SYMMETRY AND SPECIALIZABILITY IN THE
CONTINUED FRACTION EXPANSIONS OF SOME
INFINITE PRODUCTS

J. MC LAUGHLIN

ABSTRACT. Let f(x) € Z[z]. Set fo(z) = x and, for n > 1, define f,(z)
= f(fn1(2)).

We describe several infinite families of polynomials for which the

infinite product
1 1
1+ —)
11 ( fn(z)

n=0
has a specializable continued fraction expansion of the form
Soe = [15a1(x), az2(x), az(x),...],
where a;(z) € Z[z] for i > 1.

When the infinite product and the continued fraction are specialized
by letting = take integral values, we get infinite classes of real numbers
whose regular continued fraction expansion is predictable.

We also show that, under some simple conditions, all the real numbers
produced by this specialization are transcendental.

We also show, for any integer k > 2, that there are classes of polyno-
mials f(z,k) for which the regular continued fraction expansion of the

product
b 1
H (1 * fn(ka))

n=0
is specializable but the regular continued fraction expansion of

I (1 )

n=0

is not specializable.

1. INTRODUCTION

The problem of finding the regular continued fraction expansion of an
irrational quantity expressed in some other form has a long history but
until the 1970’s not many examples of such continued fraction expansions
were known. Apart from the quadratic irrationals and numbers like e?, for
certain rational ¢, there were very few examples of irrational numbers with
predictable patterns in their sequence of partial quotients.
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Being able to predict a pattern in the regular continued fraction expansion
of an irrational number is not only interesting in its own right, but if one can
also derive sufficient information about the convergents, it is then sometimes
possible to prove that the number is transcendental.

In [10], Lehmer showed that certain quotients of modified Bessel functions
evaluated at various rationals had continued fraction expansions in which
the partial quotients lay in arithmetic progressions. He also showed that
similar quotients of modified Bessel functions evaluated at the square root
of a positive integer had continued fraction expansions in which the sequence
of partial quotients consisted of interlaced arithmetic progressions.

An old result, originally due to Béhmer [3] and Mahler [11], was redis-
covered by Davison [7] and Adams and Davison [1] (generalizing Davison’s
previous result in [7]). In this latter paper, the authors were able to deter-
mine, for any positive integer a > 2 and any positive irrational number «,
the regular continued fraction expansion of the number

1
a |ra]

(L1) Sla)=(a-1)Y

r=1

in terms of the convergents in the continued fraction expansion of a~*. They
were further able to show that all such numbers S,(«) are transcendental.
A generalization of Davison’s result from [7] was given by Bowman in [5]
and Borwein and Borwein [4] gave a two-variable generalization of (1.1) but
the continued fraction expansion in this latter case is not usually regular.
Shallit [15] and Kmosek [8] showed independently that the continued frac-
tion expansions of the irrational numbers
>
w2k
k=0
have predictable continued fraction expansions. This result was subse-
quently generalized by Kohler [9], by Petho [13] and by Shallit [16] once
again.
In [12], Mendes France and van der Poorten considered infinite products

of the form
I1 (1 n X‘Ah> ,
h=0

where 0 < A\ < Ao < --- is any sequence of rational integers satisfying a
certain growth condition and showed that such products had a predictable
continued fraction expansion in which all the partial quotients were poly-
nomials in Z[X]. They further showed that if the infinite product and con-
tinued fraction were specialized by letting X be any integer g > 2, that all

such real numbers
o
T (e)
h=0
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so obtained were transcendental. Similar investigations, in which the con-
tinued fraction expansions of certain formal Laurent series are determined,
can be found in [19], [18], [20] and [2].

Let f(x) € Z[z], fo(z) = = and, for i > 1, fi(z) = f(fi-1(x)), the i-th

iterate of f(z). In [17], Tamura investigated infinite series of the form

> 1
o@D = D S RE )

He showed, for all polynomials in a certain congruence class, that the con-

tinued fraction expansion of §(x : f) had all partial quotients in Z[z|. He
further showed that if the series and continued fraction were specialized to
a sufficiently large integer (depending on f(x)), then the resulting number
was transcendental.

The infinite series > 7,1/ 22" investigated by Shallit [15] and Kmosek
[8] may be regarded as a special case of the infinite series Y 7> 1/ fx (), with
f(x) = 2% In a very interesting paper, [6], Cohn gave a complete classifica-
tion of all those polynomials f(z) € Z[z] for which the series > ;2 51/ fx(x)
had a continued fraction expansion in which all partial quotients were in
Z[z]. By then letting x take integral values, he was able to derive expan-
sions such as the following:

1
> =1[0;1,1,23,1,2,1,18815,3,1,23,3,1,23,1,2, 1,
= Tin(2)

106597754640383, 3, 1,23,1,3,23,1, 3,18815,1,2,1,23,3,1,23, - - -],

where Tj(x) denotes the I-th Chebyshev polynomial, and also to derive the
continued fraction expansion for certain sums of series.

At the end of Cohn’s paper he listed a number of open questions and
conjectures. One of the problems he mentioned was finding a similar classi-
fication of all those polynomials f(x) € Z[z] for which the regular continued
fraction expansion of the infinite product

o0

(1.2) 11 (1 + f;ja:))

k=0

has all partial quotients in Z|x].

This turns out to be a technically more difficult problem. One reason is
that, given any positive integer k, there are classes of polynomials such as
f(z,k) =22+ 2% +2F((—1)* + (1 + 2)g(x)) for which the regular continued
fraction expansion of the product Hﬁzo (14 1/fn(z,k)) is specializable for
all polynomials g(x) # (—1)**!(mod z) but the regular continued fraction
expansion of Hf;é (1+1/fn(x, k)) is not specializable. This is in contrast
to the infinite series case dealt with by Cohn, where > 7 1/ fi(z) had a
specializable continued fraction expansion if and only if Zi:o 1/ frx(z) had
a specializable continued fraction expansion.
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In this paper we give several infinite classes of polynomials for which
172, (1 +1/fn(z)) has a specializable regular continued fraction.

For the polynomials in these classes of degree at least three, we specialize
the product at (1.2) by letting x take positive integral values, producing
certain classes of real numbers. We examine the corresponding regular con-
tinued fractions to prove the transcendence of these numbers.

2. SOME PRELIMINARY LEMMAS

Unless otherwise stated f(x), G(x), g(z) will denote polynomials in Z|x],
fo(x) := =z and, for n > 0, fpt1(z) ;= f(fn(z)). Sometimes, for clarity and
if there is no danger of ambiguity, f(z) will be written as f and f,(x) as f.
Likewise, (f(z))™ will be written as f™, (fn(z))™ as f), etc.

For a fixed f(z) € Z[z], set

[uen =110 =T1=T1(1+ 1)

n n

and

o
e =TI =TT =T (1+1)-
00 ] [e§) =0 v

Similarly, S, (f(z)) = Sn(f) = S, will denote the regular continued fraction
expansion (via the Euclidean algorithm) of [[,, and Se(f(z)) = Se(f) =
Soo will denote the regular continued fraction expansion of [ . (The more
concise forms will be used when there is no danger of ambiguity.)

Unless stated otherwise, the sequence of partial quotients in S, will be
denoted by ,, so that S, = [w,].

If a partial quotient in a continued fraction is a polynomial in Z[x], it is
said to be specializable. A continued fraction all of whose partial quotients
are specializable is also called specializable. We say that a continued fraction
[ag,a1,...,ay) has even (resp. odd ) length if n is even (resp. odd).

Since a form of the folding lemma will be used later, we state and prove
this for the sake of completeness. In what follows let @ denote the word
Qly- ..y Qp, w the word Qn,--.,a1 and —w the word —ay, . . . ,—a1. Fori >0,
let A;/B; denote the i-th convergent of the continued fraction [ag, a1, . ..].

Recall that

(2]—) AnJrl = an+1An + A1,
By+1 = apnt1Byn + Bp—1,

and

(2.2) ApBy_1 — Ay 1B, = (-1)"L.

