15k>'

Unfortunately, it appears that any attempt to compare m - dissections
coming from ([5.13)) with those coming from (5.19)) will lead to identities that
follow directly from a combined use of the Jacobi triple product identity

qunn12 <Zq>007

n=—oo

with the identity that follows from differentiating both sides of the Jacobi
triple product identity with respect to z (valid for |q| <|z| < 1):

(5.21) Z nz"g" "2 = (2 ¢V oo (Z( DE( Z )
k=1

P 1—q — 1—q

It can then be easily seen that the sum over the first term on the left of
is equal to the first term on the right side (¢ — ¢'°, z — ¢'!), and
that the sum over the second term on the left of is equal to the second
term on the right side (¢ — ¢'%, 2 — ¢'?).

However, it is possible to derive identities that do not follow so trivially by
comparing the m-dissection of (| with the m-dissection of the product

[(¢; ¢)o) <q q2> , as was done to get the right sides in Corollary For
example, taking the 3-dissection of each, then comparing the components
containing powers of ¢ in the arithmetic progression 0 (mod 3) and finally
making the replacement ¢> — ¢, leads to the identity in the next corollary.
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Corollary 5.5. If |q| < 1, then

o0

(5.22) D (18K + 1)gO 2 = (g1 ¢*)_(¢®,4°)7,

k=—oc0
+4q(0.4), [(4.4") (. 0°) . — (0.0, (*.0") ] -
6. CONCLUDING REMARKS

In Theorems and in the present paper, m > 5 was an
integer relatively prime to 6. An obvious question to ask is if anything can

be said in the case where m lies in some other class of positive integers.

As was seen in these theorems, the key to combining pairs of triple prod-
ucts to form quintuple products was patterns in various lists of residues
modulo m. In Theorem for example, this meant the existence of two
symmetric subsequences in the list

(6.1) {7@7’2_1):7«:0,1,2,...m—1}.

It is easy to give a family of values of m, namely m of the form m = 3* for
which the set of numbers in are all distinct modulo m, so that it is
impossible to combine pairs of terms in to get quintuple products.

When m has the form m = 2*, then the list consists of a palindromic
part and an unmatched part, as is illustrated by m = 16:

0,1,5,12,6,3,3,6,12,5,1,0, 2,7, 15, 10.

In such a situation it may be possible to express (¢; ¢)oo as sum containing
quintuple products and triple products.

The situation may be less complicated for Theorem [3.1] in the case m is
even and relatively prime to 3 (since the relevant congruences, 3r,3r + 1
(mod m), are linear), and results similar to those in Theorem may be
obtainable.

We leave it to the interested reader to see what they can discover.
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