We need the following preliminary results.
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Lemma 1. For j =0, 1,

(2.3 (1P = (-1
Ifag =1, then

(2.4) (1P = (-1
and

2.5) (1P, (1] = (-1

Proof. All of these follow easily from the correspondence between matrices
and continued fractions (easily proved by induction or see [22]):

(5@ 8- (v 0= &)
(F o) (T o) o) mev (G 5

Lemma 2. [19]

and

A, (—1)"
B, Y, —w] = =2 (1 .
[a’O’ ’LU, ) w] Bn ( + YAan)

Proof. If we use (2.3), followed by (2.1) and then (2.2), we get that
[a0§ ’Lﬁ, Y7 _E] - [GO, w? Y7 _Bn/Bn—l]
= lao;W,Y — Bn-1/By]

An(Y - Bn—l/Bn) + An—l
Bn(Y - Bn—l/Bn) + Bn—l

_ An (_1)n
B, (1 + YAan> ’

There are other forms of symmetry which will appear later so we give
the lemma below. Note that in all of these cases ag = 1. We call these
symmetries “doubling” symmetries, following Cohn [6].

O

Lemma 3.

A, (="
(2.6) (1,0, Y, —w] = B, (1 - Ap(Bo(Y +1) — A, + Bn1)> .

(2.7) L@, Y, —w, 1] = Z* <1 ey : ) .
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. W, Xy Ww, 1] = B, (—1)”BH(YAn + 2An71) -1/

iy~ An (=1)"
(2.9) [1;, Y, 4] = B, <1 4B —1) + 4, +Bn_1)> '

Proof. We give the proof only for (2.6), as (2.7), (2.8) and (2.9) follow sim-
ilarly. We use (2.4), followed by (2.1), to get that

B,

L@,Y, @) = [1;4,Y, ———"

[ = An—Bn]

Ay,

— @Y 41— 2

[7w’ + Bn]
An(Y+1—g—z)+An_1
Bn(Y+1—g—;)+Bn_1’

The result follows from (2.2), after some simple algebraic manipulation.
O

Cohn proved a version of (2.8) in [6]. We also point out that the doubling
symmetry described at (2.6) occurs with some classes of polynomials such as
the f(z,k) = 2z + 22 + 2%((—1)* + (1 + 2)g(z)) mentioned above. However
Sy is not specializable for these polynomials, for n > k4 1 (see Proposition
1) and we have not found Sy to be specializable for any polynomials that
exhibit this kind of doubling symmetry.

For future reference we show how the various forms of symmetry found in
the above lemma will be used. Suppose that [[, , when expanded as a con-
tinued fraction, is equal to Sy, = [1; 4], that the numerator of the ultimate
convergent of S, is A,, and the denominator of the ultimate convergent is
By, and that A/, and B], are the numerator and denominator, respectively,
of the penultimate convergent, that Sy, is specializable and that Sy,+1 is
related to S, in one of the ways shown in Lemma 2 or Lemma 3. (Y, is
used here instead of Y to show the dependence on m). Then

1 A 1
H :H<1+fm+1> :Bm<1+fm+1>.

m+1 m

On the other hand, from the above lemmas,
A 1
-_m 1 + ,
Bm H(AmaBmaA;n?B;n?Ym)
where H (A, B, AL, Bl Y,,) is a polynomial in its variables with integral
coefficients that is linear in Y,,.
If solving the equation f,,+1 = H(Ap,, Bm, AL, Bl,, Ym) for Y, leaves Yy,
in Z[z] for all m then S,, is specializable for all m.

Sm-i—l =
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For later use we also note that if « | (f + 1) then [[,, simplifies to leave
fm in the denominator and, say, r,, in the numerator. If (f,,r,) = 1
then, up to sign, the final numerator convergent of S, is r,, and the final
denominator convergent is f,,. A similar situation also holds if (z + 1) | f.

As a result of the following lemma, polynomials of degree 2 and those of
degree 3 or more will be considered separately.

Lemma 4. If f(z) has degree greater than 2, then S,+1 contains Sy, at the
beginning of the expansion.

Proof. Suppose S, = [l;a1, - ,am] = p/q where the a;’s, p and ¢ are
polynomials in Q[z]. Let [1;a1, - ,a;] =: p;/q; and suppose that, via the
Euclidean algorithm, we have that
(2.10) p=gq-+r1.

qg=airy + ro.

r1 = agry + 3.

Tm—2 = Gm—1Tm—1 + "m-

Tm—1 = QmTm-

By definition [, .1 = p/q¢(1+1/fnt1) = p(fat1 +1)/(afn+1) and to de-
velop the continued fraction expansion of [],,, ; one can apply the Euclidean
algorithm to this quotient. From (2.10):

P(far1+1) = q fup1 + (rifos1 + )
qfns1 = ar1(rifup1 +0) + (r2fos1 — a1p)
(111 +p) = a2(rafns1 — a1p) + (13 frg1 + p(1 + ar1a2))

Let v’y = p(fnt1 + 1), 7i = qfns1 and for 1 < i < m, set
i =rifpr1 + (=) paisy.

We next show that, for 0 <i<m —1,
(2.11) T = airh + 1.
This is clearly true for i = 0,1 (agp = 1). From (2.10), 11 = ri_1 — a;r;
and from the recurrence relation for the ¢;’s, ¢i+1 = @i+1¢; + ¢i—1. Suppose
(2.11) is true for i = 0,1,...,5 — 1.
-1 = ajr = (o1 farr + (=1 aj—2) — a; (rjfass + (1) 'pg;-1).

= (rj1 — ajrj) fosr + (=17 ?p(gj—2 + ajgj—1).

= rjt1for1 + (=1 pg;.

!
= Tjt1-

r
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Thus (2.11) is true for 0 < i < m — 1.

All that remains to prove the lemma is to show that the degree of rj_ ; is
less than the degree of 7} for 0 < i <m — 1.

Let the degree of a polynomial b be denoted by deg(b). From the Euclidean
algorithm it follows that deg(r;y+1) < deg(r;). Suppose deg(f) =r > 3 so
that f; has degree r* and, since [[/_,(1+ 1/fi(z)) = p/q, that

deg(p), deg(q) < 147412+ = ("1 —1)/(r — 1),
Thus, for 0 <7 < m,
deg(pgi) < deg(pq) < 20" = 1)/(r — 1) < "' = deg(fn41),
since r > 3. This implies that, for 0 <i <m — 1,
deg(riyy) = deg(riy1 far1 + (=1)?pq;) = deg(ris1 fr1)
< deg(rifn+1) = deg(rifns1 + (—1)"'pgi1) = deg(r}).
The result follows. (|

Note that if deg(f) = 2 (so that deg(f;) = 27) then the situation can be
quite different.

Lemma 5. Let f(z) be a polynomial of degree two and suppose S, begins
with [1;a1,...,ak, ag1]. If

k
(2.12) deg(ak+1) + 2 Z deg(a;) < 2",
i=1
then Sy41 begins with [1;a1,. .., ak).

Proof. With the notation of Lemma 4 and its proof, [1;ai,as,...,ax] will
be part of S,41 if

(2.13) deg(ri 1) < deg(r;), 0<i<k.

Recall that 7, | = rit1fni1 + (—=1)*2pg;, so that (2.13) will follow if
deg(pgi) < deg(rit1fnt1), 0<i<k

Let 0 < i < k. Since [1;a1,--- ,a;] :pi/qi, we have that

(2.14) deg(q;) Zdeg (aj).

It is clear from (2.10) that deg(r;) = deg(a;+1) + deg(rj+1). This implies
that
i+1

(2.15) deg(riy1) = deg(q Zdeg (aj).
Now (2.12), (2.14) and (2.15) imply that

deg(q;) + deg(q) — deg(ri1) < 2" = deg(fns1)-
The result follows, since deg(p) = deg(q). O
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We return to the case deg(f) > 3. The implication of Lemmas 4 and 5
is that if deg(f) > 2, then it makes sense to talk of the continued fraction
expansion of [[2,(1+1/f;) and, furthermore, that if deg(f) > 3, then
Seo 18 a specializable continued fraction if and only if S, is a specializable
continued fraction for each integer n > 0.

Remark: At this stage we are not concerned with whether the polynomials
which are the partial quotients in S, have negative leading coefficients or
take non-positive values for certain positive integral . Negatives and zeroes
are easily removed from regular continued fraction expansions (see [21], for
example).

The following lemma means that we get the proof of the specializability
of the regular continued fraction expansion of [[,2 (1 + 1/fi(z)) for some
classes of polynomials f(z) for free.

Lemma 6. Suppose Soo(f) is specializable. Define g(x) by
(2.16) g(x)=—f(—x—1)—1.
Then Soc(g) is specializable.

Proof. If [];2o(1+1/ fr(2)) has a specializable continued fraction expansion
Soo(f(z)) = [Lya1(x),a2(x),...], then [[p2y(1 + 1/fr(—z — 1)) has the

specializable continued fraction expansion

Soo(f(_w - 1)) = [1501(—95 - 1),&2(—.%' - 1)1 e ]
Let g(x) be defined as in the statement of the lemma. For k > 0,

gr(x) = —fe(—z —1) —
This is clearly true for £ = 0,1. Suppose it is true for £k =0,1,...,m
gm+1(x) = g(gm(2)) = g(=fm(—x — 1) — 1)

= —f(~ (2 =) = 1) = 1) = 1 = ~fs(~z 1) = L

Next,

Mot =T1 (555 :ﬁ(_;k{’f; )

0o k=0
_ H fe(=7 — 1)
fe(—z—=1)+1
From what has been said above, the final product has the regular continued

fraction expansion [0;1,a1(—z—1),a2(—x—1),...] and is thus specializable.
U

We next demonstrate one of the difficulties in trying to arrive at a com-
plete classification of all polynomials f(z) for which S (f) is specializable.
We need the following lemmas.
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Lemma 7. Let k be an indeterminate and let t be a non-negative integer.
Then

t
(2.17) k)Y (=1 (2k + k)™

m=0

_ kt+2ht(k‘) ( ) (2t+1 kt+1 + Z mkm

where hy(k) € Z[k].
Proof. Upon taking the last term on the right side of (2.17) to the left side
and simplifying, we get that

t t

(L+k) D) (=D)™Rk+E)™ =) (—1)™k™

m=0 m=0

_ L= @+ R 1 (k!
=4k [—(2k+k2)]  1—(—k)
(R 2k + k%))

N 1+k

B . 1— (2 + k‘)t+1

B

The final quotient is clearly a polynomial in k, with constant term 1 — 2t+1,
The result now follows. (]

Lemma 8. Let k > 2 be an integer and let g(x) € Z[x] be such that g(x) is
not the zero polynomial if k = 2. Define

f(z) =2z + 2%+ xk((—l)k + (x4 1)g(x)).

For0<n <k, let

Then
2.18 n P gnn =/
(2.18) B Pue) 4

for some P,(x) € Z[z].

Proof. Since xz(x + 1) | f, it follows that B; \ff“, for 4 > 0. This, together
with the definition of B,, give that
I e+l S w !

Bn - Bn—lfn - Bn—l * Bn—l
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From what has been said just above, the first term is in Z[x] and from the
definition of f(z) it follows that

n—1 n—1
n =y (x) 4 20 el
Bn—l n( ) Bn—l
for some r,(z) € Z[x]. Thus
Ia Y}
T =sp(z) 20—,
Bn n( ) anl

for some s, (x) € Z[x]. The result follows upon iterating this last expression
downwards, noting that By = z. ([l

Proposition 1. Let k > 2 be an integer and let g(x) € Z[z] be such that
g(z) is not the zero polynomial if k = 2. Define

(2.19) F@) = 20+ 22 + (-1 + (o + Dg()).
Then Sy (f) is specializable for n < k. If g(x) # (—=1)**! (mod x), then S,

is not specializable for n > k.

Proof. We will show that the doubling symmetry at (2.6) can be used to
develop the continued fraction expansion of [[,, 1 <n < k. More precisely
we will show that if S, = [1;,] for 0 < n < k—1, with each partial quotient
in S, a polynomial in Z[z], then

Sn+1 - [17 Tﬁn, Yna _u_;n]a

for some Y,, € Z[z]. We will then show that Sk is not specializable unless
g(z) = (—=1)**! (mod z) (which would have the effect of replacing k by k+1
in the statement of the form of f(z) above) and this, together with Lemma
4, will give the result.

Note first of all that Sy = [1;2] and S1 = [1;z, —f/(z(x + 1)), —z], so
that the doubling symmetry at (2.6) occurs with Yy = —f/(z(z+1)). Next,
let n € {0,...,k — 1} and suppose S,, = [1;),] is specializable. We also
suppose that S; was developed from S;_; via the doubling symmetry at
(2.6), for 1 < 57 < n (so that ), has odd length). Let A, /B, denote
the final approximant and A/, /B], the penultimate approximant of S,,. We
further assume that

n fj
2.20 Ay = fu+1, B,=z|| —L—.
(2.20) f Elfj—wl

Note that this holds for n = 0, 1. We also assume that if n > 1, then

k-1
By + Z(—l)]+lf7]z—1

=0

(2.21) By

<

This is true for n =1 since By =z, B =1 and fy = x.
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By the correspondence between continued fractions and matrices (see

2))
i) — (5 5)-

Further, from Lemma 1 and its proof,

L, ¥y ] s (An A) (Yo 1 B, B,
s Eno Ttn B, B,)\1 0)\4,-B, B,- A4,

(A2 - A,B,(1+Y,) - B,A, —AA +A,B/ ,(1+Y,)+ Al B,
“ \ Bu(A, - B, -Y,B,—-B)) -B,A +B,B.,(1+Y,)+B?

_. Ant1 An+1
\ B Bn+1

If we set

~(1+ f)? + fion + BL(1+ fa)

By (1+ fn) ’
and use the facts that A,, = f,+1 and that @, has odd length (so that A}, =
(-1+ B, A,)/B, = (=1 + B,(fn +1))/By, by the determinant formula),
then we get

(2.22) Y, =-1-

1+fn_B;L_f1+nB

1
(2.23) Anp1 A;“H — * fin By
Bni1 B, J1+n Jitn
+ B, 1- B,
1+ fn 1+ fn

It is clear that
Ant1 (U4 fisn) (L + fr) 1+f1+nH H

Bn+1 fl+an fl+n n ntl

so that [1;,,Y,,—u,] gives the regular continued fraction expansion of
1,4, and is specializable, provided Y, € Z[z]. Note also that (2.20) now
holds with n replaced by n + 1.

We show Y,, € Z[z]. From the definition of f(z) we have that

fn-i—l = 2fn + fT2L +fr’f ((_1)k + (1 + fn)g(fn)> :

From (2.20) and the fact that z(z+1) | £, it follows that B, | f*!, and since
0<n<k-1, B,| fff . Thus the result will follow if we can show that

(B;L_,_(_mlc_l) or B,

(224) B, =

k—1
B+ (-1
=0

Here and subsequently we mean divisibility in Z[x].
We now use the facts (clear from (2.23)) that

In and B =1- I

By =By 1 —"— I
e N T
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to get that (2.24) will follow if

k—2

fn Y fn . Vi1 g
1fn1+1‘ A f”jzo( W)
or
k—2
(2.25) Bua| | By + > (-1 FI(1+ fo1)
7=0

By the same argument as that just before (2.24), it follows that B, 1 | f¥_,,
so that (2.25) will hold if

k—2
(2.26) By oY (T2 oy + £ (1 fan)
7=0
By (2.17),
k—2 . ' k—2 -
(1P @+ fro) (U faoa) = D (D A+ fath(famt),s
j=0 Jj=0

with h(z) € Z[z]. Since B,_1|f"~}, we can ignore the second term on the
right above and increase the index on the sum from k& — 2 to k — 1 for free,
and get that (2.26) will hold if

(2.27) B,

k—1
o S,
Jj=0

However, this is true by (2.21) and thus Y,, € Z[z]. Note that (2.24) is
(2.21) with n replaced by n + 1, so that the induction can be continued and
Sy, is specializable for 0 < n < k.

We next show that if g(z) = (—=1)**' + b+ 2 g1(x), with b # 0 and
g1(x) € Z[z], then Sky1 is not specializable. Define

—(1+ fr)? + fie + BL(1 +fk)+ (k= 1)/217
B (1+ fx) x

Firstly, we prove that Y, € Z[z]. If (2.19) is used to write fi4; in terms of

fr and we recall that By | f,f“, it can easily be seen that Y} € Z[z] if it can
be shown that

LD O ) (DM )]+ B (L i)
By, (1+ fk)

(2.28) Y i=—-1-

(2.29)

2k(k—1)/2b
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The first fraction can be re-written as

£ (1 (=f)") /(L + fi) + B;
(2.30) - ((—1)’“+1 + b) B B k.
By Lemma 8§,
(2.31)

_ ((—1)k+1 + b) é’? - ((_1)k+1 n b) P ok(k—1)/2 (—1)F+1 + b)’
%

X

for some P,(x) € Z[z]. The second term in (2.30) can be written as

k-1 ' k-1 ' i
—jz_;(—fky + B, —jgo(—fky +1- Bk—lm
Br - P
k—2 '
= (—f) (L + fr1) + Biy
_ =
B By
k-2 |
=Y (—fr1+ )Y (1 + fro1) + By
= s(z) + ,
By

for some s(z) € Z[z]. Here we have used, in turn, the formulae from (2.23)
relating By, to By_1 and B}, to B}, (2.19) to write fj in terms of f;_; and
the fact that By_1 | f,ffl. Next, we use Lemma 7 to get that

k—2
> (=Cfe1+ )V U+ fer) + Biy
=0
By—1
k—2 ‘
— I ho (1) + (DR = D) AT = (< fer) + Bl
_ =0
B By 1
k1 ‘
(PR AT =D (- feer) + By
_ =0
=t(x) + B
k—1 '
o1 _Z(_fkfl)j + By
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for some t(z) € Z[z]. Here again we have used the fact that By_1| fF ;.
Finally, Lemma 8 and (2.21) give that this last expression has the form

(_1)k—12k(k’—1)/2

u(e) + C 2
for some u(z) € Z[z]. Thus
1 ‘
> (=) + B, (1) ik 12
j=0 B —1)Fm 2Rk
(2.32) B =v(z) + . ,

for some v(x) € Z[z]. That Y, € Z[z] now follows by (2.29), (2.30), (2.31)
and (2.32).
Secondly, define aj, by

- A 1
[l;wk,YkI,ak]:H:B(l—F )

e k Jrs1

Upon solving

ap(Y Ak + A}) + A - & (1 1 )
ak(Yk/Bk + B;C) + By, By, Sfra1

for aj and using (2.28) to eliminate Y} and the determinant formula to
eliminate A}, we find

Bk:B
2k(k=1)/2bBy + (1 + fr, — Bp)w
Since A = 1+ f and [[, = Ar/By, fi and By have the same degree and
same leading coefficient, so that (1+ fr— By )x has degree less than Biz. This

implies that a4 is a rational function whose numerator has higher degree in
x than its denominator, so that Si41 begins with [1; @, Y)/]. Next,

—1
—X
(2.34) <Ozk — —Qk(k—l)/2b T 1)

(2k=1/2p 4 1) (2kE=D/2By, + (1 + f, — Bi)x)
x(Br —x — frx + Bpx) '

If b = 0 then f(z) has the form at (2.19), but with & replaced by k + 1 and,
from what has been shown already,

(2.33) Q=

14+ fi— By
By — x — fyx 4+ Brx

Sk+1 = [1; Wy, Yy, =] = [1;U7k,Yk,—337

The final term in the last continued fraction comes from letting b = 0 on the
right side of (2.34) and is a rational function whose numerator has degree
greater than its numerator. (This must be the case since when b =0, Sk41
has the form [1; Wy, Y, —x,...], as each Wy begins with x.) This implies
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that the rational function on the right side of (2.34) has the same property
and so, when b # 0,

iy T
Spi1 = [l,wk,Yk’ ok(k=1)/2p 4 17" ]

and is thus not specializable. The proof is now complete by Lemma 4. [

Corollary 1. Let k > 2 be an integer and let g(x) € Z[z] be such that
g(z) #0 if k =2. Let

flz) = -2 — (1 +2)k <1 + (—1)k*? a:g(:z:)) .

Then S, is specializable for 0 < n < k. If g(x) # (—1)* Y (mod (z + 1)),
then Sy is not specializable for n > k.

Proof. This follows from Proposition 1 and Lemma 6. (]

One reason we proved Proposition 1 was to show that it is not possible
to eliminate all classes of polynomials for which S, is not specializable by
simply looking at the continued fraction expansion of a finite number of
terms of the infinite product for a general polynomial (Cohn was able to do
this in the infinite series case by looking at just the first four terms).

3. SPECIALIZABILITY OF S, FOR VARIOUS INFINITE FAMILIES OF
POLYNOMIALS OF DEGREE GREATER THAN TWO

We can now show that the specializability of S, occurs for all n for all
polynomials in several infinite families. We have the following theorem.

Theorem 1. Let f(x), G(x) and g(x) denote non-zero polynomials in Z[x]
such that the degree of f(x) is at least three. If f(x) has one of the following
forms,

(vit
then, for each n >0, Sy, is a specializable continued fraction. Hence S i
a specializable continued fraction.

Proof. We note that the proof of (iii) follows from the proof of (i) and
Lemma 6 and that the proof of (v) likewise follows from the proof of (iv)
and Lemma 6. However, we give independent proofs of (iii) and (v) since
we also wish to demonstrate the types of doubling symmetry exhibited by
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the corresponding continued fractions. The proof of (vii) can similarly be
deduced from the proof of (vi) and in this case no independent proof is given
(doubling symmetry is not involved for cases (vi) and (vii)).

As in the proof of Proposition 1, throughout let A;/B; denote the final
approximant, and A}/Bj the penultimate approximant, of S; = [1;;], for
each 7 > 0.

(i) For this class of polynomials we will show that Sy, +; is derived from
Sm via the type of symmetry exhibited in the folding lemma (Lemma 2).
So = [1; z] is clearly specializable. Suppose that S, is specializable. From
Lemma 2 and the discussion following Lemma 3 it is clear that S,,+1 is
specializable if A, By, | fm+1 in Z[z]. Since f(x) = z%(z + 1)g(x) it follows
that, for i > 0,

(3.1) FHSi+ DI (fir + 1),
Since (x + 1) | f we get after cancellation that

H _ fi+1
=—t
Since f;|fj+1 for j > 0, each term in the denominator of the expression
divides f; and thus the numerator and denominator are relatively prime.
Thus, up to sign, 4; = f; + 1 and B; = f? ;g(fi—1)Bi—1. (The first of these
holds for ¢ > 0 and the second for i > 1). It follows easily by induction that
B;| f?. The facts that B, | f2, and A, = £(fm +1) together with (3.1) give

that
AmBm | fm+1 .

Hence the result.

(i) For this class of polynomial it will be shown that Sy, is derived from
Sm—1 by adding a single new partial quotient. It is clear from the definition
of f(z) =z(x+ 1)G(x) — x — 1 that, for ¢ > 0,

(3.2) (fi + Dl fit1, fil(fir1 +1), fil fira-
This implies that

fi+1 (z+ D) IT=o((f5 + DG(f5) = 1)
3.3 = : = )
33 1:1 = [Tjzo (/iG(f;) = 1) fi

This gives that A;|(f; + 1), and B;|f;, for all i > 0. Next,
Aive A (finn+ 1) (fire +1) A (firn + DG(fir1) — 1)

Bito  Bi  fin fiv2 B (fit1G(fiy1) — 1)
We next show that

(Ai, fir1G(fir1) = 1) = (Bi, (fir1 + DG (fir1) = 1) =1,




18 J. MC LAUGHLIN

so that, up to sign,

(3.4) Aivz = ((fis1 + 1)G(fira) = DA
Biy2 = (fir1G(fir1) —1)B;.

That (B, (fix1 + 1)G(fix1) —1) = 1 is easily seen to be true since B;| f;,
fi | fi+2, so that B; | fita, but ((fl'_}_l + 1)G(fi+1) — 1) | (fz‘_t,_z + 1). The proof
that (A, fi+1G(fi+1) — 1) = 1 is similar. We are now ready to prove that
Sy, is specializable for n > 0.

Initially, So = [1;2] and S; = [1;2,—G]. It will be shown by induction
that S; = [1; a1, ..., ;41], where all the o’:s € Z[z] and (-1)if; = Ai_1B;.
Both statements are easily seen to be true for ¢ = 0, 1.

Suppose these statements are true for ¢ = 0,1,...,m — 1. Let S;,_1 =
[1; a1, ..., qm]. Set
141
(3.5) o =~ I G a0,
m—1
which is in Z[z], since Ap—1 | (fin—1+1), by the remark following (3.3). Let
Cin+1 be the numerator of the final convergent of [1;aq,. .., Qm, Q1] and

let Dy,+1 be the denominator of the final convergent.

Cmt1 = a1 Am—1 + A2 = _((fm—l + 1)G(fm—1) - 1)Am—2
Dpy1 = amy1Bm—1 + Bm—2 = —(fm-1G(fm—-1) — 1)Bm—2
The final equality for D,,+1 uses the facts that A,,—1By—2 — Ap—2Bpm—1 =
(=)™ L and (=1)" ! fm_1 = Am_2Bm_1. Hence, by (3.4), Cpyy1/Dmy1 =
A /B =11, and Sy, = [1; 04, ..., 4, 1] - Finally,
Apm—1Bm = Apm—1(amy1Bm—1 + Bm—2)
= —(fim—1 + 1)G(fm-1)Am—2Bm-1+ Am—1Bmn—2
= ~(fm1r + DG (frm1) (1" frna + (1) frr + (1)
()" ot + D (o aG () = 1) = (=)™ o

The third equality also uses the facts that A, 2B,_1 = (—1)""!f,_1 and
Apm1Bm_o — Ay 9By 1 = (—=1)™"1. Hence S, is specializable for all n.

(iii) It will be shown that Sy,+1 is derived from S,, via the doubling
symmetry found in (2.7). Suppose Sy, = [1;wy,]. It will be shown that Y,
can be chosen such that

(3.6) Smt1 = [15 W, Vi, —wWp, —1], Yy, € Z[z).

Note that Sop = [1;z] and that S; = [1; 2, —G, —z, —1]. S; has even length
and if So,...,S,, have been defined using (3.6), then S,, has even length.
It can be seen from (2.7) that if S,, = Ay, /By, and has even length, then
fm+1 = AmBnYm — 1 and Yy, € Z[z] if Ay By | (fm+1 +1). This we now
show.
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Since f(x) = z(z + 1)2g(x) — 1, it follows that f;|(fj+1 + 1). After
cancellation,

(z+ DITZo(f; + 1)9(f))
H - fi ’

so that A; | ((ac + D) TTL (5 + 1)29(1’]-)) and B;| f;. Thus it will be suffi-
cient to show that

m— 1
)| (fms1 +1).
j=0
Suppose that
i—1
fite+ D [+ D%a(f) | (fin + 1),
j=0

fori =0,1,...,m — 1 (this is clearly true for i = 0). Then

-2

(z + 1) (fi +1)%g(f;)

0

3

(fim +1).

<.
Il

Since (fm—1 + 1)29(fm—1) | (fm + 1) it follows that

-1

:>fml‘+1 Hf]+1 (f])
7=0

3

3

Fn(L+ fm)®.

This completes the proof of (iii), since f,, (1 + fin)? | (fma1 + 1).

(iv) The argument is similar to that used in the proof of (iii). It will be
shown that S,,41 is derived from S, using the doubling symmetry found
n (2.8).

Note that S; = [1;2, —(z — 1)g(x) — 2,2z, 1] and by induction we assume
Sy has the symmetric form exhibited in (2.8), so that A/, = B,,. Note also
that the induction means that S, has even length, since the duplicating
formula always produces a continued fraction of even length.

It can be seen from (2.8) that

Smt1 = [1; @, Yoy Wi, 1]
and will be specializable if the equation
(3.7) B (A Y +2A0 ) = fi1 +1

is solvable with Y,, € Z|x].
Since f(r) = x(x? — 1)g(x) + 222 — 1 it can be seen that, for i > 0,

(3.8) fil (figr + 1), (ff =D (firr = D).
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After cancellation,

(z+ D) TTR (2 = Dglfy) +2£5)
I1= ™ '

(3.9)

m

Also, (3.8) implies that

m
H + f] - 1)7
so that the numerator and denominator in (3.9) above are relatively prime.
Thus, up to sign By, = fi, and Ay, | (f2, — 1).
Let

m 7%7,_1
émfAm 9(fm),

so that Y;,, € Z[z]. Upon using the facts that B,, = £f,, and (from above)
Al = By, we get that

Y =

B (A Y +2A. ) = By Ap Yy, + 2B

= fu(fo = D)g(fm) + 212,
= fm+1 + 1.

The result now follows by (3.7).
Cohn also gave a proof of (iv) in [6].

(v) In this case it will be shown that Sy,4+1 is derived from S, using the
doubling symmetry found at (2.9).

Since S; = [1;z, —G, x] and w; symmetric implies w;, Y;, w; is symmetric,
we have by induction that S,, has odd length and that @, is symmetric.
This gives that B, = A,, —

It can thus be seen from (2.9) that [1;wn,, Yo, W] will equal Sy, 41 and
be specializable if the equation

(3'10) fm+1 = _Am(Bm(Ym - 2) + 2Am>

leads to Yy, € Z[x].
Since f(z) = (z+1)(x(z+2)g(z) —2(z+1)) it follows that (f; +1) | fjr1.
After cancellation,

(3.11) 1;[— 1 (5 + 2090 — 26+ 1)

Further, since z(x + 2) | (f + 2), it follows that

m—1
H i (fm +2).

J=0
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Thus the numerator and denominator in (3.11) above are relatively prime
so that, up to sign, A, = fin + 1 and By, | fin (frn +2). Let

fulln e D2 ),

so that Y,,, € Z[z]. The result now follows from (3.10), since

—Am B (Y = 2) = 247, = (fon + D fm(fn + 2)9(fn) = 2(fn +1)?
= fm+1.

Vi =2—

(vi) It will be shown that, for this class of polynomials and m > 1,
Sm+1 is derived from S, by adding two terms. More precisely, if m > 1,
Sm = [L;x,a1,B1,...,0n, Bn] is specializable and

fm 1= fg—b
ﬁerl = _AmBm7
then Om+1, ﬁm-i—l € Z[(I}] and Sm+1 = [17 x, ahﬁl? ey amyﬁmv am—l—hﬁm—&-l]-
Initially, Sp = [1; 2], S1 = [1;2, —zg(z)(x — 1) — 1, —x(z + 1)] and
—1
S = [l zg(e)(e — 1) 1o+ 1), T DI oo gy

x(x+1)
so that (3.12) holds for m = 1. As part of the proof, it will be shown that,
fori > 1,
i i
(3.13) A =T+, B =] #: Al =—
§=0

J=0

fi
Bi_y

These equations are easily shown to be true for ¢ = 1. Suppose that S; has
been defined via (3.12) for ¢ = 2,...,m, that the conditions at (3.13) are
true for ¢ = 1,...,m and that S,, is specializable.

We first show that a,,41 € Z[z] (clearly Bm+1 € Z[z] if Sy, is specializ-
able). Since f = 2%((22—1)g(x)+1), we have that 2% | f and (22 —1) | (f—1),
which imply that

—_

H i
=0

-1

fm7

3

(fi + 1) \ (o — 1),

<
Il
o

These conditions with (3.13) imply that A,, B, | f2(f% — 1) and hence that
A B | (fme1 — f2) and thus that ay,41 € Z[z)].
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Since Sy = [1;z], each S; has odd length (in particular, S,, has odd
length). Consider the following matrix product:

Am AL\ (@mrr 1Y) (Bmy1 1
Bn, B.)\U 1 o/ 1 o

— Am(aerlﬁerl + 1) + A;nﬁerl Amaerl + A;n
Bm(aerlﬁerl + 1) + B;anJrl Bmaerl + B;n

Ap(frms1 — i +1) = AL A By, —W + AL,
) Bu(fm+1 = fr +1) = Bl AnBp —W + By,
B Ap(fms1 +1) —fg:
- B fm+1 W

_. Cm1 C;rH-l
D D)
For the fourth equality we have used the facts (induction step) that

By, = fmBm-1, AmB), — AnBl, = 1 (since S,, has odd length) and
Al = —fm/Bm-1. By the definition of Cp,41, D1,

Cmr1  An(L+ fry1) Sy
Dmi+1 Bmfm+1 H (1 " ) a H '

m fm+1 m+1

Thus, from the relationship between matrices and continued fractions, we
have that

Sm+l — []-7 x, o, ﬁlu ey Ohmy, ﬂm) Om+1, Bm+1]
and

fm+1
An(fri1 +1) =
(Am+1 A;n+1> _ (fmt1+1) , Bu, |
—TIm +
Bmfm+1 ;1

This equation also implies that (3.13) holds for ¢ = m + 1 and the result
follows.

/
B By

(vii) This follows from (vi) and Lemma 6. O

4. THE DEGREE Two CASE

In this section a complete classification is given of all polynomials f(x) of
degree two for which S, is specializable or can be transformed in a simple
way to produce a continued fraction which is specializable.

Essentially, the method is to start with a general polynomial

fx)=ar*+(b—-1z+c—b—1, a#0,
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(this form makes the continued fraction a little easier to work with) and to
choose an integer n large enough so that some part of the continued frac-
tion expansion of [],, say [1;a1(x),...,a:;(x)], forms part of the continued
fraction expansion of [[. (This follows by Lemma 5). The coefficients in
the a;(x) will be rational functions in a, b and ¢ and the requirement that
the a;(z) € Zlx], or that Sy can be transformed to produce a continued
fraction that is specializable, will impose limiting conditions on a, b and c,
leading to the stated classification.
Define

num = (1+b+ab—c—ac) (~1+a*>—2ab+ac)+a(a—>b) (b—c)z
+f ((1+a—b—|—ab—ac) (—1+a2—2ab+ac)+a(a—b)2x)
+(1+ab—ac) (—1+a2—2ab+ac) fa,
den :za((b—c) (1—a2+2ab—ac)
x[(-1+b=b"+a® (-1=b+c)+a (-1+b+b*+c—bc)) f
—1—(-14+a)b*—(-1+a(-2+4¢c)c—b(l1-2a(-1+c)+0)]
+b—c+(a—=0b) f)=x
x[-1+b—b*+a* (b—c)+a(-1+b(—1+3b—2¢c)+2¢)
—a? (71+b(71+3b)+cf4bc+02)

+a? (2b—c) (—2+b2+c—b(1+c))]>,

a(l+ab—ac) (—1+a2—2ab+ac)2num
(a —b)*den '

Bi=—

Then (preferably using a computer algebra system such as Mathematica) it
can be shown that

1 a(—1—62+ac) a®zx
(1) H_[l’_a”’_ (a—b?  a-b

2

(@b )
a(l+ab—ac)®(—1+a2—2ab+ac)?

(—1+b3+a4(b —¢)*+a(— (b (4+3b)) + 3¢)+a® (1 — 5b* — 3c2 + b (3 + 8¢))

+a® (-1-2b°—2¢c+5b%c++b (2—4(;2)))

(a—b)z 75]'

+ (1+ab—ac) (-1+a®—-2ab+ac)
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In what follows we will make use of a remark of Cohn in [6]: that if
the first partial quotient in a continued fraction with non-integral coeffi-
cients has a non-integral coefficient other than the constant term then the
continued fraction is not specializable. (We will see that some continued
fractions with partial quotients in which the constant term is non-integral
can be transformed to make them specializable). Also, polynomials whose
coefficients satisfy one of the conditions

42) a—-b=0, l+4+ab—ac=0, —1+a*>—2ab+ac=0
(

will be considered separately. If none of these three equalities hold, then the
numerator of 3 has degree four and the denominator has degree three. Note
that the cofactor of (b —c+ (a —b) f) x in den is not zero for any triple of
integers (a,b,c). This means that if the coefficients of f(x) do not satisfy
one of the conditions at (4.2), then the next regular partial quotient in So
is linear in x, so that

3
deg(as(x)) +2  deg(a;(x)) =T < 2%,
i=1
Thus, by Lemma 5, S,, begins with the first four partial quotients in the
continued fraction at (4.1), if n > 2.

For specializability, it is necessary to have (b — a)|a? in the third partial
quotient (the case a = b is to be examined separately). Write b — a = u?v,
with v square-free. Since u?|a?, then u|a, so write a = us. Since u?v|a?,
then v |s?, which implies v|s (v is square-free), or s = vw. Thus, for
specializability, it is necessary to have

a=uvw, b=u*v+uvw,

for some integers u, v and w. If we substitute for ¢ and b in the coefficient
of x in the fourth partial quotient, then specializability requires

ub 3

(—14+uvw (c—uv (u+w))) (-l+uvw (c—uv (2u+ w))) €2

A check shows that happens only for

((I, bv C) € {(Qa 37 4)7 (_2> _37 _4)7 (27 17 1)7 (_27 _L _1)}7
or

fe{22® 42z, —22% —dx — 2, 22° — 1, —22° — 22 — 1}.

That ], is not specializable for the first and fourth polynomials follows
from consideration of S3 and Lemma 5. We will show that specializability
occurs for the third polynomial and specializability for the second will follow
from this fact and Lemma 6.

We next consider the case a = b, proceeding as previously. Suppose

f=ar*+(a—z+c—a—1,
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and we define
num = (1+a2—ac) [+ f) A+2) (-14+az) 1+ f3)+
fo (A+ ) A +a) (-1 +az) = (f - (1+2) (-1+ax)) f3)],
den :=a’z (1+z) [—(aff2f3)
+(—1+a(—1+c—x+a(—1—|—x+x2)))
x (L) A+ fo) + fo (L4 [+ f)) ],

num

B

~ den’

Then (preferably once again using a computer algebra system such as Math-
ematica) it can be shown that

(4.3) 1= [1;(11+93,a+

3

(13 T a3 .7)2

—1—a2+ac+—1—a2+ac

B

Further, the numerator of 3 has degree twelve and the denominator has
degree ten and the leading coefficient in the numerator or denominator does
not vanish except in the case (1 +a? - ac), which is examined separately.
This all means that, apart from this exceptional case, the next partial quo-
tient in the regular expansion of [[4 has degree two. Thus

2
deg(as(x)) + 2 deg(a;(x)) = 8 < 2,
=1

so that S,, starts with

CL3 X CL3 562

—1—a2+ac+—1—a2+ac""

1
Ii——+z,a+
a

for n > 3 (this once again by Lemma 5). This in turn implies that special-
izability requires

(-1 —a*+ac)|a®
and it is not difficult to see that this needs —1 — a? + ac = +1. A check
shows that the only solutions in this case are

(CL, b7 C) € {((l, a, a)v (1a 17 3)7 (_17 _17 _3)7 (27 27 3)7 (_27 _27 _3)}7
or
fefar*+(a—Dz—1, 22+ 1, —2? — 220 — 3, 222 + x, —22% — 3z — 2}.

We will show specializability for the case f(x) = az? + (a — 1)z — 1. A
more extensive consideration of S3 shows that S, is not specializable for the
remaining four of these polynomials. Note that for f(z) = az®+(a—1)z—1,
—f(—x —1) — 1= f(x), so that Lemma 6 gives nothing new.

We return to the exceptional case —1 — a? 4+ ac = 0, which is solvable

only for
(a,b,¢) € {(1,1,2),(-1,-1,-2)},
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or
fe{a? —a* 222}

We will show specializability for the first of these polynomials and special-
izability in the second case will follow from this and Lemma 6.

For the exceptional case 1+ab—ac = 0 it is clear that a = %1 is necessary.
For a =1, ¢c = b+ 1 and an examination of the third partial quotient in S
shows b € {0,1,2} is necessary. Consideration of S, eliminates b = 0 and
b = 2 (using Lemma 5) and b = 1 gives f(z) = 22 (encountered above).
For a = —1, ¢ = b — 1 and an examination of the third partial quotient in
Sy shows b € {0,—1,—2} is necessary. Lemma 5 and consideration of Sy
eliminate b = 0 and b = 2. The case b = —1 gives f(z) = —2? — 2z — 2
(encountered above).

Lastly, for the exceptional case —14a? —2ab+ac = 0, it is obvious that
a = *£1 is again necessary, and in each case ¢ = 2b. Consideration of S3 in
the case a = 1 shows that b € {0, 1,2} is necessary. Looking at S4 eliminates
b=0and b= 2and b =1 gives f(x) = 22, which has been encountered
above. Likewise, the case a = —1 necessitates b € {0,—1,—2}. Only b = —1
is of interest, giving once again f(z) = —22 — 2z — 2.

The reasoning above leads to the following theorem.

Theorem 2. Let f(x) € Z[x] be a polynomial of degree two such that [] . (f)
has a specializable continued fraction expansion. Then

(4.4) f(z) € {2?, —2?—20—-2,22° -1, —22° —42—-2, a2’ +(a—1)z—1}.

Proof. The necessity of (4.4) has already been shown. Also, by Lemma 6, it
is enough to show sufficiency for the first, third and fifth of the polynomials
in this list.

(i) If f(x) = 22, then

- 1 - 1
(e 1) -2
. 27
i=0 < fi i=0 t

2"

> o
=0

2"

x2"+1 -1
22" (z—1)

22 —1

x—1 |’

= [1;3:—1,

which is clearly specializable for = # 1, and Soo = [1;2 — 1].
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(ii) If f(x) = 222 — 1, then

(4.5) S1 =[x —1/2,—4x — 2],

So =[x —1/2, 4z, x,—4x — 2],

S3 =[x —1/2, —dz,x, -4z, x, —4z,x, —4x — 2|.
We will show that if S,, = [1; x — 1/2, &, —4x — 2], with &, specializable,
then

Spt1 =[xz —1/2, &, 4z, x, &, —4x — 2].

This can be seen to be true for n = 1 and n = 2. Let T,,4+1 denote the
continued fraction which we claim is equal to S,11. By induction &, is
made up of the pair of terms —4x, x repeated a certain number of times,

and if Ty,+1 = Sp+1, then it is easy to see that W41 will have the same form.
We will also show, for i > 2, that A; = (1 4 x)2/*! H;;B f; and

fi A

A. 40 °

A AN [ 9 4
(46) (Bi Bé) 2f; E_ﬁ
! A; 2

This is easily checked for ¢ = 2 from (4.5). Suppose it is true fori = 2,... n.

The continued fraction T;,4+1 can be constructed as follows: take S,,, re-
move the final term —4x — 2, add the terms —4x and = and then append an-
other copy of S,, which has the first two terms (1 and x—1/2) removed. Thus,
by the correspondence between continued fractions and matrices which we
have used several times already,

T A, AL\ (0 1 —dx 1\ [z 1
ntl B, B! )\l 4x+2 1 0/J\1 0
o 1 0 1)\ /[A, A,

1 —z+1/2)\1 -1)\B, B,

B An Al 1/2 1/2\ (4, A,
- B B’ 0 )\B, B,
(A, +B FA4A)) A AL+ 4AP 4+ A, B

2
A, Bn+B +4A,B, B,A, +B,B,+4A, B,
2
—1— Ay fr + 2 f?

2An fn

2
- —(—A, +4f,+2A, f22—4F,°
(=1+2£,%) ( * f;A / fa’)

—. 7“L+1 n+1
Dra n+1
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The next-to-last equality comes from substituting for A/, B,, and B], from
(4.6). Next,

On-‘rl _ 2Anfn _ﬁ 2fr2b _ < 1) o
Dnii 2 (=1+2£,%)  Bn(-1+2f£2) _1;[ 1+fn+1 - H

n+1

so that T,,11 = Sn+1. Here we have also used the fact that B, = 2f,. It
is also now easy to check that (4.6) now holds with ¢ = n + 1, so that the
induction continues. Thus

Seo =[1; 2 —1/2, -4z, x|

and all that remains is to show that the expansion can be manipulated to
remove the “1/2” from the first partial quotient. This follows from the
identity

1
(4.7) T+ —; ¢ al = | a,—c+a,—a2a )
a a?

If this identity is applied repeatedly, it follows that

H =1 z—-1/2, —4dz, z, —4z, x — 4z, z, —4z, x, ...]
o

=1z, =2, 2+ 1/2, —4z, z, -4z, z, —4z, x, —4x, ...]
=1z, -2,z 2 ¢ —1/2, -4z, x, —4z, z, 4z, x, —4x, ...]

= [17 x, _27 Z, 2]7
which is specializable. This completes the proof for f(z) = 222 — 1.
(iii) If f(z) = ax®+ (a — 1)z — 1, then
(4 8)
=[5
=[l;z—1/a, —a3:c2 — a*z +d,
Sg-[l,x—l/a a*r? — a*x +a, az® + (a — 2)x — 1 + 1/a],
Sy=[l;2—1/a, —a*x* — a*x +a, az® + (a — 2)x — 1 + 1/a,

—a*z (14+2) (-l-az+a*zr+a’x )( l1—a—az+a’z+a®2?)).
The situation is somewhat similar to case (ii) in Theorem 1 (going from [,
to ][], adds one new term to the continued fraction expansion), but the
presence of the 1/a term in some partial quotients is troublesome, necessi-

tating a different approach.
Define ag, ..., a4 by

54 - [1;&1, a2, (3, 064],
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and for n > 2, define

(4.9)
n—1
Qont+1 = Q3 E(afZi_l (a(fo; +1)—1) = a3 Hf2z—z2f22+1f—; )’
(4.10)
n—1
f iv2(faiya + 1)
T z‘];[l(a Foiea = Dlotfaa 1) - H ]2”2:2?1 jizfm—&-l

The second equalities follow from the definition of f(x). It is clear from these
definitions and (4.8) that, for n > 1, ag,i2/a® € Z[zr,a] and ag,y1 — 1/a €
Z[z,a). We will show that

(4.11) Sp =100, ..., ay),

for each integer n > 1. Let A,,/B,, denote the final convergent of the right
side of (4.11). As part of the proof, we will show that, for n > 1,

(4.12)  Agppr = Ai(=D)"[[ (alfzi +1) = 1) = H f2z+1 1

i=1 i=1 2
n Z ]

Aont2 = A2(—1)n£[1( a(fait1+1) — H f2£;i: ;

BQ +1 = Bl(*l)nﬁ (CL f2 o 1 H f27l+1

! i=1 ' f2i +1’
_ n . f21+2
Banta = Ba(=1) H (@ faitr = 1) H f22+1 +1°

@
Il
-

Once again the second equalities follow in each case from the form of f(x).
With these values, we have, for n > 1, that

Ao Ay (o + D (fai + 1)
— EH

Bont1 f2iv1f2
) A 2n+1 <1+ 1)
Bl i—9 fz
2n+1
Similarly,
Aopio
Banyo 21—+[2,

for n > 1. Thus to prove (4.11) it is sufficient to prove (4.12). It is not
difficult to check that (4.12) holds for n = 1. Suppose it holds for n =
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1,2,....m.

Aopmi3 = omy3Aomya + Aomt1

Hf21+1 foiv1 + 1) mH faiva +1
(foi +1) fo f2it1
i+1 + 1
+A 1)mH f2 +1

24

e
f22+1+1< foms2 +1 )

= mll agA "= —— 1 A
i1 21 e f2+1 !

| P oty (famsa + 1)+ A)
i=1 ¢

m+1

1y H Joiv1 +1 1

i1 22

The next-to-last equality follows from the fact that

()43142
fo+1

(4.13)

= —(IAl,

and the last equality from the fact that fop,+3+1 = fomr2(a(fomia+1)—1).
The proof that As;,4+4 has the form stated by (4.12) is similar, except
that we use the fact that

(414) = CLAQ,

The proofs that Bg,+3 and Bay,+4 have the forms stated by (4.12) are
similar, except that we use, in turn, the facts that

B
(4.15) B2 _ B,
p)
Oz4Bl
= a Bs.
fo+1 2

This completes the proof of (4.11). What remains is to show is that Sy, can
be transformed into a specializable continued fraction. It is clear from (4.8)
and the remarks following (4.9) that we can write

Soc =

1 1 1
]-7'17 - E? _a3(‘,r2 + x) + a753 + E7a3ﬂ47 cee 75271-{-1 + 57(13/6271-"-27 cee |y
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where each (3; € Z[a,x]. Proof of specialization now easily from a single
application of (4.7), starting with the first partial quotient.

Seo
1 1 1
- |:]-7*:C + —7@’ —(13(.’132 + J") + a)ﬂ3 + a7a3ﬂ47 ce 7ﬂ2n+1 + Eaa3ﬁ2n+2) .. :|

B 4 )+ at (—a 3
[1;3«“, (_a)’_ ( +(—)a; +( )’_(_G)Q <ﬁ3+i>,_<_%)2>

1\ d?p
—(—g)? ) & P2nA2
Cey ( CL) (52n+1+a>,(a)2,...:|
= [1;3:, —a, a(a:2 + ), —a%B3 —a,—afy, ..., —a*Pons1 — a, —afonta, .. } ,
which is specializable. This completes the proof of Theorem 2. [l

5. SPECIALIZATION AND TRANSCENDENCE

In what follows, we assume f(x) € Z[z] and M € Z are such that f;(M) #
0,—1, for j > 0 and f;(M) # f;(M) for i # j.

For any of the polynomials f in Theorems 1 and 2, So(f) will typically
have some partial quotients which are polynomials in x with negative leading
coefficients. It may also happen that if S (f) is specialized by letting x
assume integral values, that negative or zero partial quotients may appear in
the resulting continued fraction. These are easily removed, as the following
equalities show (see also [21]).

[...,a,b,0,¢c,d,...]=1[...,a,b+¢,d,...],
[...,a,—b,c,dye,...]=[..,a—1,1,b—1,—c,—d, —e,...]

Thus, if M is an integer, repeated application of the identities above will
transform Soo(f(M)) to produce the regular continued fraction expansion
of the corresponding real numbers.

A natural question is whether these numbers are transcendental or not.
We will make use of Roth’s Theorem.

Theorem 3. (Roth [14]) Let o be an algebraic number and let € > 0. Then
the inequality

1
q2te

a— ' <
has only finitely many solutions with p € Z, q € N.

We have the following theorem for the case where the degree of f(x) is at
least three.

Theorem 4. Let f(x) € Zlz] and M € Z be such that f;(M) # 0,—1, for
J =0 and fi(M) # f;(M) fori# j.
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If either deg(f) > 3 or deg(f) = 3 and either = |(f + 1) or (z +1)| f,

then i,
11+ 7am)

i=0
1s transcendental.

Proof. Let f and M satisfy the conditions stated in the theorem and suppose
that deg(f) = d and that

f@)=La'+aa™ + +a4_12 +aqg = La? <1+B(gj)> .
€T

Define §; := B(fi(M)) so that |3;] < 2%, |a| for all i and M. Then for
k>,

ROD = L (@) (14 5575 )

_ Ld;:11 Mdk ]ﬁ (1 i Bi )dkli
fi(M)

1=0

Note that the second equality for fi(M) also holds for £ = 0, upon taking,
as usual, the empty product to be equal to 1. Also,

giN—i

N 1 aN+1_; N+1_ N-1 . d—1

a-1 f—(N‘H)) d ! 5l
||fM=L“(d1 M a1 ||<1+ >
k=0 KD =0 1i(M)

Then

-1
(IR f1(0)) N g\
_ 7~ (N+1)pr-1 v
S (M) k M EJ(Hfi(M)) '

Since f;(M) # 0 for any ¢ and the (3; are absolutely bounded, the product
on the right converges, so that

1 1
(5.1) —— =0 —
fNy1(M) (Hi\fzo fk(M))d !

On the other hand, if we set o = [[_ (f(M)) and pn/qn = [[y(f(M)) in
Roth’s theorem, then it is not difficult to see that

1
=0(—.
(fN+1(M)>
Since gy | H;XZO fe(M), (5.1) gives that

1
‘a—pN =073
aN an

‘ PN
a [ —
qN
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If d > 4, then
’a vl 1
N q]2\[+6

has infinitely many solutions for € = 1/2, say, and thus [[_ (f(M)) is tran-
scendental. If d =3 and x |(f + 1), then g | fx (M) and since

P =2 (0 (14 255 )

we get that

(5.2) ‘a—pN :O<£),
gnN dn

so that once again [ (f(M)) is transcendental. The case d = 3 and (z +

1) |f is similar, in that in this case py | (fn (M) + 1). Also, gy is within a

constant factor of py, so that (5.2) holds and Roth’s theorem once more

gives transcendence. U

Corollary 2. If f(x) has any of the forms in the statement of Theorem 1
and M € Z is such that f;(M) # 0,—1, for j > 0 and fi(M) # f;(M) for
i # j, then [[(f(M)) is transcendental.

Proof. Each polynomial in the statement of Theorem 1 satisfies the condi-
tions of Theorem 4. (]

In the proof of Theorem 4 we were able to show the transcendence of
[[(f(M)) when f(x) had degree three only for the special cases where
x| (f+1)or (x+1)|f. If f(z) € Z]x] is a polynomial of degree three such
that z { (f+1) and (z+1) 1 f, and M is an integer such that f;(M) # 0, —1
for any j and f;(M) # fr(M) for j # k, is the infinite product

I+ 57m)

transcendental? If this is false, find a counter-example.
With this question in mind, we investigated the possibility that

(5:3) ﬁ (1 * fi@) B m

Jj=0

for a polynomial f(x) =ra3 + saz? +tz + u € Z[z] and integers a, b and c.
(The coefficient of z is the same in the numerator and denominator of the
rational function on the right, since the infinite product on the left tends
to one as x tends to infinity.) Upon replacing = by f(z), dividing the new
equation into the old and squaring both sides, we get

< 1)2af(a:)+b_aa:—i—b

1+ - = :
7 af(z)+c¢ azx+c
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However, comparing coefficients shows that there is no polynomial f(x) with
integral coefficients satisfying (5.3). Interestingly, this approach does lead
to the following “near miss”: if f(z) = 42>+ 62> —3/2 and M is any integer
different from —1, then

. 1 2M +3
() =V ot
j=0 J

It is not evident to the author how to extend Theorem 4 to the remaining
polynomials in Z[z] of degree three.

For the polynomials of degree two in Theorem 2, only f(z) = ax? +
(a — 1)z — 1 needs investigation. We have shown [[_(f(M)) converges to
a rational number for f(x) = 22, M # 1 (and thus a similar situation holds
for f(x) = —2% — 2o — 2, by Lemma 6).

For f(z) =22%—1, [[,.(f(M)) has an infinite periodic regular continued
fraction expansion (after removing negatives and zeroes) when M # 0,+1,
and so [ [ (f(M)) converges for M # 0,=£1 to a quadratic irrational, namely
sign(M)(M +1)/v/M? — 1. A similar situation holds for f(z) = —222 —
4z — 2, again by Lemma 6.

For f(z) = ax?® + (a — 1)z — 1, it is not difficult to show from (4.9) and
(4.12) that if z # —1,0 or 1 (in the case a = 1) or —2 (in the case a = —1),
then

Bap,
(5.4) lim —2tL

n—00 (2n+42

can be written as a convergent infinite product. If an irrational number «

has regular expansion [ag; a1, ...] and its N-th approximant is py /gy then
1
(5.5) a— PN < -,
qN dNAN+1

for all N > 0. If all the negatives are removed from S (f(M)), then agy,to
will increase or decrease by at most 2 to a, 19, say. The approximant
immediately before oy, , will still be still be Aany1/Bans1. Thus (5.4)

and (5.5) will give that
1
—Oo(——
<|32N+1|3>

[Ter) - 2201
2N+1
and Roth’s theorem gives that [[. (f(2)) is transcendental.
We now look at some particular examples of specialization. As Cohn
showed in [6], if I =2 mod 4, and Tk (z) denotes the k-th Chebyshev poly-
nomial then

- 1
1+ >
M 5w
has a specializable continued fraction expansion with predictable partial
quotients. This follows from Theorem 1 (iv), using the facts that T} (z) =
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x, that if I = 2 mod 4 then Tj(z) = 222 — 1 mod z(2? — 1) and that
To(Ty(z)) = Tyup(x), for all positive integers a and b. For example, setting
Il =6 and z = 3, we get after removing negatives, that

(- 7m)-

j=0
[1:2,1,1632,1,2, 1, 3542435884041835200, 1,2, 1, 1632, 1,2, 1,
26029539217771234538544216588488566196402655304477165253
9336341222077618284068468732496046837200411447595913600,
1,2,1,1632,1,2, 1, 3542435884041835200, 1,2, 1,1632,1,2,1, .. .].

In part (vi) of Theorem1, setting g(z) = (z2*72—1)/(2% —1) gives f(z) =

22k for k > 2, so that
o0
1 1
T (1+ )

j=0

has a specializable continued fraction expansion with predictable partial
quotients. This result can also be found in [12], where the formulae for the
partial quotients that we have are also given. For example, if £ = 2 and
x > 2 is a positive integer, then

s 1
11 <1 + 4J> =[Liz - 112z —1),z(x+1),
j=0 v

2 (x— 1) (2 + 1), 2%z + 1) (2 + 1),

ez — D22+ D)8+ 1), 22 (2 + D)t + D) (@'® +1),...,
i1 i

P AHNB (g 1) H(x2x4f +1), $(4’+1—1)/3($ +1) H(Q’AJ +1),...].
=0 =0

6. CONCLUDING REMARKS

Ideally, one would like to have a complete list of all classes of polynomials
f(x) for which []77 (1 + 1/f,) has a specializable continued fraction ex-
pansion. We hesitate to conjecture that our Theorems 1 and 2 give such a
complete list, since there may be other classes of polynomials for which S,
displays more complicated forms of duplicating symmetry. One reason for
suspecting this is that Cohn [6] found some quite complicated duplicating
behavior for several classes of polynomials. One example he gave was the
class of polynomials of the form

fl) =2’ —a® —x + 1+ 2%z — 1)%g(x),
with g(z) € Z[z]. If S, =377 1/ f; = [0; 5y, then, for n > 3,

(61) Sn = [07 gn—:b X’na _gn—Q’ O) §H—4) Yn—27 07 ZTH _gn—ﬁlv an gn—Q]’
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where the X;, Y; and Z; are polynomials in Z[z]|. It is not unreasonable
to suspect similar such complicated behavior might also exist in the infinite
product case.

We hope the results in this paper will stimulate further work on this

problem.
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